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KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN 
TE AMSTERDAM, 


PROCEEDINGS OF THE MEETING 
of Saturday May 31, 1902, 


ADOC 


(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 
Afdeeling van Zaterdag 31 Mei 1902, Dl. XI). 


CAS) asl AB as any Be Ss 


J. D. VAN DER WAALS: ,,Ternary systems,” IV, p. 1. 

J. D. van per Waats Jr.: ,,Statistical electro-mechanics,” (Communicated by Prof. J. D. 
VAN DER WAALS). p. 22. 

KE. Verscwarreit: ,,On the prussic acid in the opening buds of Prunus,” (Communicated by 
Prof. Huco DE Vrirs). p. 31. 

VL. ZErman: ,,Observations on the magnetic rotation of the plane of polarisation in the interior 
of an absorption band.” p. 41. (with one plate ) 

J. W. van WisHE: ,,A new method for demonstrating cartilaginous mikroskeletons,” p 47. 

H. M. Kuiescurrr:.,Intramolecular rearrangement of atoms in azoxybenzene and its derivatives”, 
(Communicated by Prof. C. A. Losry pr Bruyn). p. 51. 

P. I. Scuovrre: ,,On the connection of the planes of position of the angles formed by two 
spaces Sn passing through a point and incident spacial systems,” p. 53. 

J. W. Lanceraan: ,,Che principle of entropy in physiology”, II. (Communicated by Prof. 
T. Pracer). p. 57. (with one plate). 

E. F. van pe Sanpe Baxuuyzen: ,On the yearly periodicity of the rates of tha standard- 
clock of the observatory at Leyden, Hohwii Nr. 17,” (First part). p. 68. 


The following papers were read: 


Physics. — “Ternary systems.” IV. By Prof. J. D. van Der Waats, 
(Continued from Vol. IV pag. 694). 


B. If we put ZV =constant in equation I of our previous com- 
munication, we find the relation between dp, dv, and dy, at constant 
temperature in the following form: 
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Proceedings Royal Acad. Amsterdam. Vol. V. 
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For a binary system this relation is simplified to: 


”,, Op == (#,—2,) ya da, 

We know from the properties of a binary system, that we have 
then a curve p= /(#,) and a curve p=/ (#,), and that the branch 
representing liquid phases is always found higher than the one repre- 
senting vapour phases. Both curves start at the point representing the 
vapour-tension of the first component, and finish at the corresponding 
point for the second component. This however is only true if the 
temperature is lower than 7, of that component. If 7’ > (77), then 
the two curves are joined fluently so that they form a single one. 

For a ternary system we have to deal with two surfaces p = f (7,,y,) 
and p= f'(#,,y.) instead of the curves p= f (#,) and p= f(2,). We 
will use as a rule the index 1 for a liquid phasis, the index 2 for 
a vapour phasis. These surfaces cover the rectangular triangle YX Y, 
and above the angles of this triangle they have points in common. 
The common ordinates represent the maximum tensions of the three 
components. This holds good, if the temperature is lower than 77, 
of each of the components. In some cases these sheets may have still 
another point in common, just as is the case with the two branches 
for a binary mixture if a maximum pressure occurs. But for the 
present we will disregard the existence of such a maximum pressure. 
If 7< 7., of one of the components then the two sheets of the 
p-surface do not cover any longer the whole rectangular triangle, but 
they have joined fluently to one surface. 

In the above equation II the properties of these two sheets of the 
p-surface ave expressed in the form of a differential equation; — we 
will now proceed to deduce the principal properties from this equation. 
Even for the pressure-curves of a binary mixture the number of these 
properties is already considerable. For a ternary system they will of 
course be still much more numerous, and even properties oceur which 
haye no analogon for a binary system. But many of the properties 
of the pressure-curves of a binary mixture may directly be extended 
to the corresponding ones for the pressure surfaces of a ternary 
mixture. Such properties need hardly be treated here, as we sup- 
pose the properties of a binary mixture to be known. Accordingly 
I will limit myself in tke main to treating those properties that are 
proper to ternary systems but not to binary systems. The study of 
the ternary systems however has induced me, to give a more detailed 
discussion of some equations, given in Cont. Il for a binary mixture, 
from a more general point of view. And in some cases this detailed 


(3) 


discussion has enabled me to give a more precise and accurate form 
to some of the equations and to some of the quantities occurring in 
them. In these cases I shall discuss some properties more extensively, 
concerning which I had else confined myself to refer to Cont. I. 
From a theoretical point of view the relation between, pt, and y, 
at given temperature is not more important than that between 2,, 2, 
and y, or between v,, x, and y,. But even for a simple substance 
the experimental investigation concerning the maximum pressure has 
first been executed, and only in these later years it has been followed 
by an investigation concerning the densities. In the same way we 
may expect, that also for a ternary system the experiment will oceupy 
itself in the first place with the determination of the pressure, and 
that the investigation as to the densities of the phases coexisting with 
other phases, will follow later. The surface representing for all tem- 
peratures the pressure as function of the composition of a binary 
mixture has been called by me “surface of saturation’. We might 
call for a ternary system the surface whose properties we are about 
to investigate “surface of saturation for a given temperature’. Wherever 
it is not ambiguous I shall speak simply of “surface of saturation’. 
In the following considerations we will take triangle OXY in a 
horizontal plane; the direction in which the pressure is laid off is 
then vertical. We represent the maximum pressures of the three com- 
ponents by p,, p, and p, where we choose the indices in such a way that 


Pi GPa < Po 
If 7 > T7., for one of the components, then the surface of satu- 
ration does not reach the corresponding angle and the corresponding 
maximum pressure does not exist any longer. 


ad. Curves of equal PPEssure, 


For curves of equal pressure, we have d)» = 0, and equation II 
is reduced to: 


2 2¢ 
; ae 3 
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2 02 
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The projection of these curves is of course the same as the 
projection of the connodal curve of the $-surface construed for this 
pressure. We have discussed this projection in our first communi- 
cation p. 461. If »,is chosen such that p,< p< p,, the two 
branches of this projection cut the two sides of the triangle adjacent 

1% 


ay, 


to the right angle. If p,< p< p, then they cut the hypothenuse 
and the other side corresponding with the third component. If 
p==p, then the two branches cut one another, in the angle of the 
second component. We might find the equation of these curves if 
; ght Sige 075, 0°5 
we could express w, and y, in 2, and y,, and if ae and aye 
were known. And though this is not completely possible in all cases, 
yet in some cases we may find the equation approximately. A 
digression in order to discuss these quantities cannot be left out here; 
else we shall always be confronted with the same unanswered 
questions in all subsequent problems. 
The value of § is given p. 449, vol. IV, in the following form: 


§ = MRT (1—a«—y) log (1—a«—y) + w log « + y log y} + po — | pdv. 


We omit the linear function of « and y, as it has no influence 
on the phenomena of equilibrium. So the value of $ consists of a 
pure function of « and y, and of another part which fulfils the well 
known condition : 


(D)eyr == vd. 


This second part is known if the equation of state is known. In 
fig. 1, p. 450 I have represented graphically this second part such 
as we may conclude its course to be if we only assume the principle 
of continuity. In what follows we will extend the principle of con- 
tinuity so far, that we assume the equation of state to vary fluently 
if w and y vary fluently. We now imagine the second part of $ to 
be construed for all mixtures, i. e. for all values of « and y, and 
for all values of p. If we now put p= constant, then we have an 
auxiliary quantity, which varies with x and y, and the knowledge 
of whose properties is the condition for the solving of all questions 
relating to the equilibrium, either of a binary, or of a ternary mixture, 
or of any system of still more components. As we have already stated 
the knowledge of this quantity depends on the knowledge of the 
equation of state. From this appears, how absurd the Opinion is, that 
knowledge of the equation of state would not be required for the 
knowledge of these systems. Yet we find this opinion often expressed. 
For the knowledge of the equilibrium of a simple substance it would 
be required, but for much more complicated systems it would be 
totally superfluous! I have introduced this auxiliary quantity already 
before (see i. a. Cont. II, p. 147); I shall represent by u the quotient, 
obtained by dividing it by MRT. Now we have: 
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= MRT {(1—«—y) log 1—a—y) + wloga + y logy + uh.- 
From this follows 


d 

(2) — MRT 
dx p, Ty 
d 

(=) — MRT 
dy p,T,x a& 
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(=) - ure Rie (i ) 
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dxdy )»,T l—wz—y dxdy )»,T 


a? 1— 
( ; = ure} a aie.) . 
dy? ) Tx yil—a—y) dy” Jp, Tx 


ns d 
For brevity’s sake I shall represent (=) by wx. With analogous 
tT LY 
signification the symbols wy, "sc, "xy and w'y will be used. 
We deduce from the conditions of coexistence (see p. 551, 553 
and 554 Vol. IV) the following relations. 


d ds a“ Der Le Die 

From Peers follows oo ee See ee ay 
da 5 dec . 1—wz,—y, 1l—«z,—y, 
d d vy! , 

From 2 : follows ae Pe TE TE, (2) 
dy), \dy), 1—#,—y, 1—#,—y, 

ds ds ds dS 
And fro — &#— — yy — —a——y—) f : 
nd from F Cee cae G—24 Pp y as follows 


{log (L-ay- ys) + Hy, Wey “Ys My } = blog (L- ayy) + ba @e Wn —Y 2 Heys} (8). 

From these equations (1), (2) and (8) again ied, that we can 
express the relation between the composition of the coexisting phases 
only then, if we know what variation in the equation of state is 
caused by the substitution of one of the components by another. So 
we find e. g. for the determination of the limiting value of the 
ratio of x, and a, in the case that 2, and y, are infinitely small the 
equation : 

log = f'n — Wx, - 
U4 

If we exclude the knowledge of the equation of state, we can in 

nowise account for the considerable differences which this ratio shows 
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in different cases, and we have to consider it as a primary datum 
without any relation to other properties of the solvent or of the 
solved substance. Neither can we account for the value of this ratio, 
if we think that the application of the law of Boyxy is sufficient for the 
theory of mixtures; for this law is the same for all substances and 
cannot therefore account for the different values which this ratio has 
in different cases. Therefore it appears convincibly that a closer 
investigation of the quantities wu, w'., ty, uy, Wry and wy is required. 
I pass now to this investigation. 

We start from the following equation, which may be considered 
as the definition of the quantity under consideration: 


‘py 
MRT uw ={ vdp 
0 


So in the first place this quantity depends on p, but as the equa- 
tion of state for a mixture depends on the composition, it also depends 
on v and y. We deduce from this equation: 


1, P/d 
une(*) = MRT p', — of ney, © 
de) pTy dx) Tv, 
0) 
: dv Op Ov 
If owe sweite| = |) =— }] , we find also: 
dx)» de), \ 0p), 
Op Ov x Op 
MRT yh 2 [ee \ ees Ns pera 
ame sh 


v= @ 
0 
or MRT w', = (5°) 
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Inv Cont: alls) pp 49) andiinnilGe bk ehavoueiaghed from this last 
equation, and making use of the form of the equation of state given 
there, I have obtained the result, that for low temperatures w',, may 


be neglected and w',, may be put approximately proportional to 
AT, a 
Sar? if by the symbol 7". we represent the temperature which 


would be the critical temperature of a liquid mixture, if this mixture 
might be considered as a simple substance; or, what comes to the 
same, 7’, represents that temperature for which the theoretical isO- 
thermal of that mixture which we think alwa 
presents only one horizontal tangent, and for whic 
mum- and minimum-pressure have coincided. 

It is true that this quantity 7 


ys homogeneous, 
h therefore maxi- 


i/ = : . 
cr 18 NO experimental quantity, and 


ea) 


that we therefore might superficially think, that the introduction of 
T.. is of no use; but in the first place in very many cases the 
critical temperatures, found experimentally, do not differ much from 
this quantity and in the second place even the simple assumption, 
that this quantity varies fluently with the composition, will yield 
many conclusions, confirmed by the experiments. As an instance I 
mention the connection of the fact, that if a mixture has a minimum 
eritical temperature, a maximum-pressure is found on the connodal 
curve. <A closer investigation of the signification of the quantity wu 
itself will however enable us to give a still more exact form. to all 
further conclusions which have been deduced in this way, and to 
all further deductions which are important for the theory of mix- 
tures. For the present I shall occupy myself only with the case 
that one of the coexisting phases is a rarefied gas-phasis. In this 
case w',, and w,, may be neglected. For in the equation: 


‘iP 
MRT w =i vdp 
MRT 


the value of v may be represented by — 


if the phases are very 
Pp 

rare, and this holds for every mixture whatever its composition may 

be. Therefore we get by integration : 


MRT uw = MRT 1p + g(T) 


In order to remain in accordance with the form of p. 450, I 
will determine g(7Z’) such, that we may write: 


P 
he ape Ae 


‘This signifies in fig. 1 that the vapour branches coincide, whatever 
the value of x, y and 1—«—y may be. 

In all such cases the equations (1) and (2) may be simplified as 
follows: 


L av, wy 


7: = Ys ak 


Yo yy e Py, 


Ly dP tga be 


and 


If the pressure increases pw’, and w', begin to differ from zero, and 
properly speaking these quantities always differ from zero. This is to 
be ascribed to the deviation from the law of Boyne which occurs 
in a different degree for different mixtures. But just as we do not 
commit considerable errors if we neglect the deviation from the law 


(8) 
of Boyty for rare vapours, but obtain utterly absurd results, if we 
neglect this deviation for liquids, in the same way we may neglect 
the difference in the degree of this deviation according to the different 
composition, if we are treating of a rare vapour phasis, but if we 
should disregard this difference in the case of a liquid phasis it would 
lead to absurdities. 

Let us now imagine for the different mixtures the pressure to be so 
far increased, that the double point in fig. 1, p. 450 is reached 
Experimentally this can of course not be performed without disturbing. 
the homogeinity, and without condensation of a part of the vapour 
phasis, which is compressed. But though what we imagine cannot 
be realised, yet we may put the question, what would happen with 
the quantity under consideration, if we according to the principle of 
continuity, should imagine the homogeneity to continue to exist. Then 
we find the value of w for the liquid phasis in that double point, and 
we may write the equation: 


! 


L 
tu = bog aa eee te Rear 

The pressure p' in this equation is that one, which we have before 
called coincidence-pressure. As has already been observed this state 
cannot be realised. Such a liquid, coexisting with such a vapour 
would be a state of equilibrium; but an unstable one, or one that 
is metastable. It is however possible by increasing the pressure still 
more to get in this way a homogeneous liquid which differs only 
slightly from the one under consideration and which in fact can be 
realised as a homogeneous phasis. It appears from fig. (4) that uw for 
this more compressed liquid is somewhat greater than the value 
written down in the last equation. But again that surplus of the 
amount of uw may be neglected. For we have always: 


MRT du = vdp. 
But if we calculate the surplus of u, v represents the liquid-volume. 


And unless the increase of the pressure should be excessive 


2 
MRT 
is a quantity without significance, if 7 is a volume ofa liquid. From 
this follows that the quantity which we have represented by w',, may 
be found approximately in differentiating the above equation (4) and 
therefore may be represented by : 


In the same way we have: 


(9) 


ke Pl dp' 
BCT ae p dy 
so the dependence of w',, and w',, on the coordinates v, and y, is 
reduced to the dependence of the coincidence-pressure on 2, and Ys. 
The coincidence-pressures would be the maximum-pressures of the 
different mixtures, if they behaved like simple substances. The fol- 
lowing relation exists for the coincidence pressures, at least approximately: 


Lor An iy 
log Ben f : 
ar) 
Consequently we find: 
ig a Ee 
{4 Cl aaa Gp: da, div, 
; thd li ll Der 
and Wess J : OR: 
ait dy, dy, 
; Mi aloge Le d log per 
or {= = : 
ee eit abr aa e) 
Cd 00) A cr d1og per 
and ',=—-f- vt (6) 


Caer eis dy, 

It is clear from the deduction that these formulae may only be 
considered as an approximation for the case, that the vapour-pressure 1S 
low, and therefore 7’ much lower than 7%. Putting = 7 we may 


put the factor of the first term at a value of about 12 or 14, and the 
, : ; f log Te. 
factor of the second term is unity. If therefore the values of — ae 


aa, 

d log Ler _ blog per d log p 
and od “* have moderate ratios to those of BE aaiprry, sone al 

dy de, dy, 


we find for w a course not differing much from proportionality to 

dey 

da, 
in which I had obtained it before (Cont. II, p. 148 etc.) But in the way 
we have now followed we are enabled to add a correction term. Of course 
these equations (5) and (6) are only approximations, and that, for several 
reasons. But we must distinguish between the character of these appro- 
ximations. In the first place we have assumed that uw',, and w',, vanish 
for a vapour phasis, and so that j for different mixtures at the same 
pressure has the same value. If the density of the vapour phases is 
so small, that they do not perceptibly deviate from the laws of BoyLe 
and Gay-Lussac everyone will agree that this approximation may be 
admitted. In the second place we have ascribed to w for the liquid 


So we obtain a result in a way, totally differing from that 
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state the value which it has in the double-point, though the pressure 
exceeds that of ‘the double-point. This approximation comes to the 
same as to say that we neglect the volume of the liquid compared 
with that of the vapour; and also this approximation is of no signi- 
fication if the gases are very rare. But the chief reason, for which 
we have to consider these equations (4) and (5) only as approximations 
is that we make use of the following relation for the pressure of the 
double-point : , 


if we suppose in this equation / for all substances and so also for 
all mixtures to be the same and independent of the temperature. 
Therefore if we set: 

__ ld’ 

pl da,” 


! 
u 2 


we assume a relation, which is incontestable in all those cases, in 
which the vapour-phasis may be considered as a perfect gas. But if 
we do more and if we assume a peculiar property of the equation 
of state, as that one assumed in the formula for the pressure p’ of 
the double-point, the decision of the question, whether the equations 
(5) and (6) are contestable or not depends upon the question whether 
the relation used is accurate. Therefore in applying the equations (5) 
and (6) it is not our aim to obtain numerically perfectly reliable 
results, but only to get an idea of the course of the coexistence pressure 
for different mixtures which is in the main reliable, and which makes 
us understand the phenomena. 

According to these considerations, knowledge of the pressure of 
the double-points is required for the determination of the shape of 
the surface of saturation. If we introduce this pressure also into the 
graphical representation, we add a third surface to the two surfaces, 
liquid sheet and vapour sheet. The third sheet is found between the 
first and the second one, and the only points which it has in common 
with them are those above the angles of the rightangled triangle. In 
the case, that points of maximum pressure occur, in which points 
the liquid sheet and the vapour sheet touch each other, this third 
sheet also will touch both of them. If we cut these three sheets by 
a plane p= UC, we get three sections and the projections of these 
sections are the curves, which we have already mentioned in (a) 
p. 38 as curves of equal pressure; to these however is added the 
curve of equal coincidence pressure. After this expatiation on the 
signification of the quantities occurring in formula II, ‘p. 3, we 


cial) 


will return to the question if we can determine the shape of these 

projections. In these calculations we confine ourselves to the case of 
small vapour pressure. 

We may put (see p. 7): 

av & 
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l—a, - y, 1—w,—2, 
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ein ee Wy 
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Adding these equations we get : 
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In thesame way : = Fa ” 
Lay (¢ —1) ¢y,e"" 1) 
and Yams dy ye" Nee" —1) 
Ck Sent wes SB) oy (eal) 
If we substitute in equation II these values of 7,—2, and of y,—y,, 
2 0? 0? Uy 
and the values of ees and 2 found on page 5 and if we 
On, ? Ox OY, Oy,” 


divide by WRT then we find the following differential equations, 
where we denote for brevity’s sake by V the nominator of the 
fractions indicating the values of w,—,, and y,—y, 


pole ay, 
ails: (1—a,)(e “1 _])—y,(e wy) —1) Ty, oh fs, | dar, +. 
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(1 Rei ete aa 1—a, 
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i + bn | dy, 
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(ds) 


If we put: p' de, +e" ny, dy, = da’, and ayy, da, - tdi da 
then we may write this equation in the following form: 


0 = dlog {1+a, (¢ x —l)+y, (Cie: —1)}}— a dus, — y,du'y, 


ee pe! 
or C= log {l+2,@°"—1) +9, "—1IR + uny —2,u'n — yey 


Applying equation (3) of p. 5 it would have been possible to 
obtain this integral for the projection of the curves of equal pres- 
sure in a simpler way. In this equation, where the index 2 indicates 
again a rare vapour phasis, we equate w., and w,, to zero and «, to 


log ine +- 13 s0' we: get: 
p 
log Ia, — 9.) FU yy 2%, We, —I, Wy, = log (1—#, —y,) + log MRT cee 


from which follows: 


P = log 1 vi,—Y, 
MRT l—w,—y, 


In connection with the value I have given before 


| * ! ! 
log P Bay 21M, —9 ey, —1 


P Fir 


l = == Il “ M3, Baal By Tes 
og MRT 1—#,—y, + w(e 1) ae Y (e 1) 


This equation may be written in the following form: 
Ww It wy ' I 
bog MRT log {1 +a, m ag bYyi(e o —1)}+- bay, —& hg Yin a6 (7) 


Already long ago I have given a corresponding equation for a 
binary system. It may also be found Cont. I, p. 146, though in 
a somewhat modified form. I have shown for the case of a binary 
mixture, that such an equation in some cases may represent a straight 
line, but that it in other cases represents a curve, which at certain 
values of w, presents a maximum value for p. The intermediate 
forms may also occur of course. The course of the function u being 
at least approximately determined by that of the functions Ty anaes 
knowledge of the dependence of these functions on v and y would 
be required for an adequate discussion of equation (7). This would 
be possible according to my equation of state putting 
nee ie 
ane — 87 


cr 


Ovi a a 
But as the quantities a and a depend rather intricately on #@ and y 


this would lead to an elaborate discussion, and I have not yet sue 


ce) 


ceeded in drawing simple conclusions from it in a concise manner 
and to formulate them sharply. In the formula 


hk 
ES —/s woe + log Per 


the discussion of the term 7, and of its first and second derivative 
function according to w and y would already require extensive cal- 
culations, and the discussion of log p-, and its derivatives would still 
augment the difficulties considerably. And though it is true, as we 
have observed above, that generally the influence of log pe is not 


; mera AT cy 
great, yet some cases occur, namely those, in which q and r 
Uv y 


are small, in which this influence is decisive. Therefore for the 
present I will not enter into an accurate discussion, and only inves- 
tigate some peculiar cases. 


So as first case we may suppose that the three components have 
been chosen in such a way, that the course of p will be represented 
by a straight line for each of the three pairs, which may be formed 
from the components of the ternary system. This may be the case if 
the difference of the critical temperatures of the components of these 
pairs is considerable and the critical pressures either differ but slightly 
or have such values that the expression: 


ATs Sipe 
Tda Per dat 


aa 


may be considered to be constant for each of the three pairs. Then 
we may expect that for the ternary system wz, and «, will be 
everywhere constant or nearly constant, from which follows that 
du',, and du',, may be neglected compared with ws, and wy. If we 
in fact neglect the values of dw';, and du’, the differential equation 
of the curves of equal pressure assumes the following form: 


(= Gol a, @ 7-1) +e, @ Di. 
And we get for the equation of the projection of these curves: 
Calta, (6881) +9 @"* 
And we find for the value of p from equation (7) 


p= MRE (abe, (CM) + y, (e* * 1). 


The supposition namely that dy's, and du’, are zero comes to the 


ak 


same as to take two different constants for wz, and w'y,,. But then 


we have also: , 
Ua, = Uy ae vo, a Yreg ~ 
where uw, denotes the value of u,,,, for the first component. 


From this we deduce that the liquid sheet of the saturation surface 
is a plane, and so that: 


p=P, (l—#,—9,) + pits Pats (8) 
We deduce this form for p by making use of the relations for - 
each of the components: 
Pp, = MRT eto 
p, = MRT emt #'2,—! 
Pp, = MRT evo e'y, —1 
Ps 


— and 
1 


pe ; : : : : 
The value ¢°™ which is constant in this case, is equal to 


the value of e”% is equal to ” 


Ps 
The lines of equal pressure for liquids are therefore all parallel 
to each other. If p= pp, the projection of such a line is: 


Pedy ia Rees y= 0 
PsP 
It cuts therefore the Y-axis at the point pee It appears 
Pam st 


that in this case we have the interesting circumstance, that the 
addition of a substance with a given maximum tension to a binary 
mixture whose vapour pressure is equal to that maximum tension, 
does not bring about any variation of that pressure, however great 
or small the added quantity may be. 

The other line of equal pressure, the section of the vapour sheet, 
lying at the same height of p, and representing phases coexisting 
with those of the first line, may be deduced from: 


p =p, (l—a,—y,) + p, 2, + psy, 


if we express in this equation w, and Cea ae 
be easily done if w',, and w',, vanish, and u's, 
sidered as constants. We write then: 


is = a Pama) 
1—4#,—y, 1 G.—Y, 
1 Cael, 
and Is dr eH 


lay, er ley, 


and y,; and this may 
and w'y, may be con- 


( 15 ) 


These equations would also hold, if wz, and wu’, still depended 
on x, and y,, but then it would not be possible to express 2, and 
y, in a, and y,. Performing the substitutions mentioned we get: 

se Doe Dons Leche, Oe ee 
P Py Laeitt s 

As it is however not only our aim to obtain the results, but as 
we also wish to interpret the equations given before, we return to 
equation II in order to-determine the line of equal pressure for the 
vapour phases. 

If we continue to use the index 2 for the vapour phasis, and the 
index 1 for the liquid phasis, but if we now apply equation II to 
the vapour phases, it assumes the following form: 


075 36 
p= ie) On, aa 4s) Oz,0y, dx, + 
075 il 
a (7,— &) 02.0 045 aE ae Ys) Oy? | dy, « 


As we may neglect w',, and w'y,, for the vapour phases, we may 
also neglect the second derivatives of #; and we may put: 


Ae. | 0? 1 
0° — MRT Lee S _ urt 
dw,” 2, (1—a,—y,) dw, 0y, 1—z,—y, 
0? 1 
i 
OY, y,(1—2,—y;) 


Weh ae ){ —— } ; and 
€ Ave 0, == Uy —0, —(@,-=2,) da, Jy r aie Ys yi di 


dv 
and({ —) are zero for the vapour which we assume to follow the 
Ya/p 


law of Boyle, and so to occupy the same volume, if the pressure and 
the number of molecules are constant. If we neglect moreover the 
volume v, of the liquid compared with v, the volume of the vapour, 
then we get after division by MRT’: 


dp iy Gos 
ge ern le, - 
ie £4) 2 (1—a, Ly, ) {- l—«@ PF C Vo [- 
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For a binary system this yields the well known equation : 


a eg fala Ax,» 
P #(1—2,) 
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If further we substitute for «,—2, and y,—y, the values: 
(laa )e "Dy," —D) 
i— 0, == 05 ee, pice Mey eee 
(1—y,\(e#—1)—2, 6 "8 —1) 
(l—2,—y,) fae i+ y,0 


then we get by integration: 


and Yi Ya = Ya 


C 
P — al a ’ 
(l—#,—Yys)+%.e  "TYe ' 
é : — pl —p! i 
or in connection with the value ofe ““ ande "” given before: 


C 


C= 
P 
G>2,=%;) i ti 


2 3 
The constant C is of course the pressure for the case that rv, and y, 
are equal to zero, so it is equal to p,, and we find again equation 
(9). If we now give to p the same value as for the liquid sheet, 
we find the second branch of the curve of equal pressure. So we 

find) fOr) a=" ee 

oem eee Seater 
Ps Pa Pr 


a line which yields y, =1 for x, = 0 and: 


29 


_ Ps PsP 

‘Ps Ps—Pi 
for the point of intersection with the axis for the third component. 
This value is of course the value of y, for the pressure p, of the 
vapour phasis of the binary system consisting of the first and the 
third component. The projections of these vapour lines of equal 
pressure are again parallel. 

The line: 


r it t They 1 il 
PE eee ON a anh inate ea 
ie Pr Ps Pi 10s ea 


is displaced parallel to itself, when the value ofp varies. The vapour 
sheet consists therefore of parallel limes and may be considered as a 
cylindrical surface. The. section with the POX plane is a hyperbola, 
and also that with the POY plane. 

If we cut the sheet of the coincidence pressures also at the same 


Ye 


Gg) 


height, we get a third line, which lies between the two former ones, and 
which we have already mentioned in our first communication as the 
projection of the line of the double-points. The equation of this line 
may be found from the equations of p. 8 and 9 namely from: 


Le nha 
p dx Ua 
1 dy’ 

and epee ly : 
p dy 


In this case we have p’,, = log 7 and (Dien log integrating we 
1 1 
find for the equation of this curve: 


log pie oe a log? ey log 
Pi Pi 
If « and y = O, this third sheet coincides with the two others, and 
p' =p; from this the value of C may be calculated. We may also 


write this equation in the following form: 


pi =p, O-*Y py? py! 
or log p' = (1—a#—y) log p, + @ log p, + y 10g p, - 
This equation also represents a right line, which is displaced parallel 
to itself, if p' varies. 
So we find very simple lines for the three curves, which we get 
in this case for a binary system, namely a right line, a hyperbola, 
and between them an exponential curve. 


We shall now discuss the case which differs most from that which we 
have treated, namely that, in which each of the pairs that may be 
formed from the components of the ternary system, presents a maxi- 
mum pressure. The critical temperatures of the components do not 
differ much in this case, and for each pair a composition may be 
found, for which the function w’ vanishes. Then we may expect, 
that for the ternary system a value for z, and for y, may be found 
for which the values of w’,, and «’,, are equal to zero. If the function 
u’ depended only on Z,, then we might simply express this in 
properties of 7.,, and we might say: for each of the pairs a mini- 
mum critical temperature occurs, so we may also expect a minimum 
value for 7’ for the ternary system. As yw still contains the term 
log Per, the same set of values of 2, and y, which yields the mini- 
mum value of 7’, will not make w’,, and uw’, vanish. This agrees 
indeed with the considerations for a binary mixture, given in Cont. I]. 

For values of 2, and y, differing only slightly from those, for which 
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w’,, and w’,, vanish, the first derivatives of 4 may be considered to 
be small in this case but the second derivatives on the other hand 
will be decisive for the course. 

In order to determine for this case also the projection of the curves 
of constant pressure we will make use of equation (7): 


log © = log{l +(e" —1)+-y,(e" —1)}-+ pt, — tl, —9t’y, —1- 


Pm 
If we call the values of 7: and y,, for which wu’, and w’, vanish 
1 Yr t } N NY > 
Ln and ym and the corresponding pressure pn, then we have: 


Pin 
MRT 


log = pt, —1 hence also: 


p y! as ! ' 
log Pm =log{1 +-«,(e! 1 —I)+y,(e" 4“ 1); f Ux, n @ xy —Y 4 x, Un « 
Dm 


It appears already from this form of p, that this pressure of this 
system may be considered as a coincidence pressure, and as this 
system can be realised, it may be considered as an ordinary maxi- 
mum tension. If we now consider w’,, and g’», to be small, so that 


, 


we may put e°“—1 = p’,, and eh 4 = w’y, and 

log tl + & Mn +91 My} = 2 Wy + ps 
then we find for mixtures, whose composition does not differ much 
from @»_ and yp : 


log i = Uay — Un - 
Pm ; 
If we write: 


xy, =e Um 4. 4 {(@,—an)? thie 2 (x, Lin) (y, Ym) Ue esti + (y, =a): LL ms 
we may write the last equation: 


P 
tog — =F {(@,—2m)? Bem + 2 (@,—2m) (Ys—Ym)  rmym + (Ya —Yn)? [L vmt « 


Pm 

If we only inquire into the mathematical consequences of this last 
equation, without trying to answer the question, if the suppositions 
as to the values, which we have ascribed to ("my Wl" enym and w"y,, May 
be found in nature, we may only say, that if wr, and ym Vanish, 
the curves of equal pressure in the immediate neighbourhood of 
this smgular point will be conic sections. In order that Pm May be 
really a maximum pressure, the first member must be negative for 
all real values of %,—avm and ¥,—yn and this requires, that wr, and 
Wyn are both negative and that (w"emym)?<U" rm Wy. Then the curves 
of equal pressure are ellipses whose centre is the singular point. 
For a binary mixture the quantity uw", has always appeared to be 
negative in accordance with this theory, when the components were 


a) 


substances, which do not exercise any chemical action upon one 
another, for which therefore the molecules in the mixture may be 
considered to be simply mixed, without suffering any internal modi- 
fication. For such binary mixtures minimum critical temperatures have 


actually been found, — and the chief term of mu being — f (=F ~ 1) 
a minimum value of 7’, corresponds to a negative value of p":, — 
but never with certainty maximum critical temperatures. If wu", and 
"ym Could be positive, and wry ("ym >(" myn)’, then we should also 
get ellipses for the curves of equal pressure, but then we should 
have p>pm, and the ternary system would present a minimum pressure, 
which would also lead to minimum pressures for the pairs of which 
the system consists. If maximum critical temperature for a binary 
system should really occur in nature, and if we then formed a ternary 
system, of which one pair of components presented a maximum and 
another pair a minimum value of 7%, then «",,, and Wm Might have 
opposite signs, and the point for which w':,, and ym Vanish would be a 

eae stationary point as to the pressure, and 
. ? the curves of equal pressure would 
intersect in that point. 

In figure 12 the course of the curves 
of equal pressure has been represented 
schematically for the case of maxi- 
mum pressure for the three pairs of 
components and for maximum pressure 
for a point of the system. The suc- 
cession of the values of the pressure 
- is then: 


Fig. 12. 

Pi <p, < Pia <P; CLG ier: KP; < pms 
only the order of succession of p,, and 
p; and of p,, and p,, may be reversed. 
The figure does not require any further 
explanation. 

As intermediate case for the course 
of the curves of equal pressure, we 
assume a system, in which for two of 
the pairs the pressure increases or decrea- 
ses regularly, but the third pair has a 
maximum pressure.-So in fig. 13 the. 
pressures follow each other in this 
way: Di <p, << Pi. <p; One of the 

Q% 
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eurves of equal pressure, namely that one for which p = p,,; touches 
the ‘OLX-axisan 

In the following chapter we will give some indications concerning 
the course of the curves of constant pressure for the vapour phases 
in this case, and in the general case. Let us return to that purpose 
to equation I of p. 3 of this communication. 


b. Displacement of the curves of equal pressure with 
variation of the pressure. 


We have already observed that the projection of the connodal curve 
of a ¢-surface, construed for a certain value of p coincides with the 
projection of the curves, for which the pressure is equal to p, and 
that therefore all laws, which hold for the connodal curve, also apply 
to the curves of equal pressure. 

If in the equation: 


075 075 
tide = lem) 5 $+ gy | Ae + 


arg 0°s 
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we choose the values of dx, and dy, such, that 


dz, sh dy, __dl 


saree a a Gamay: wee 

where “ represents the length of a line, connecting the point P,, 
whose coordinates are 7, and y, with the point P,, representing the 
phasis coexisting with P, and whose coordinates are xv, and y,.. Be 
further d? the length of a line, whose projections are dz, and dy,, 
then the point 2, + dz,,y,-+ dy, lies between the points P, and P,. 
It lies therefore in what we may call the heterogeneous region. The 
above equation may then be written : 


me ae Ans | oe (“ eu : a dz, \/ dy, i 0°6 (dy, \? 
dl 07, \ a) 02,0y,\ dl dl dy,7\ dl 
The second member of this equation is positive for the points of 


the connodal curve, as the $-surface lies above the tangent plane for 
all phases which may be realised. If the point P, represents a 


ets ; es d 
liquid phasis, then v,, is positive, and therefore = also. positive. 


When the pressure increases the liquid branch is displaced in such 
a way, that it moves towards the side of what was before the 
heterogeneous region, This rule for a ternary system is equivalent 


Cae) 


to the rule of Koxowatow for a binary system, if this latter rule is 
duly extended. If on the other hand /), lies on the liquid sheet, 
; dp 5 Ree 
then 7,, and therefore also ai 8 negative. This signifies that the 
vapour branch of the curves of equal pressure moves on towards 
the heterogeneous region if the pressure decreases, and on the other 
hand towards the region which at constant pressure belonged to the 
homogeneous region, if the temperature zncreases. If the pressure 
is varied the two branches move, in such a way, that one of the 
branches retreats for the other. If there is not yet question of cri- 
tical phenomena, a point for which v,, =O does: not yet exist, and 
the given rule holds without exceptions. For the case that no 
maximum pressure exists, the two branches of the projection of the 
curves of equal pressure consist of two curves, originating both 
in the same side of the rightangled triangle, and ending again in 
the same side. Every point on one of the branches has a conju- 
gated point on the other branch. We will call the lines joining such 
a pair of conjugated points (coexisting phases) chords. The first of 
these chords have the direction of one of the sides of the rightangled 
triangle and the last the direction of the other side. If these two sides 
are the sides containing the right angle, then the chord turns over an 
angle of 907. It occurs however only as an exception that the chord 
is directed towards the origin in other points than the extremities. 
Afterwards we will return to this question. 

If a maximum pressure exists, the branches of the curves of equal 
pressure form closed curves near the phasis, whose pressure is maxi- 
mum. The liquid branch contracts if the pressure increases, and 
according to the rule, deduced above, it moves towards the branch of 
the vapour phases. This branch therefore must also form a closed 
curve round the point of maximum pressure and that a smaller one. 
For the limiting case, the curve for the liquid phases is an ellipse 
the curve for the vapour phases is also closed, but has other dimen- 
sions, and its axes have other directions and another ratio, in the 
limiting case, however, it must coincide with the ellipse of the liquid 
phases. At any rate therefore, the position of the liquid branches being 
given for increasing pressure we may immediately conclude to the 
relative position of the vapour branches. 

(To be continued.) 
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Physics... — “Statistical Llectro-mechanics.” By Dr. J. D. VAN DER 
Waats Jr. (Communicated by Prof. van DER WaAALs). 


Prof. Gisss has newly published a treatise entitled “Klementary 
principles in statistical mechanics”, in which he communicates some 
considerations, belonging to a science, which he calls “Statistical 
mechani¢es,” and of which he states that /“on account of the 
elegance and simplicity of its principles” it is eminently worthy 
that the laws to which it. is subjected, are studied. The laws relate 
to the behaviour of a great number of systems, whose motions are 
mutually independent. These systems quite agree with one another 
as to their nature, and only differ in so far, that the integration 
constants of the differential equations of motion have different values, 
or, what comes to the same, that the values of the generalized codr- 
dinates and of the generalized velocities at an arbitrary moment 
(e.g. at the moment ¢— 0) differ for different systems. The laws, 
which hold for such ensembles of systems have a very general 
character, as Gipps shows; yet in their application they are confined 
to systems, consisting exclusively of ordinary matter. Now the 
question arises whether such like, considerations might be applied 
to electro-magnetic systems, and whether in doing so we might 
extend our very limited knowledge of the phenomena of radiation in 
connection with the laws of thermodynamics. 

We cannot deny however that we must not expect too much from 
these considerations. The greater part of the theses deduced by Gisps 
are exclusively or principally applicable to ensembles of systems which 
he calls canonical and which have such an important phace in his 
considerations, because they represent the simplest law possible of the 
distribution of the systems over the different “phases” *). Mathematical 
simplicity, however, is not a trustworthy criterion, when we want 
to investigate, what is actually to be found in nature. For our 
mathematical representation e.g. the simplest motion, a vibrating 
string can perform, is an harmonic motion, yet we should be utierly 
mistaken if we should assume, that every vibrating string would 
execute such a motion. Perhaps we run the risk of making similar 
mistakes if we assume, that all systems in nature will follow the 
laws which we have deduced on the supposition of a canonical 
distribution of the systems of an ensemble. 

It is true that Gress shows in his chapters XI—XIII that the eano- 


1) Two systems are considered to be in the same phase when they are to be 
found in the same element of extension in phase. 
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nical distribution is the most probable one, provided the only condi- 
tion, to which the ensemble is subjected, be that the mean value of 
the energy of the systems is a prescribed quantity; but the main 
difficulty happens to be to answer the question whether this is indeed 
the only condition. Systems e.g., consisting of spherical, mutually 
equal molecules, will not be distributed canonically, for they are still 
subjected to another condition, namely the distance of two centres of 
molecules can never be less than the diameter. To assume the cano- 
nical distribution comes therefore to the same as to neglect the volume 
of the molecules, but it is not easy to decide whether nothing else 
is neglected. In facet choosing the distribution of the systems of an 
ensemble is equivalent to choosing the cases, which we are to consider 
as “eases of equal probability” in a more direct application of the 
calculus of probabilities. Both are subject to the chance, that the proba- 
bility a posteriori will prove to be another than we had assumed a priori. 

Yet such like considerations can be useful, in the Anown region 
of thermodynamics, because they bring its laws very simply and 
elegantly together under one point of view; in the yet unknown region, 
because they may perhaps suggest formulae, for which comparison 
with the experiments may decide, whether they are in accordance 
with the phenomena of nature or not. 


Law of conservation of density-in-phase. 


In an investigation, whether the considerations of GrBps are also 
applicable for electro-magnetic systems, ‘we have in the first place to 
examine, whether the “law of conservation of density-in-phase” holds 
also for them. In the beginning we will confine ourselves to systems 
devoid of material, electrical or magnetical masses. 

Now we imagine an ensemble of systems. The different systems 
are congruent spaces, enclosed by perfectly reflecting walls. We divide 
each system into 2 equal cubic elements of space de dy dz. These 
elements are so small that the electric and magnetic forces in them 
may be considered to be constant. The state of each system will be 
perfectly defined, if in each element of space the components 
f, g and fh of the electric displacement, and the components e, B and + 
of the magnetic induction are given. So the state is determined by 
means of 62 data; according to the assumption, that electric energy 
is potential, magnetic energy kinetic, the 3 2 components of the electric 
displacement would represent coordinates, the 8 components of mag- 
netic conduction generalized momenta, or at least they wouid be 
proportional to them. 
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We mark the elements of space with successive nunibers and 
represent the cgmponents of the vectors in the 7 element by /-, g,, 
h,, a, 8, and y,. Let us select from an ensemble those systems whose 
data lie between the limits /, and /,+d/,, f, and 7,+df,.... 
Jn and fr + df, and in the same way for the other components; 
the number of these systems may be represented by : 


D dfs. Un AG, +++. Un Uh, HN gO, 3 o> + Og US, >. don Oye 
or DAY | [ee lat = ate, oe ee 


Here the brackets indicate, that also the other components, the 
parentheses that the same quantities also for the other elements of 
space are to be taken. We will call [(df,)] [(da,)] an element of 
extension-in-phase, the density-in-phase, P == the coefficient of 
probability-in-phase (V representing the total number of systems in 
the ensemble) and 4, defined by the equation ? = e%, the index of 
probability-in-phase. 

Let us consider the same ensemble after a short lapse of time dd, 
then the number of systems being in a certain phase, will have varied. 
We may conceive the variation of that number to be composed of 
12 n parts, as the systems may enter or leave a certain phase by 
passing one of 121 different limits, ((/,)], (7, + df], [(@,)] and 
[(a, + da,)}. 

The systems passing the limit /, contribute: 

df, 


DP dt df,» ++. dfndg, +... dgydhy..+.dhy[(da)].. . (2) 


to the total number with which the quantity D [(//,)] [ (da,)] increases. 


The systems passing the limit 7, + d/, contribute a decrease 
amounting to: 


D df, 0 D df, 1 > ] ] a 9 
7 + - a: df, | at df,....dhy[(da,)]. . . (8) 
Adding these quantities we get an increase with: 

0 df.) . : 

re ai MG 

Now we have: 
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df. 
The second term of the second member is zero, for =f depends only 
dt 


on the rotation of the magnetie induction, and is independent of the 
value of /,. 


In the same way we find the increase in consequence of the 


systems passing the other limits, — taking into account that all 

Hest yi F ; 0 det, ; 
quantities of the form —— “a ave zero. — Taking the sum of all these 
a, dt : ‘B 


I 
partial increases and dividing by [d7,)| [((de,)] we find: 


oD a OD d/, (OD dea , 
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0D 
Here py Tebresents the fluction of the density for a phasis whose 
ae dD , Oe 
limits are constant, = for a phasis whose limits partake of the motion 
ae 


of the systems of the ensemble 

So the density proves to be constant for a phasis, partaking of 
the motion of the systems, and as, of course, the systems can never 
pass the limits of an extension-in-phase, when these limits move with 
the systems, the total number of systems within every extension-in- 
phase, i.e. D{(dé7,)| [(de,)] remains constant, and so also [(¢/,)] [(de,)]. 

This proof of the laws of conservation of density-in-phase and of 
extension-in-phase quite agrees with that one given by Gress. In 
our case, however, we have still to pay attention to one circumstance. 


oD 
In calculating - > LA) )\[(da,)], we have assumed, that this number 


is the sum i ae numbers of systems passing the different limits. 
This comes to the same as to say that no system will pass more 
than one of the limits during the time dé, or at least, that the number 
of the systems that pass more than one limit is so small, that it may 
be neglected. In the proof of Gisss we may assume, that this is 
really the case, provided we take df so small, that = dé is small 
compared with 7 (where 7 represents one of the generalized coor- 
dinates, and dy one of the dimensions of an clement of extension-in- 
Y phase). For our case however this proof is 
incomplete. Be 7 and » two adjacent elements 
of space, then [f,] and [fs], [@-] and [a@,] are 
no independent quantities, but they must be 
a approximately equal, as [/] and [@] vary only 

fluently from point to point. 
In order to investigate the consequences of 
O x this circumstance we imagine an ensemble of 
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systems with only two coordinates « and y, which are subjected 
to the condition that « and y must be equal and continue to be so. All 
systems will then be found on the line (4 and will move in the direction 
of this line, so all systems leaving the element of space drawn in 
the figure, or entering into il, will pass the two limits @v and dy at the 
sune moment. If the condition is not that andy must be rigorously 
equal, but only that their difference must be very small, then all 
systems will be huddled up very near the line O14 and a great part 
of those that pass the limit de will also pass the limit dy. It is evident, 
that this circumstance is caused by the fact, that within the element 
dvdy the density is not homogencous. If we choose therefore the 
the dimensions dv and dy so small, that the whole element lies with- 
in a region, where the density may be considered as constant, then we 
may again assume that the number of systems, passing both limits 
may be negleeted, compared with the number of systems.passing only 
one of the two limits. 

If we choose therefore |{(//,)] and [(de,)| small compared with the 


hi rey BO e. ae | ; : 
mean value of ) da and ee de } |, so e.g. having a finite 
v v 


ratio to de®, and dt again small compared with the quantities [(//,)| 
and |(da,)|, so e.g. having a finite ratio to de*, it appears that in 
fact the number of systems passing more than one of the limits may 
be neglected. So the proof of the law of conservation of density-in- 
phase is complete. 


The quasi-canonical distribution. 


If we wish to distribute the systems of an ensemble over the 
different phases in such a way, that the distribution does not vary 
with the time, so that the state of the ensemble is stationary, it is 
evident that we have to choose for P a function of the coordinates, 


Which is constant in time. Gipss chooses for this purpose the function 


b—s 
; 


e" where « represents the energy of a system, and w and 0 are 
constant quantities for a given ensemble. He calls this distribution 
the canonical distribution. This simple law cannot. be applied to 
systems consisting of ether. If we assumed it, the quantities [7] and 
[«| would vary abruptly from element to element instead of varying 
fluently, and moreover the distribution would depend on the dimensions 
of the elements of space, which we have arbitrarily chosen. We 
must therefore assume another distribution which secures a fluent 
variation of the electric and magnetic displacements. 
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To this purpose we will assume a distribution closely resembling 
those, discussed by Gupps in his chapter IV as “other distributions 
having the same properties as the canonical.” These distributions 
have the characteristic property, that the index of probability 4 is a 
linear function ot one or more functions /’,, F, ete. of the coordinates; 
the functions /,, F, etc. are subjected to the condition that their 
average value, taken over all systems of the ensemble must be a 
prescribed quantity. We might form different distributions, all satisfying 
the conditions. Now we seek the average value of 4 for all these 
different distributions; this average value of 4 will be a minimum 
for that ensemble where 7 is a linear function of F’,, F, ete. This 
is proved by Gipps in his chapter XI. I shall call such a distribution 
a quasi-canonical distribution. The canonical distribution is nothing 
else but such a quasi-canonical distribution where there is only one 
function F’, and that represents the energy. As the canonical distri- 
bution is of little application, e.g. not for systems of molecules with 
finite diameter, it would perhaps have been preferable to give a 
broader meaning to the word canonical and to use it in the sense, 
in which I use quasi-canonical. As GrpBs has however used the word 
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canonical exclusively for ensembles for which 7 = nas I will use 


the expression quasi-canonical for ensembles for which 
y=w—aF, — bF, —= ele: 
In the ether we cannot have canonical ensembles, and so we will 
discuss only quasi-canonical ensembles. We put: 
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where, drt representing an element of space: 
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k, J, and d, are constants, and d, and d, are infinitely small. The 
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term — —*-—— has been added, that we should have only to 
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deal with systems, consisting of free ether. Systems, containing electric 
masses are not absolutely excluded, but still their number is very 
small and may be neglected compared with that of the systems which 


op 


0a 02+ 5 
are devoid of these masses. As + j + 5 is always zero, systems 
a y 


Ox 
for which this expression has another value can never occur; yet 
we may admit them in such a small number, that they have no 
influence on the results. Finally we cannot take into consideration 
systems consisting of infinite space, for a finite quantity of energy 
would spread in it and we could not have a stationary distribution 
in the ensemble. Therefore it is necessary to enclose the electro- 
magnetic energy within absolutely reflecting walls. But then it is 
necessary to add a term to 4, which expresses, that the walls reflect 
absolutely, i. e. the quantities |] are always zero at the walls. The 
term -= expresses this; 4 represents a small line in a direction 
2 

normal to the surface; we make this line decrease indefinitely ; do 
represents an element of area. 

If this distribution is to be for ether systems, what the canonical 
distribution is for material systems, then in the first place 4 must be 
a constant in time. For the other terms this is immediately evident, 
pty 

_ 


The relation, we have to prove may be written : 


so we have only to show it for the term 
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and of the following relations, that may be deduced from them : 
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and also of the corresponding relations for the other components. 


Now we have: 
2 ={|(¢-F dfoq oh ; 
Ay; 5 ah all Cmatort eve esa ECS) 


( 29 ) 


Integrating partially we get: 
dep 


eee number of surface integrals — 
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In the coefficient of S in the cubic-integral we have: 
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at least if we put, ehaoe! ‘43 = 0, so if we neglect the systems in 
af 


which electric masses occur. So we get for the coefficient of oF the 


10 
expression aa and for the cubic integral : 
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d 
As at the absolutely reflecting walls {/] and therefore also |= | 


continue to be zero, the surface integrals disappear; so equation (13) 
is proved. 

The quantities g and x which are introduced in order that the 
variation of the electric displacement and the magnetic induction may 
take place fluently, are defined as the sum of the squares of the 
components of the rotations of those vectors, if we disregard the 


1 : 
coefficient ior introduced in order that equation (13) may be satisfied. 
aU 
This seems to me the simplest definition for » and x. It might, 
Of 0g oh 


however, appear that we are not yet sure that ba! By and get 


convenient values. In order to show that this is not the case, we 
will prove the following relations 
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where again the brackets indicate that we have to take also the cor- 
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responding terms in which the other components occur, In order to 
show this we expand the squares of equation (9) and consider sepa- 
rately the terms: 
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partially according to z, the second according to y. The surface inte- 
grals vanish again and we get: 
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By integrating once more partially, where once more the surface 
integrals vanish, we get: 


=f1O* 


so equation (21) is proved. Equation (22) is proved in the same way. 

Three constants occur in the exponent 7 namely w, 0 and k. wis 
a constant which must be chosen such, that integration of P over 
aul systems of the ensemble yields 1. The two constants 0 and & 
determine therefore the state of the systems. This is connected with 
the fact, that the nature of the radiation inside a closed surface, as 
Lorentz’) has shown, depends besides on the temperature, also on 
the charge of the electrons by which the radiation is emitted. The fact 
that inside all bodies radiation of the same nature is formed, proves 
that in all bodies the electrons have the same charge. The constant 
quantity £ must depend on that charge; it will therefore have the 
same value for spaces enclosed within all bodies as they are found in 
nature at least if the temperature is the same and its value would 
for a certain temperature only be different, if we imagined walls 
with electrons whose charge was different from those actually occurring. 


dr. (24) 


*) Lonenrz. Proceedings. Vol. Ill, p. 436. 
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Botany. — “On the prussic acid in the opening buds of Prunus.” 
By Prof. E, Vurscuarrent, (Communicated by Prof. Huco 


DE VRiks). 


During last winter and the spring of 1902 I made a series of 
determinations to ascertain the amount of hydrocyanie acid which 
can be prepared from different organs in species of Prunus. They 
were untertaken with the view of investigating the changes that 
ocenr during the budding, regarding the prussic acid-compounds. 
In these analyses the titration-method of Lipig was always used in 
the following manner. The parts of the plants to be examined — mostly 
5—15 ers. freshly gathered material, — were heated in 200—300 cm.* 
of water to 60° C., so as to kill the protoplasm without destroying 
the emulsin. Though it will directly be shown that this treatment 
answers the purpose, the heating to 60° was repeated after some 
hours or the next day, to be certain that no cells were still living. 
Between both treatments and also during 24 hours after the second 
heating, the organs remained, immersed in water, in a well corked 
flask, that the emulsin might have time to splitcompletely the HCN- 
elucosides. After that, the distillation was performed, the prussic 
acid being collected in a little flask containing some drops of KOH- 
solution, and the titration was made after the method described in 
ihe treatises, with +*/,, normal nitrate of silver. The distillate was 
always collected in a flask of 100 em.’ capacity ; by taking with a 
pipette a known volume, I was able to repeat the titration two or 
three times in the same experiment. The quantities of plant-material 
and water being as above, it appeared without exception that the 
whole of the prussic acid had been condensed together with the first 
100 cm.’ of water. 

The necessity of allowing the objects to maccrate for some time 
after the killing is clearly shown by the following preliminary 
experiment. 

From 25 leaves, one year old, of Prunus Lawrocerasus (Bot. G. 
Amsterdam) gathered 9. 12. 01. the halves of the blades were cut 
on each side of the middle-nerve. The halves a weighed 11,85 grs., 
the halves 6 11,35 ers. The first portion was immediately submitted 
to distillation after having been immersed in the proper quantity of 
water, and gave 0,0160 grs. HCN. The portion b was heatea to 60° 
(., and remained under water till the next day ; this time the amount 
of HCN was 0,0254 gr. As soon however as both portions are 
treated as b, the concordance of the results is very satisfactory : 
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12. 12. Ot 25°, .ai90,0223 ers sb) O02 26Rer antes 
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10, 2 02. 25 1, a 00289 er. dO 074 2e ae One 


In the same manner it could be ascertained that it was quite 
sufficient, after killing at 60°, to macerate during one day only, to 
obtain a complete splitting of the glucoside; also that the heating in 
200—300 cm.’ at 60°, at two different times or even once, had 
left no living portions in the plant-organs.  - 


The species studied were Prunus Laurocerasus L. and Prunus 
Padus L. It was chiefly my intention to follow the changes undergone 
by the prussic acid-compounds during the opening of the leaf-buds. 
As of both above named species the second is the earliest, and also 
yielded shoots a long time before the cherry-laurel, when cut bran- 
ches were placed in the hot house, it was with P. Padus that the 
most complete experiments were made, those with P. Lauwrocerasus 
rather serving to control the former. 

In the very first place, I asked myself the question whether the 
amount of HCN in resting buds whatever might be the form of 
combination — did exhibit changes, when the buds began to grow. 
To know this, the estimation of the percentage in buds and young 
shoots issued therefrom is insufficient; one must compare the absolute 
quantity of prussic acid contained in a given number of buds with 
the amount in a same number of shoots. As the dimensions of both 
the buds and the shoots vary considerably, a satisfactory medium- 
value could only be obtained by the analysis of a great number of 
these objects, a precaution already made necessary on account of the 
buds being small. 

The amount of HCN contained in resting buds of P. Padus will 
appear with sufficient exactness by the following three estimations: 

10. 2. 02. 195 buds (Bot. G. Amsterdam); weight: 4,80 er.-HCN: 
0,0067 gr., i.e. 0,14 °/,; in 100 buds: 0,0034 er. 

11. 2. 02. 280 buds (B. G. Amsterdam); weight: 6,35 gr.-HCN: 
0,0094 gr., i.e. 0,15 °/,; in 100 buds: 0,0034 er. 

20, 3. 022 4007 buds (B. G. Amsterdam; the buds are about to 
open, many show a green top); weight: 2,75 gr.-HCN: 0,0040 or 
i.e. 0,15 °/,; in 100 buds: 0,0040 er. 

In the first two analyses, the buds, as always was the case with 
the parts examined, in order to avoid losses of hydrocyanic acid, 
were immersed in water without being cut into fragments, and killed 
by heat. However, as it might be feared that the bud-scales should 
hinder the diffusion of glucoside and enzyme, the buds were, in the 
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third experiment, cut in halves, to see whether they should yield 
more HCN. As no marked difference was to be noticed, there surely 
was no prussic acid that in the first two instances had remained 
unestimated. 

It was presently the turn of the opening buds to be studied. On 
the 2% of February cut branches of P. Padus, dipping in water, were 
placed on a well lighted spot in the hot house, the temperature being 
circa 20° C. After some weeks, a great number of buds had opened, 
and yielded shoots, which, though short, were nevertheless well fur- 
nished with leaves. 

5. 3. 02. 75 shoots taken: weight: 5,20 gr.-HCN: 0.0079 er., i. e. 
0,15 °/,; in 100 shoots: 0,0105 er. 

Cut branches placed in hot house 26. 2. 02. 

14. 3. 02. 60 shoots; weight: 8,70 gr.-HCN: 0,0108 gr.; i.e. 
0,12 °/,; in 100 shoots: 0,0180 or. 

When one considers the weight of the shoots examined, it will be 
seen that in the second experiment they were more fully developed 
than in the first. It is clear that, as the shoots go on growing, a 
steadily increasing absolute amount of HCN-compounds gathers therein, 
so much so that even at a very early stage they contain three 
to four times the quantity found in the resting buds. As, on the 
other hand, the percentage of prussic acid depends on a number of 
circumstances, chiefly on the proportion of water in the shoots, a 
factor which itself is so very liable to modification, the changes under- 
gone by this relative amount of HCN are much less interesting. It 
will however be noticed that, notwithstanding the fact that the weight 
of the young shoots exceeds many times that of the buds, the per- 
centage of prussic acid is but feebly or not diminished. 

I should wish to recall here that Edm. and Hm. Tuma *), estimating 
the HCN in young leaf-buds of P. Padus, while these were opening 
in April, found no higher proportion than 0,05 °/,. This undoubtedly 
is due to the fact that the authors, distilling off after having added 
some sulfuric acid, did not obtain a complete splitting up of the 
glucosides. 


It will now be asked, whether the prussic acid which appears in 
the growing shoots is formed in the same, or perhaps transferred 
to them from the branches. As the green unfolding leaves will very 
probably begin to assimilate, it seems credible enough that the hydro- 
eyanic acid should be made by a process of “photosynthesis”. Whether 


1) Zeitschr. Allgem. Oesterr. Apoth. Ver. 1892, ‘p. 330, 
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this is the case or not will easily be ascertained by analysing shoots 
developed in the dark. 

Branches of P. Padus, placed in the hot house 10. 2. 02., covered 
by a blackened box. After some weeks, numerous etiolated shoots 
had been developed. 

5. 3. 02. 50 short shoots taken; weight: 5,40 egr.-HCN: 0,0061 
gr., i.e. 0,11 °/,; in 100 shoots: 0,0122 ger. 

Branches put in the dark 24. 2. 02. 

17. 3. 02. 30 well grown, etiolated shoots, for the most part } — 
1 dM. in length; weight: 7,90 gr.-HCN: 0,0054 gr’; i.e. 0,07 °/,; 
in 100 shoots: 0.0180 gr. 

There can be no doubt, from the results given above, that shoots 
grown in the dark also contain a much larger quantity of HCON-com- 
pounds than the resting buds, and that these substances cannot have 
been built up by an assimilatory process, under the action of sunlight. 

Results of quite the same kind were obtained in studying Prunus 
Laurocerasus. 

Resting buds.-28. 12. 01. 115 buds, mostly axillar (from the growers 
of medicinal plants GrorNnvELD and Linpxovt, at Noordwijk); weight: 
1,65 gr.-HCN: 0,0040 gr.; i.e. 0,24 °/,; in 100 buds: 0,0035 gr. 

Shoots developed in the light (also mostly from axillar buds).-24. 4. 
02. 50 shoots, still short, cut from the shrubs growing in the Botan. 
G. Amsterdam; the pale green leaves are not quite unfolded; Weight : 
9,30 gr.-HCN: 0,0278 egr., i.e. 0,30 °/,; in 100 shoots: 0,0556 er. 

27. 4. 02. 50 shoots, younger than the former, or newly opened 
buds; weight: 4,90 gr.-HCN: 0,0188 er.; i.e. 0;28°/53 «im. 200 
shoots: 0,0276 gr. *) 

Ktiolated shoots. — Branches of P. Lawrocerasus (B. G. Amsterdam) 
placed in the hot house, under blackened cylinders 23. 4. 02. 

10. 5. 02. 5 shoots taken; weight: 2,25 gr.-HCN : 0,0047 er. ; 
i. e. 0,21°/,; in 100 shoots: 0,0940 er. 

Branches in the dark 25. 4. 02. 4. 5. 02. 10 very short shoots ; weight: 
1.65 gr.-HCN: 0,0087 gr., i. e. 0,22°/,; in 100 shoots 0,0370 or. 

Branches in the dark 27. 4. 02. 12. 5. 02. 414 shoots: weight : 
4,70 gr.-HCN : 0,0083 gr. ; i. e. 0,18°/, ; in 100 shoots : 0,0755 ‘og ae al 


) A. J. van pe Ven. (Cyaanwaterstofzuur by de Prunaceae. Dissertation 
Amsterdam. 1898; also Archives Néerlandaises, 2e Série, tome II, 1899 (reports 
(p. 34 resp. p. 391) for young shoots 0,19-0,23/). 

*) Van De Ven (1. c. p. 37 resp. p. 393) applying the test of GresHorr—Trevp, 
was not wble to detect prussic acid in etiolated shoots of P. Lawocerasus. This 
affords a new proof that microchemical reactions, as soon as the substarces are 
not very abundant, necessarily require analytical confirmation, Mostly so when the 
test yields negative results, 
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Referring to what has been said with relation to P. Padus, the 
above given results require no further discussion. That in both 
species the percentage of HCN appears to be smaller in the etiolated 
shoots than in the green ones, has no very great importance. Etio- 
lated shoots indeed are known to contain much more water, the 
evaporation being less active under the opaque bell-jar. 


After it has thus been shown that buds opening in the dark also 
increase, as they grow, their amount of HCN, there still remain two 
ways of accounting for this augmentation. Perhaps the prussic acid — 
in whatever form it may be present — is made in the growing shoots 
out of other substances ; it could however be drawn from other parts 
of the plants; that is to say the branches in P?. Padus, possibly also 
the leaves in the evergreen P. Laurocerasus. 1 regret not to have 
sueceeded in establishing with certainty which of the two explanations 
is the right one. All I can say for the present is that the HCN 
gathering in the shoots is not derived from the internodes, which 
bear the buds examined. However, the possibility of the acid being 
supplied by more distant parts cannot at the present time be said to 
be excluded completely. 

In this part of the research, I again chiefly made use of ?. Padus, 
as this species, bearing no leaves in winter, was especially favourable. 
The point to be ascertained was whether the increase of HCN in the 
opening buds should be accompanied by changes in the adjacent 
internodes. 

In the first place the amount of HCN was determined in the inter- 
nodes below resting buds. As the length and thickness of these organs 
are exceedingly variable, it once more was necessary to analyse a 
not too small portion of plant-material. 

10. 2. 02. 100 internodes (Bot. G. Amsterdam) ; weight : 11,75 ¢ 
HCN : 0,0108 gr., i. e. 0,09°/, ; in 100 internodes : 0,0108 gr. 

7. 3. 02. 250 internodes (B. G.); weight : 18,95.-HCN : 0,0246 er. ; 

e. 0,13°/,; in 100 internodes: 0,0098 gr. 

With these amounts will be compared those observed in the inter- 
nodes below etiolated shoots. 

Branches (B. G. Amsterdam) placed in hot house 24. 2. 02., and 
covered by opaque bell-jars. 

17. 3. 02. 30 internodes are taken from below long etiolated 
shoots; weight: 3,85 gr.-HCN 0,0057 gr.; i. e. 0,15°/,; in 100 
internodes : 0,0190 er. 

Already this first experiment does not prove in favour of the view, 
that the HCN-compounds should be drawn from the adjacent inter- 
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nodes. That this really is not the case will clearly be shown by the 
further analyses, in which were examined, on the one hand resting 
buds, on the other etiolated shoots, both with the corresponding 
internodes. 

Resting buds -- 18. 2. 02. 80 buds 2? Padus (Bot. G.), and inter- 
nodes bearing them; weight: 8,80 gr.-HON : 0,0121 er. ; i.e. 0,14°/, ; 

100: 0,0151 er. 

18. 2. 02. 125 buds and internodes; weight: 9,90 gr.-HCN: 
0,0159 gr.; i. e.-0,16°/,; in 100: 0,0127 gr 

21. 3. 02. 100 buds and internodes (the buds beginning to open 
at the top for the greater part); weight: 8,35 e@r.-HON: 0,0092 er. ; 

OMT os iny LOO 00092 eer, 

29. 3. 02. 127 Duds and internodes (cut on other shrubs as the 
foregoing ; buds about to open); weight: 15,50 er.-HCN : 0,0125 ev. 
Bes, 0,092 Aes 1 lOO O009S per: 

Young shoots. — Branches placed in the dark 24. 2. 02. 

17. 3. 02. 30 shoots and internodes; weight: 11,75 or. HCN: 
0 OLAd teas 5 aes * 0,098 rin 1002 30.08 70 Ani 

Branches in the dark 24. 2. 02.; 25. 3. 02. 25 shoots and inter- 
nodes; weight: 5,05 er.-HCN: 0,0051 gr-.; ie O10") nes 
0,0204 er. 

The considerable increase in the quantity of prussic acid: two to 
three times the original amount, shows clearly that it has not been 
augmented in the shoots at the cost of the internodes immediately 
belonging to the buds. I can even go farther, and suggest that 
neither it can have been supplied by the more distant internodes, 
one year old. In the analyses of shoots with the adjacent internodes, 
as well as in the experiment with internodes only, the material was 
taken from twigs developed the stunmer before, which in the experi- 
ment had yielded shoots at different heights. Therefore, if the more 
basal internodes had furnished the HCN-material for the shoots nearer 
the top, then the estimations would have shown it, since in that case 
s0 great an increase as was noticed would have been impossible. 
If consequently during the growth of the young shoots prussie acid 
might be drawn from the branches, it could be only from the older parts. 

I should have liked very much to establish with certainty whether 
the shoots form themselves the hydrocyanic acid they contain. For 
that purpose I several times analysed branches of 2. Padus as well 
as of P. Lawrocerasis, so as to determine the amount of HCN pre- 
sent in the evfae branches, before and after the opening of the buds. 
These estimations however did not yield satisfactory results, because, 
when the branches used were small, the buds im the dark only gave 
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short shoots, containing too small a quantity of HCN, and the diffe- 
rence between the two portions compared lay within the range of 
individual variation. If on the other side one will use larger branches, 
it is exceedingly difficult to choose {wo portions which ean be compared ; 
the limits of error of the experiment presently widen, and consequently 
the desired end is not reached. The experiments on branches longitudi- 
nally cut in two, which were undertaken with P. Lawrocerasus, one 
moiety being immediately analysed, the other one, bearing the buds, 
being put in the dark till it had given off etiolated shoots, failed for 
the same reason. In consequence this question must remain unan- 
swered for the present; perhaps experiments to be made next spring 
With rooted cuttings will meet with more success. 


] will now endeavour to show that the cherry-laurel behaves in 
so far quite like P. Padus, that the parts situated iminediately below 
the growing shoots retain their percentage of HCN nearly completely 
unchanged. Here the experiment becomes in a certain degree com- 
plicated, but also on the other hand is made more interesting, by the 
presence of the leaves. Therefore I must begin to tell something 
respecting the amount of HCN in these organs. 

They have been analysed several times for pharmaceutical purposes. 
I only will recall here that Friicxieur') gave as the average of esti- 
mations, protacted during ten years, on cherryv-laurels growing 
on the banks of the lake of Thine, 0,12°/, of the weight of 
fresh leaves. Folia Lanrocerasi, bought in December and Jannary 
from GrorxkyeLd and Lixpuovr, yielded 0,14—0,16°/,, while the 
shrubs grown in the Botameal Garden at Amsterdam were found to 
contain in their leaves an amount ranging from 0,12 till 0,21°/,, 
according to the mdividual analysed. Those were at least the quantities 
found in the course of the season December-—May. The last named 
high figure is regularly yielded by the leaves of a certain shrub, 
that consequently could if wished be made the starting point of a 
selection to obtain a race containing much prussic acid. 

It also may be of importance to acquire an idea of the absolute 
quantity of hydrocyanie acid contained in one leaf. Of course, owing 
to the variable dimensions of these organs, this quantity also varies 


considerably. T found 0.0015 — 0,0086 er. HCN, the maximum-value 
in large leaves supplied by Grorxevenp and Lixpuour, with a per- 


centage of 0,15°/,. 
Bh art JE hes 
Before studying the modifications in the amount of HON in the 


1) Pharmakognosie des Pflanzerreichs. 3e Aufl, 1891 p. 766, 
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leaves, brought about by the opening of the buds, also in the dark, 
one should know the changes caused by the occlusion of the light, 
independently of the formation of shoots. I properly ought to have 
done the same with the twigs of P. Padus, but nobody will, I trust, 
expect that these organs, with their peridermal coating, should show 
energetical processes of assimilatory kind. 

The experiments with P. Laurocerasus took place not only with 
cut leaves, but also with branches bearing leaves. To examine 
Whether cut leaves should change in the dark their amount of HCN, 
the halves of the freshly plucked organs were cut off along the middle- 
nerve and killed immediately. The other halves, with the middle-nerves 
still adhering to them, were brought in the hot house, and placed, 
under blackened bell-jars, in a glass, the petioli dipping in water. At 
the end of the experiment, the middle nerves were cut off, and the 
remaining halves of the blades analysed. 

It appears that by staying even a fairly large number of days in 
the dark, the leaves undergo no modification whatever as regards 
the amount of HCN, at least not in winter *). 

25 leaves (Noordwyk). 13. 12. 01. 

Halves a analysed immediately: HCN: 0,0135. 

Halves 6, after staying in the dark till 29, 12. 01., HCN: 0,0142 gr. 

25 leaves (Noordwyk). 

Halves a: 13. 12. 01., 0,0357 gr. HCN. 
Halves 6: 9. 1. 02., 0,0351 gr. HCN. 

It follows that even after about one month no change whatever is 
to. be noticed. Recently-F. F. Biackman and G. L. @) Marrman ») 
have shown that the leaves of the cherry-laurel remain fresh and 
living in the dark even after fifty days. On the other side, the results 
given above quite agree with those obtained by, A. J. vAN DE VEN °), 
using microchemical methods. 

However, after a longer stay in the dark, or even, in certain cases, 
at a temperature of 20° C., after a shorter stay 


» pathological changes 
become noticeable in the leaves. 


Yellow spots, originating along the 
middle-nerve and the more important side-nerves, cover by and by the 


surface of the leaf till it becomes uniformly yellow. However, these 


organs don’t die at once; they remain fresh many days, but the 
analysis shows that they lose rapidly their hydroeyanie acid. 


1) J. Coxarp- (Journal de Pharmacie de Liege, 2e année, 1895 p. 1) states that 
leaves of cherry laurel, when the entire shrubs remained in the dark from May 
till August, yielded a percentage of HCN, somewhat inferiov to the percentage in 
plants exposed to the light. ; 

*) Annals of Botany, XV. 1901) pe Dba: 


*) Dissertation Amsterdam. 1898, p. 35. Archives Neéerlandwises, 1. c. p30, 
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25 leaves (Noordwyk). 
Halves a: 23. 12. 01., 0,0165' or. HCN. 
Halves 6: 7. 1. 02., (beginning to show yellowstreaks 
along the nerves): 0,0142 gr. HCN. 
20 leaves (Bot. G. Amsterdam). 
eet a. « OLOIG2* er HON, 
6b: 9. 5. 02. (yellow patches) 0,0113 gr. HCN. 
25 leaves (Noordwyk). 


Gremio ee OP ad) 9). Oba 40s LGN: 
b: 20. 1. 02. (yellow) 0,0089 gr. HCN. 


25 leaves (Bot. G. Amsterdam), 


Pom aids +, etna) 10.0283. or HON: 
6b: 20. 1. 02. (yellow) 0,0067 gr. HCN. 

Just the same processes can be observed, when cut branches bearing 
leaves are placed tunder opaque cylinders. The leaves can remain 
fresh and green many weeks, and keep their amount of HCN unal- 
tered. The halves a of the blades were analysed immediately ; the 
halves 6 remained, adhering to the middle-nerve, on the branches 
till the end of the experiment. 

25 leaves, from branches placed in the dark 5. 12. 01. 

Geta, 127 OR= “030270 .ere HCN: 
b: 22.12. 01. 0,0283 gr. HCN: 

25 leaves, from the same branches (5. 12. O41 in the dark). 

31. 12. O1.; halves cut off; the other ones remain on the branches. 

a: 0,0243 er. HCN. 

6: 16. 1. 02.; remaining halves yellow ; it appears that in this 
stage they fall off, or sit but loosely on the branches :; 0,0196 ger, HCN. 

Branches placed in the dark 17. 12. O1. ; 

1i-91,02.;-10 yellow leaves, about tobe dropped; weight: 
17,65 gr.-HCN: 0,0094 gr.; i. e. 0,05 °/,. 

From the same branches I took the same day 25 fresh green 
leaves, and cut off the halves; weight: 13,15 @r.-HCN: 0,0229 er., 
Ree OL, 

Halves 4; 14. 1. 02 for the greatest part yellow, and falling off 
— HCN: 0,0155 er. 

This experiment therefore is also of importance; because it shows 
how the diminution in the amount of HCN goes clearly together with 
the discoloration and dropping of the leaves, and does not directly 
depend upon the length of the stay in the dark. In fact, when I 
placed separated branches in the hot house, but exposed them to the 
light, there always were a certain number of leaves that became 
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yellow ; and in those the amount of HCN could also be shown to 
have diminished considerably. 

Branches in hot house 26. 12. O01. Leaves yellow and falling off 
22. 1. 02.; weight: 20,10 gr.-HCN: 0,0089 gr.; i. e. 0,04°/,. 

Moreover, the same is the case with certain leaves directly taken 
from the shrubs grown in the Botan. G. 

27. 4. 02.; 15 vellowish leaves are picked; weight: 24,95 er.- 
HCN: 0,0158 gr.; i. e. 0,06°/,; in one leave: 0,0011 

The figures for fresh leaves, mentioned formerly, show that but a 
small part of the HCN normally present had been retained here. 

As the hydrocyanic acid was also observed to disappear from the 
cut leaves, when they became yellow, it seems very probable that 
this substance — or its compounds are not transferred from the 
leaves to the branches, but must have undergone a chemical trans- 
formation. 

The budding however, at least in the first periods that I examined, 
has no influence whatever on the quantity of prussie acid in the 
leaves and twigs. For instance, 80. 4. 02 were gathered, on the 
cherry-laurels of the Bot. G. Amsterdam, 10 leaves, one year old, 
each being inserted below a well grown young shoot ; weight : 
11,60 gr-HCN: 0,0251 gr.; i. e. 0,22°/,; in one leaf: 0,0025 er 
These figures are of quite the same order as were yielded in December 
by the same shrub. 30. 4. 02 also were cut, below opening buds, 
twigs one year old; I chose intentionally twigs which though they 
bore numerous, and ane big shoots, had no more leaves, these being 
cut or having fallen off at an earlier period, before the budding ; 
weight: 8,25 gr-HCN: 0,0086 er., i. e. 0,10 */>: J have found 
however, in twigs one year old, taken from the different shrubs in 
the Bot. G., during winter, a percentage of HCN ranging from 0,06 
till 0,14 °/,. It is clear that there was no diminution after the opening 
of the buds. 

Neither was this the case after the budding in the dark. Branches 
having been Piaget in the hot house, under darkened boxes, 29. 4. Q2, 
leaves were cut 4. 5. 02, below etiolated shoots. The percentage: 0, 14"/, 
was the same as leaves from the same shrub had yielded before. 

Finally, it could be shown in P. Padus that, though the young 
branches issued from the winter buds are already considerably deve- 
loped, and bear numerous leaves of fair size, the amount of HON- 
compounds in the internodes below is still the same as before the 
budding. 

This was observed 25. 4. 02, when 130- internodes of P. Padus, 
from the year before, were taken below long shoots, well furnished 


a> 


as) 


with leaves; weight: 10,90 e1.-HON: 0,0140 er.; i. e. 0,13 eae 
in 100 internodes: 0,0108 er. 


Resuming, I am brought to the conclusion that in both species of 
Prunus examined (P. Padus and P. Lairocerasus), when the buds 
open, there appears in the shoots growing from them a steadily 
increasing absolute quantity of HCN-compounds, whereas the percentage 
changes little in the period examined. In this same period at least, 
and at any rate for a great part, these substances appear independently 
of the light. Neither is this prussic acid drawn from the internodes 
directly bearing the buds, and developed the year before. Whether 
it is supphed by more distant organs, or is formed in the growing 
twigs out of other substances, this remains to be shown. 

It is also still a point of research in what form the prussic acid 
is contained in the growing parts. That it is necessary to macerate 
the killed organs before the total amount of hydrocyanic acid can be 
distilled off, speaks in favour of the presence of a compound that 
can be split up by an enzyme. Moreover, as the liquid distilled from 
etiolated as well as from green shoots of 2. Padis and Laurocerasus, 
has an intense smell of benzaldehyde, if is very probable that these 
organs also contain glucosides of the amyedalin-type. 


Physics. — ‘Observations on the maguetic rotation of the plane of pola- 
risation wn the interior of an absorption band”. By Prot. P. Zuem an. 


1. The difficulties of a complete theory of emission are partly 
avoided in a treatment beginning with the absorption, and this may 
have been the reason why Vor) has followed this procedure, 
though it must be granted that in his method an explanation of 
the mechanism of the phenomenon as in Lorentz’s theory cannot be 
given”). In Voier’s theory the separation of a spectral line by the 
action of a magnetic field is found as the separation of an absorp- 
tion line. 

Some particulars in this separation were anticipated by this theory *) 
and confirmed by experunent *). 


1) Vorer. Wied. Ann. 67, p. 345, 1899. 

2) For a comparison of the advantages of the theories of Loney‘rz and of Vou, 
see Lorentz. Rapports, congrés, Paris T. HL. p. 16, 33, 1900. en Phys. Zeitschr, 1 
p. 39, 1899. ef. also Puanex. Sitz.ber. Ak. Berlin,-p. 470, 1902, 

3) Vow. Drude’s Ann. 1, p. 376, 1900. 

4) Zeeman. Versl. Akad. Amsterdam. Dec. 1899. Archiv. Néerl. (2), 5, p. 237. 
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The long since known phenomenon of the rotation of the plane of 
polarisation and, the magnetic separation of the spectral lines were 
closely connected *). : 

One result however of Voic?’s”) theory relating to the rotation 
of the plane of polarisation in the interior of an absorption band 
seemed to be in contradiction with the results of CorBrNno *) or at 
least were not confirmed by the experiments of Scumauss*) The 
theory of VoieT requires a negative *) rotation of the plane of polarisation 
in the interior of an absorption band, Corsryo however only succeeded 
in observing a very small positive rotation. 

It would be very remarkable however, if there existed a disagreement 
between theory and observation in this special field so closely con- 
nected with other well understood phenomena. 

I have been, experimenting already some time on this subject. In 
executing these experiments I have been aided in an excellent manner 
by Mr. Hatio. 

I have sueceeded in observing a negative rotation in the interior 
of an absorption band, the results of my observations being in perfect 
qualitative agreement with Voier’s theory. 

2. The method used in the following observations on the rotation 
in sodium vapour is principally the same as that which has been 
used by Vorcr®) in his demonstration of the double refraction of 
sodium vapour placed in a magnetic field. Already Hussrn’) used it 
in a determination of the naturel rotation of the plane of polarisation 
in quartz, and also Corsino in his first experiments on sodium. 

By means of a system of quartz prisms (as has been used by 
FresneL in his experiment on the division of a plane-polarised ray 
into two circularly polarised rays) a number of horizontal interference 
fringes are formed in a spectrum. The light traverses the prism in 
the direction of the axis and the edges are horizontal and perpendi- 
cular to the slit of the spectroscope. The prism system (length 50 mm.) 
was placed in my experiments as near as possible before the slit of 
spectral apparatus and a small Nicol, used as analysator, behind the 
slit. The polarising Nicol was plaeed, of course, before the electro- 


1) ef. also Larmor. Aether and Matter, p. 203. 

*) Vorar. Ann. der Physik, (4), 6, p. 784, 1901. 

5) Corpino. Atti R. Acc. dei Lincei. Vol. 10 p. 137, 1901, Nuovo cimento 
Febbraio 1902. 

*) Scumauss. Ann. d. Phys. 2 p. 280, 1900. 

°) The magnetic rotation in the vicinity of the band is positive in sodium vapour. 

6) Vorer. Wied. Ann. 67, p. 360, 1899. 

7) Husser. Wied Ann. Bd. 48, p. 498, 1891. 
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magnet (of the RuamKorrr type). The spectroscope was a Row1anp’s 
grating, for which I am indebted to the kindness of the Directors of 
the Dutch Society of Sciences at Harlem; it has a radius of 6.5 M., 
10.000 lines to the inch and a divided surface of nearly 44 em. 

The grating was mounted for parallel light in the manner indicated 
by Runer and Pascurn'). The source of light was in most cases the 
electric are, in some the sun. 

Using this arrangement of the experiment we can deduce immediately 
from the deformation of the interference fringes in the neighbourhood 
of the absorption bands, when the sodium vapour is under the action 
of the magnetic field, the value of the rotation of the plane of 
polarisation for different wave lengths. Fig. 1 of the Plate gives an 
idea of the aspect of the frmges in absence of the field in the 
neighbourhood of the sodium lines, rather much sodium being present 
in the flame between the poles. The observations were made in the 
second order. 


3. In the experiments first to be described, the distance between the 
perforated poles was about 4 m.m. and the intensity of the field about 
15.000 ¢. g.s. units. In this field was placed a gas flame fed with oxygen 
and a small quantity of sodium introduced in it by means ofa glass 
rod. After removal of ‘the polarisator and of the Frmesnen prism the 
two doublets, in which the sodimnlines are separated, in the inverse 
magnetic spectral effect were observed. Between the components of 
the doublet were seen the very narrow reversed sodiumlines due to 
the are light itself. 

The polarisator and the prism were now introduced in their proper 
places. The field of view was then crossed by the above mentioned 
(2) dark, nearly horizontal interference fringes. 

I now wished to ascertain the deformation of the fringes by 
increasing continuously the quantity of sodium vapour, the field 
remaining constant. This method must be preferred for obvious 
reasons to the other which might have been followed also, viz: the 
examination of a flame with constant percentage of sodium under 
varying magnetic intensities. 

The following observations refer to D, : 

If the quantity of sodium in the magnetic field was only extremely 
small, the interference fringe exhibited at the place of the reversed 
sodium line a protuberance — let us say downward — the lines 
of the doublet being somewhat stronger just above the interference 
fringe. In fig. 1 this behaviour is represented schematically. 


1) Kayser. Handbuch. Bd. I, p. 482. 
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Fig. 1. Bie, 2. Fig. 3. 

Increasing now the quantity of sodium (always remaining very 
small however, absolutely) the interference fringes moved upward 
along the components of the doublet, whereas the part of the fringe 
between the components seemed no longer connected to the exterior 
fringes and accepted the shape figured schematically in fig. 2. 

Increasing still further the density of the vapour the interior part 
of the fringe slid downward with increasing velocity and then 
resembled an arrow with point directed upward, the parts more 
removed from the medium line fading away and disappearing (cf, the 
schematic fig. 3). At last the arrow entirely disappeared by the 
increase of the density of the vapour. It then became impossible to 
distinguish the fringes or any trace of structure in the field between 
the components. Rather much light was transmitted. The entire 
width of the components of the doublet was now about of the same 
order as the distance of theix central lines. 

A further increase of the quantity of sodium obscured the central 
part more and more (see further (8)). 

The exterior fringes moved continuously upward while the density 
was being increased. 

In a field of about 20000 units the downward displacement could 
be followed over a distance of more than the double of the distance 
between two fringes, corresponding to a negative rotation of above 
2 < 180°, say 400°. The distance between the poles was 4 mM. 

Some more accurate data will be given on another occasion. 

In the case of D, the phenomena were in the main of the same 
character. 

For D, it was however characteristic that the stage of the nearly 
or entirely vanishing of the interior fringes was reached with smaller 
field, whereas also the shape of the interior fringe differed from the 
one observed in the case of D,. Hence there exists also in this case a 
difference between PD, and D,, a difference already known to exist 
in the phenomena of reversal, of the separation by a magnetic field 
and of the rotation of the plane of polarisation in the vicinity of 
the absorption band. 
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4. It appeared possible to keep stationary each of the stages des- 
cribed in (3) during a considerable time. Excellent photographs could be 
secured with plates which were sensitised for yellow light with erythro- 
sine silver. Instead of the gasflame fed with oxygen it was easier, 
in the case of greater distances between the poles, to use a Bunsen 
burner wherein common salt was introduced. 

5. If the density of the vapour was maintained as constant as 
possible and if it and the fieldintensity corresponded to the circum- 
stances represented in fig. 3 (8) then an increase of the field gave 
a motion of the arrow (fig. 3) (3) upwards, corresponding to a decrease 
of the negative rotation and reciprocally. It was possible to observe 
by eye observation very clearly this decrease when the field was 
changed e.g. from 18000 to 25000. If the circumstances were more 
in accordance with fig. 2 (8) then the same change of field produced 
a change only just perceptible of the negative rotation but in the 
same sense as mentioned in the case of fig. 3. 

An enlarged reproduction of one of the photographs is shown 
in fig. 2 of the plate. The distance between the poles in this experi- 
ment was 6,3 mM., the field intensity about 14000*). The negative 
rotation in the ease of D, is somewhat less than 90°. In the case 
of D, yet only some traces of the interior fringes can be seen (8). 
The negative rotation is about 180°. In the photograph are seen 
also the reversed very narrow JD,-line and the broader D,-line, 
which are due to the arc itself and have nothing to do with our subject. 

6. The observations (3, 4, 5) agree qualitatively in an excellent 
manner with the conclusions from Voiet’s theory. According to it, 
the negative rotation must be of the same order of magnitude as the 
positive one. This last was known from Macarvuso’s and Corsryo’s 
experiments to be very great. The enormous value and the sign of 
the negative rotation given in (3) may thus be regarded as a beautiful 
confirmation of the theory. 

As much is this the case with the direction (5) of the change of 


the negative rotation with increasing field. In order to see this we 

; ch 
must know the value of the quantity occurring in the theory P= mE 
(2 = fieldintensity, c and # parameters of the absorptionband), for 
which the comparison must take place. It was possible to assign a 


value to ? by comparison of the phenomenon with Vorcr’s figure 1 *). 


1) The intensities of the field were measured by means of a bismuth spiral in 
the centre of the field. Probably the values given are somewhat too high. Measure- 
ments of the magnetic change of the spectral lines give lower values, 

2) Annalen der Physik, 6 p. 789. 1901. 
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This figure gives nx, (y, angle of rotation, m a mean value of the 
index of refraction) as function of a certain variable 4, whereas our 
phenomenon is a representation of x, as a function of 4¢ Reducing 
the abscis of the mentioned fig. 1 to */,, or ‘/,, we obtain diagrams 
resembling in the main features fig. 2 of the Plate. To the 
greater observed negative rotation (3) correspond values of P, which 
can be estimated at 5 or 8. The smallest easily observed rotations in 
the used strong field are probably in the vicinity of the critical value 
Peis: : 

7.. The slope of the exterior interference fringes is greater towards 
the side of the greater wavelengths than towards the violet, at least 
so far as the rotation due to one band does not influence visibly the 
rotation due to the other. At the same distances, if not very small, 
of each of the two JD lines the rotation at the side of the violet is 
greatest. The interior fringes also show a slight asymmetry, so e. g. 
the point of the arrow in fig. 3 (8) ought to be asymmetrical. The 
part at the side of the violet is predominating. 

It is clear that these phenomena depend upon an asymmetry of 
the dispersion curve. 

8. With very dense sodium vapour, hence under circumstances 
which are beyond the last stage of (3), I observed phenomena very 
probably identical with those observed by Corpino. In my first expe- 
riments with those dense vapours I thought it absolutely necessary 
for securing sufficient intensity to widen the slit beyond the width 
used in the already given experiments. I now see however that 
this is unnecessary. 

Using these very dense vapours one sees in the absorption band a 
horizontal part of an interference fringe, which seems to have under- 
gone a very small displacement wpvards by the action of the field. 
These horizontal parts are more ill-defined and broader and the 
whole phenomenon in the bands is darker than under the circum- 
stances described in (3), (4), (5). 

Figs. 3 and 4 of the Plate will give a clearer impression of the 
change in the phenomenon than a long description. 

Fig. 3 was obtained with a field of 4500 units and much sodium. 
I have made some measurements, according to a method not to be 
given here, concerning the displacement of the central (in horizontal 
and vertical direction) part of the interference fringe, and IT have 
found a displacement, which would correspond to a positive rotation 
of about 8° with both D-lines. Fig. 4 was taken with a field of 10700 
and much sodium. The exterior interference fringes are very clear 
and much deformed; the rotation in the parts adjacent to the absorp- 
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tion band surpass 180°. The interior interference fringes are very 
indistinct. Their appearance would suggest that in the case of D, in 
Fig. 4 the stage has been scarcely surpassed, reached for D, in fig. 2. 

This however cannot be the case because there was too much 
sodium in the flame. A comparison with fig. 2 will show that the 
lines are much broader in fig. 4. Measurements taken on other 
negatives gave me for fields of 11000, displacements of about 1/,, of 
the distance between two fringes, corresponding to a positive rotation 
of 11°. Hence the displacements in these cases are precisely of the 
same order of magnitude as in Corsino’s experiments. The paleness of 
the boarders of the band is easily accounted for by the remark that there 
the intensity one of the circularly polarised rays largely exceeds the other. 

I do not believe that these facts are in contradiction with theory. 
It is true that it requires for very high values of I? a value zero for 
(ny,),. If we must take as the locus of the fringe the mean vertical 
height, then really the rotation would be positive. It seems possible 
that with those broad fringes the case is different. It is also possible 
that the circumstances, assumed in the theory are not wholly realised 
in the experiments with dense vapours. I am making some new expe- 
riments about this subject and therefore shall not discuss further the 
different possibilities. 


EXPLANATION OF THE -PLATSE, 


The Plate gives about sixfold enlargements of the photographs. 

Fig. 1. Interference fringes and absorption lines in absence of the field and 
rather much sodium. (2) 

Fig. 2. Same lines. Vield intensity about 14000, little sodium. (8) (5) 

Fig. 3. Same lines. Field intensity about 4500, much sodium. (8) 

Fig. 4. Same lines. Mield intensity about 10700, much sodium. (8) 


Anatomy. — 4A new Method for demonstrating cartilaginous 
Mtkroskeletons.“. By Prof. J. W. van Wine. 


It is a well-known quality of cartilage that it firmly retains certain 
anilinstains. Taking advantage of this quality, I have for some years 
endeavoured to find a stain, which will remain permanent in the cartilage, 
after it will have been entirely extracted out of the other tissues. 
If the object is made transparent in canada balsam, the cartilaginous 
skeleton will then be seen as if it were prepared. I was more or 
less successful with most of the so-called basal anilin-pigments, best 
of all however with methylene-blue, and so [ was induced to use this 
latter stain exclusively. 


( 48 ) 


The coloring of the cartilage was attempted with full-grown objects 
as well as with embryos, but as the coloring-method is chiefly useful 
when applied to small objects, with which the ordinary preparation- 
method proves deficient, it will chiefly be applied to embryos. 

Whenever we wanted to examine the cartilaginous skeleton of an 
embryo, we were, up to the present time, obliged to make series of 
sections and to construct an enlarged model after these sections, all 
of which took up a good deal of time. As arule it would have taken 
much too long to model a whole skeleton ; therefore in most cases 
only a part was constructed, for instance the head-skeleton or 
the pelvis. 

Working on this plan a single object requires many months of 
labor, and besides at the end you have not the object itself, but an 
imitation. 

Following the coloring-method, on the contrary, a great number 
of entire skeletons are obtained in a short time with little trouble, 
not clumsy imitations, but the objects themselves with all parts in 
their natural connection and the contours of the whole embryo and 
of different organs besides, for notwithstanding the transparency of 
the organs the outlines of many are still clearly recognizable. Although 
the cartilage is colored intensely blue, it remains transparent: so 
for instance the spinal column glimmers through the shoulder-blade. 

The method is as follows: 

The embryo is fixed in the usual way in 5°/, sublimate-solution, 
or 10°/, formol, or in Zrnxwr’s liquid and is preserved in alcohol. 
No doubt it may be fixed in many other ways; I even obtained 
useful results with old preparations of alcohol from the collection. 
I mostly fix the embryos in 5°/, sublimate-solution, to which is added 
‘/1> Volumen formol, shortly before using. 

The object may now be brought immediately from the alcohol 
into the pigment-solution, but it has seemed advisable to me to extract 
previously for a day or two with alcohol, which contains some 
(/,°/o) hydro-chlorie acid. The acid alcohol must be renewed if it 
has turned yellow the next day, which often happens when iodine has 
been used in extracting the sublimate. The iodine is fatal for the 
coloring, as it forms with methylene-blue an almost insoluble preci- 
pitate and with neutral alcohol the iodine cannot be quite removed. 
This is proved when seemingly white objects, preserved for a year 
and more in alcohol which has remained colorless, being brought 
into acid alcohol, cause this liquid to tun yellow the next day. The 
yellow color disappears after the addition of a few drops of sublimate- 
solution. 
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From the acid alcohol the object is placed for a day at least, rather 
for a week, into an alcoholic solution of methylene-blue, to which 
1*/, hydro-chloric acid has been added. It is sufficient when */, gram 
of methylene-blue is dissolved in 100 cc. alcohol of about 70°/,. If 
more coloring-matter is taken, a sediment remains on the bottom of 
the bottle. After the addition of the hydro-chloric acid, blue crystal- 
line needles separate themselves from the liquid. For this reason it is 
desirable that this addition should be made not at the moment of 
using, but some time before. 

The object when taken from the pigment, should not show 
any sediment. If it does, it has not been extracted long enough 
with acid alcohol. Although it is not lost yet, it may cost months 
before the sediment is removed. The intensely blue-colored object 
is treated in the usual manner in the above mentioned acid alcohol, 
which is renewed several times on the first day and once daily 
afterwards. The renewal is continued until the alcohol shows no 
blue tinge the next day. The time required for this is, of course, 
dependent on the size of the embryo. This time can be shortened 
by taking alternately alcohol of about 70°/, and a stronger one and 
hanging the object one day in the stronger alcohol, whereas the 
next day it is allowed to settle on the bottom of the bottle; this 
is not necessary however. In about a week the stain has been removed 
from all the tissues, except from the fundamental substance of 
the cartilage. It is not necessary anxiously to observe the day 
when the alcohol shows no more coloring; objects kept for a year 
and longer in the colorless acid alcohol, showed the cartilage still 
distinctly blue. 

The object is now dehydrated in absolute alcohol, in the usual 
way, and rendered transparent in xylol. To avoid wrinkles, it 
is not put immediately from the alcohol into xylol, but first in 
a mixture of two parts of absolute alcohol with one part of xylol, 
then in a mixture of one part of absolute alcohol with two parts of 
xylol and only after that in xylol only. Larger-sized embryos are 
cut in halves or in different pieces with the razor. After that the 
objects are put first in a thin, afterwards in a thick solution of 
canada-balsam in xylol and finally in a solution, which in ordinary 
temperature is solid, but liquid at 60°. In this solution they remain 
in the thermostat at 60° during a couple of hours and are then 
enclosed in glass-cells under a covering-glass. 

The glass-cells in trade are usually too low, higher ones can easily 
be obtained by fixing stripes of window-pane with canada-balsam 


on an object-glass. 
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My experience has not been long enough to enable me to assure 
that the objects will not fade in the long run, I can only say, that 
even my oldest preparations, which have been enclosed in canada- 
balsam for a couple of years, have not faded visibly. I have taken 
care however to dissolve in xylol the solid, neutral canada-balsam 
of GriiBLer’s myself because the commercial solution often contains 
turpentine. 

The staining method here described has been successful with the 
cartilaginous skeleton of representatives of all classes of vertebrate 
animals, as for instance with Amphioxus, with embryos of sharks 
and rays, of salmons and roaches, of frogs and lizards, of birds, of 
mice, rabbits and man. 

With regard to man, it is of importance that the coloring can 
still be successful with embryos in a far proceeded state of dissociation 
and which otherwise one would be inclined to throw away. 

Magnified slightly, the preparations are particularly suitable for 
demonstration. I here demonstrate the skeleton of a human embryo 
of about five weeks old and draw your attention to the rudiment of 
the shoulder-blade. It is still exclusively adjacent to the neck, on a 
level with the 5%, 6th and 7th cervical vertebrae, with the point 
still above the first rib. Eleven ribs show the blue color of the 
cartilage, the undermost, the twelfth, not yet. 

In this second embryo, which is somewhat older, the shoulder- 
blade has left the 5 cervical vertebra and lies on a level with 
the 6 and 7 cervical- and the 1st and 24 thoracic vertebrae ; it 
reaches with its point as far as the third rib. Not only all the 
twelve ribs are visible on the twelve thoracic vertebrae, the rudiment 
of a rib on the last cervical vertebra is seen besides, which rudiment 
fuses with this vertebra later on, as is well-known. 

In this third embryo, which I received in perfect condition and 
which after fixation was 25mm. long in its natural curve, it may 
be seen that the shoulder-blade has again gone down a little. At 
the neck it does not reach higher than the level of the last cervical 
vertebra and reaches with the point as far as the 4h rib, Further 
the rudiment of the pelvis may here be noticed, on the level of the 
fourth lumbar — and the first sacrum-vertebrae and on the head the 
cartilage of the occiput, the ear case, the cartilage of Mrcke1 and the 
rudiment of the incus. 


Other preparations show the paired rudiment of the rabbit’s and 
the chicken’s sternum. 

Also for macroscopic museum-preparations this is a suitable method; 
I could show you, for instance, the cartilaginous skeleton of shark- 
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embryos more than 2 dm. long, preserved in xylol. These preparations 
were exceedingly beautiful at first and the non-cartilaginous tissues 
transparent, as clear as crystal; later on however they lost the 
transparency for the greater part and became opalescent. The cause 
of this change is unknown to me. Such macroscopic preparations 
ought therefore also to be enclosed in canada-balsam or dammar-resin. 


Chemistry. — “Intramolecular rearrangement of atoms in azoxy- 
benzene and its derivatives.” By Dr. H. M. Knipscuerr. (Com- 
municated by Prof. Lospry pg Bruyy.) 


Watiach and Berni) noticed a long time ago that azoxybenzene 
is converted into its isomer p-azoxybenzene by gently heating it with 
sulphuric acid, or by means of fuming sulphuric acid at the ordinary 
temperature. BamBercER found that in this process there is also formed 
half a percent of o-oxyazobenzene a substance discovered by him 
some time ago when acting on nitrosobenzene with aqueous caustic 
soda at 100°. The reaction noticed by Watiacn and Bru must be 
represented as follows : 


N—N 
5 O07 

Sulphuric acid was up to the present the only reagent capable of 
causing the said intramolecular rearrangement of atoms. Wackur ’), 
however, when stating in his paper on @-azoxynaphtalene that this 
substance turns red by exposure to direct sunlight, also remarks that 
azoxybenzene is likewise sensitive to sunlight, but he only mentions 
that it turns deep yellow without having investigated the nature of 


C,H C, H, > C, H, N=NC, H, OH (1.2 and 1.4). 


the change. 
Various derivatives of azoxybenzene also appeared to be liable to 


the same intramolecular rearrangement of atoms, but again sulphuric 
acid is mentioned as the only reagent capable of causing the change. 
The result of those investigations showed that some of the substitution 
products, namely the meta-derivatives, are almost quantitatively con- 
verted into the isomeric phenols, while the ortho- and para-derivatives 
are only affected to a small extent or not at all. 


1) Ber. 18. 525 (1880). 
2) Ber. 38, 3192 (1900). 
3) Ber. 33. 1939 (1900). 


4) Ann. 347. 313 (1901). i 
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Scuuntz scarcely obtained any dichloro-oxyazobenzene when treating 
p-p-dichloro-azoxybenzene with fuming sulphuric acid, but p-p-dichloro- 
azobenzene was formed ; m-m-dichloro-azoxybenzene however yielded 
m-m-dichloro-oxyazobenzene in large quantity. 

Kuincrr and Pirscukn’) succeeded in almost entirely converting 
m-m-dinitro-azoxybenzene into m-im-dinitro-oxyazobenzene by heating 
the same with sulphuric acid at 140°. By heating o0-o-azoxytoluene 
with sulphuric acid at 100°—120° they could only obtain 0-0-azo- 
toluene accompanied by acids such as 0-tolylazobenzoic acid. 

Limpricnt ') converted azoxytoluidine into oxyazotoluidine in an 
analogous manner, whilst ELss and Scuwarz *) succeeded in converting 
p-p-diamino-o-o-azoxytoluene into p-p-diamino-o-0-oxyazotoluene by 
heating it with sulphuric acid at 100°—105°. 

My object now was to ascertain whether the above described intra- 
molecular rearrangement might be realised by other means than 
by the use of sulphuric acid. It was ascertained that the intramole- 
cular rearrangement of atoms in azoxybenzene is also possible by 
raising the temperature to at least 200° and by the influence of direct 
sunlight. In the first case a mixture is formed of p- with much 
o-oxyazobenzene ; in the second case only 0-oxyazobenzene is obtained. 
None of these changes is reversible. Also those derivatives of azoxy- 
benzene which undergo intramolecular rearrangement by the action 
of H,SO, are converted by the said agencies, but the action is slower 
and the amount is smaller than that obtained from azoxybenzene. The 
investigation of these derivatives has not yet been quite concluded. 

Acetic anhydride is without effect on azoxybenzene at the boiling 
temperature ; on heating however at 200° the change already takes 
place in a notable degree, much better than by merely heating the 
substance itself, while an acetate is either not formed at all, or only 
in very small quantity. /-oxyazobenzene is not formed at 200° but 
only the o-isomer. Solutions of azoxybenzene derivatives in acetic 
anhydride do not however suffer any intramolecular change at 200°, 

Addition of Zn Cl, or P,O, to acetic anhydride does not enable it 
to cause the change at the boiling point; heating with the so-called 
BECKMANN’s mixture is also without avail. By heating a solution of 
azoxybenzene in this mixture at 150° and 180° it appears that ALOXY- 
benzene which, when prepared in the ordinary way is a yellow 
substance, is perfectly white when in-a pure condition. The ordinary 


5) Ber. 17, 464 (1884). 
6) Ber. 18, 2552 (1885). 
1) Ber. 18, 1405 (1885). 
?) Journ. f. pr. chem. 171. 567 (1901). 
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product therefore contains a yellow impurity, which cannot be 
removed by recrystallisation. 

The intramolecular change was attempted in vain by means of 
the following reagents : 

Acetyl chloride, butyryl chloride, benzoyl chloride, phosphorus 
pentachloride, phosphorus oxychloride, phosphoric acid, aluminium 
chloride, aqueous caustic soda, copper oxide, zinc oxide and zine 
carbonate. Of these reagents the following deserve to be specially 
mentioned on account of their action on azoxybenzene : 

Acetyl chloride: formation of p-p-dichloro-azobenzene and p-chloro- 
acetanilide ; benzoyl chloride: formation of azobenzene ; phosphorus 
pentachloride: formation of azobenzene with evolution of chlorine ; 
aluminium chloride: formation of p-chloro-azobenzene. 


Mathematics. — "On the connection of the planes of position of 
the angles formed by two spaces S, passing through a point 
and incident spacial systems.’ By Prof. P. H. Scxours. 


1. If in a space So, with 2n dimensions two spaces S, are given 
arbitrarily, these have in general only a single point V in common 
and they form in this point with each other n angles differing in general 
respectively. These angles are situated in 1 definite planes through 
Y and the line at infinite distance of such a plane of position has 
a point in common with the two given spaces S,, S,2 as well as 
with the spaces S,/(0, S.’@ drawn perpendicular to the just named 
spaces through any arbitrary point, say O, not at infinite distance. 
In this way the two planes of position of two planes ¢,, €, taken 
arbitrarily in S, are determined by the common transversals of four 
lines situated in a three-dimensional space, viz. of the lines g,, 9, 
of ¢,, €, in the space $, at infinite distance in S, and the lines 
g's Js, normally conjugate in this tong a .- 


9. Let us consider the particular case when the angles formed 
by S,/0, 8,2) are alike; as an introduction we take in S, again two 
planes ¢,, ¢, forming with each other in their point of intersection O 
two equal angles. It is known that in that case the four above 
mentioned lines g,, Jy» J1's ga’ ave generators of an hyperboloid ; so they 
admit of not only two but of an infinite number of common trans- 
versals, to which answer likewise an infinite number of planes of 
position. If the system of those transversals ¢ is indicated by (#), the 
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system of the lines g intersecting all the lines (¢) by (gy), there exists 
between the two incident systems of lines (y), (¢) at infinite distance 
this reciprocal connection that the plane passing through an arbitrarily 
chosen point O at finite distance and an arbitrary line of one of the 
two systems is a plane of position for the pair of the planes connect- 
ing the point O with two arbitrary lines of the other system. From 
the manner in which the quadratic scroll (¢) is formed out of Iv 
Yo Gis Jy’ Namely ensues that the surface if * of order two, bearer 
of the two systems (y), (é), agrees with itself in the polar system 
at infinity in S, of which the imaginary sphere 5; common 
to all hyperspheres is at the same time the locus of the points lying 
in their polar planes and the envelope of the planes passing through 
their poles; for to each line ¢ intersecting g,, ,, g,’, g’, regarded as 
locus of points agrees in that correspondence a line ¢’ lying with 
I:> 9x» Jv Js M a plane regarded as axis of a pencil of planes; ete. 

If we make the lines y, g’ of (g) normally conjugate to each other 
to correspond to each other, then between the lines of (g) a quadratic 
involution is formed; the double rays gi, gj of this involution must 
lie on 5, being normally conjugate to themselves. Likewise does 
5% contain the double rays tj, t; of the involution formed in quite 
the same way between the lines ¢, ¢/ normally conjugate to each 
other. So HZ and B? intersect each other in the sides of a skew 
quadrilateral whose pairs of opposite sides are the double rays 
(gi, g,) and (t, t) of the pairs of rays (7, g’) and (¢,¢’) of (g) and (2) 
normally conjugate to each other. 

It (g,g’) are two normally conjugate rays yg and (¢, t’) likewise 
two normally conjugate rays ¢ and if we take the planes Oy, Og’ 
and Ot, Ot’ as coordinate planes O.X,X,, OX, X, and OX,X,, OX,X., 
then the surface HZ must be characterised with respect to this rectan- 
gular system of coordinates by the equation LL, = v,x, between the 
infinite coordinates. For the quadratic surface Byks +E pua, 0; 
brought through the lines at infinite distance of the four mentioned 
coordinate planes, corresponds to itself in the polar system with the 
sphere #,?-+ 2,?+ 2,?+,2=0 at infinite distance as surface of 
incidence only when the absolute value of p is equal to unity. For 
the normally conjugate line of @, = 4x,, 2x, +- px, =0 is 22, +2,=0, 
pt, = 4x, and this new line lies only for p’=1 with the original 
one on #, 2%, -+ px,2,;=0. So by reversing if need be the sign of 
one of the coordinates we can always bring the equation of H? into 
the form) 777) =— 7.00. - 


—_ 


3. Before passing on to the general case we shall consider the 
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case, when in S, two three-dimensional spaces S,©, S,@) are given 
arbitrarily. The line g, at infinite distance of the plane of position 
of one of the angles formed by those spaces in their point of inter- 
section © is then a common transversal of the planes at infinite 
distance e), 22) of S,,.S,@) and the planes &(), e(2) normally con- 
jugate to these. As the common transversals g, of the three planes 
el), &), 8) form a “variety” V,° of order three of three dimensions 
and this curved space is intersected in three points by &(2), the spaces 
S,, S,2 make in O three angles with each other. This variety V,’ 
is not only (compare i. a. the first part of my ‘“Mehrdimensionale 
Geometrie”, vol. XXXV of the Sammlung Scuuserr’’, N°. 102, 103) the 
locus of a twofold infinite series of transversals J.» but at the same 
time the locus of a simple infinite series of planes ¢,, each of which 
determines with e, e2), e{ on the lines gy, quadruples of points 
with a definite anharmonic ratio, i. e. V,* is the bearer of two 
incident systems which we represent according to the nature and 
the multiplicity of the elements by (y,,), and (¢,),. Beside the general 
case, where ¢) has in common with V,° three points not situated 
on a right line, the particularity may arise that «(?) has a line in 
common with one of the planes ¢, of (e,), or coincides with one of 
those planes; to this answer the particularities that two of three generally 
different angles of position or all three of them become equal to each 
other. In the last case of the three equal angles of position, to which 
we restrict ourselves here, there is between the two systems of incidence 
this connection, that the plane passing through an arbitrarily chosen 
point © at finite distance and an arbitrary line g, of (y,,), 18 a 
plane of position for the pair of spaces connecting O with each of 
two arbitrarily chosen planes e¢, of (e,),. If namely we make on 
each of the lines g, of (y,), those points to correspond to each 
other which are conjugate to each other in the involution determined 
by the pairs of points of intersection of that line with the planes 
ei), @() and &2, #@), then between the planes ¢, of (&,), IS 
formed a quadratic involution, from which ensues that the plane ¢, 
normally conjugate to the plane ¢, of the variety J’,* lies likewise 
ine) a. wele: 

The two double planes ¢;, ¢; of the involution (¢,, &,,) form part of 
the imaginary hypersphere £,? with fowr dimensions at infinite 
distance common to all hyperspheres /,’ with five dimensions of 
S,. So the section V,* of V7,’ and /,? consists of these two planes 
and a J,* which must now necessarily be the locus of the trans- 
versals g,, of (g,)2 lying entirely on BZ. Whilst as is known the 
lines g,, vesting on any arbitrary right line of €, form a surface 
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of order two, the locus of the lines y, resting on the conic of section 
ofiepiand Bysis an Vis. 


4. If finally in ‘2, two spaces S, are taken arbitrarily, these 
form with each other, as was mentioned above, in their point 
of intersection O in general 2 angles differing from each other 
and the line at infinité distance of the plane of position of each of 
those angles in the space at infinite distance So,.; of /S2, intersects 


: OG 1 9) 
again four spaces S,—1, the spaces at infinite distance S\ a a pelter 


of the two given spaces S°?, S© and the spaces Ses, normally 
n n n—1 tie 
conjugate to these. If now the special case presents itself that each 


right line cutting three of the four spaces Kuen Se Nee Siu 


also cuts the fourth, the 2 angles of position are aicae alike and the 
locus of the 2-fold infinite system (7,,)n of the lines gy, at infinite distance 


of the planes of position is a variety V" of order n with n dimensions, 
n 


appearing likewise as the locus ofa simple infinite number of spaces S,_1, 
ie. in the form of (S,—1),, namely of the spaces S,—;, determining with 


oe Y Su Y Sr i and now also with Sd. on the lines g, of (g,)n 


mutually projective series of points. In that case a plane connecting 
an arbitrary point O at finite distance with a line G5 OF (Oi ke 
always a plane of position of each two of the spaces S, connecting 
Q with spaces S,_, of US,1),. 


As is immediately evident, in this special case the section Vv" of 
Ve with the hypersphere Si with 27n—2 dimensions common to all 
hyperspheres He of Sa, breaks up into the two double spaces 
Sib on of the involution of the spaces 8,1, S'n—1 of (S,—1) 
normally conjugate to each other and into a (ie ee ”) locus of the lines 


; % 9 
Jo Of Yaa, lying entirely on Eee, : 
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Physiology. — “The principle of entropy in physiology.” By Dy. 
J. W. Laneeraan. 3'¢ part. (Communicated by Prof. T. PLacs). 


All investigations made with the intention of testing the law of Frounnr 
at the experiment, have proved, that this law is only satisfied within 
a small interval and within that interval only by approximation. 

In order to find out the causes of these deviations, I have tried 
to deduce the law of FxcHner (considered as a physiological law) 
from a general physical principle. It has appeared from this deduction 
that this formula rests on very special premises, and that the circum- 
stances assumed in these premises, are never realized in nature. 

In a series of experiments I have tried to fulfil as accurately as 
possible the conditions required by this law according to its dedue- 
tion. To this purpose the spinal cord of a frog*) was cut between 
the cranium and first vertebra; then the whole frog, with exception 
of the hind leg which was used for the experiment, was wrapped 
up in wads and fastened to a glass rod. The leg hung down in a 
wide vessel which could contain about 600 cem. of fluid. In the sole 
of the foot a hook was put and a horsehair was attached to this hook, 
which passed outside through a very small opening in the bottom of 
the vessel. This horsehair was fixed to the arm of a length-recorder. 

The small opening through which the hair passed was filled up 
with vaseline; this prevented almost perfectly the fluid to drip out, 
while the friction experienced by the horsehair was very slight. By 
suspending a weight to the length-recorder the leg was charged with 
15 grams. Then the vessel was filled with 350 ccm. of water, and 
the leg immersed till the knee. To the stand bearing the glass and 
the frog, a clamp was fixed bearing a burette. This burette contained 
a solution of oxalic acid in distilled water. By opening the tap this 
solution flowed into the water in which the leg hung. A bent stirrer 
always kept in slow motion (but which did not touch the leg), caused 
the acid to be thoroughly mixed with the fluid. Then so much acid 
was slowly added to the liquid till the leg began to contract. The 
vertieal motion of the leg, three times magnified, was registered on a 
slowly rotating cylindre by the length-recorder. In order to prevent 
too large excursions, the length-recorder struck against a piece of cork, 
so that the contraction in the beginning took place isotonically, at 
the end isometrically. 

After the leg had returned to rest, we waited about 5 minutes and 


1) Small male specimens of Rana esculenta proved to be the most suitable for 
the experiment. 
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then again so much acid was added, till a new group of reflex-con- 
tractions appeared. In these experiments the acid in the burette con- 
tained 40 grams of oxalic acid per liter solutign. As a measure of the 
stimulus in physical units the concentration of the solution, in which 
the leg was immersed, was chosen. The concentration is defined as 
the proportion between the quantities of oxalic acid and water, while 
as the unity of weight the molecular weight was chosen (126 for 
oxalic acid, 18 for water). : 

The result of the experiments was given in a table in the following 
way. The first column gives the concentration of the solution in the 
vessel, just at the moment the leg begins to show a group of 
reflex-contractions. The second column contains the increment, which 
the concentration in the vessel must undergo to produce again a set 
of reflex-contractions. The third column gives the relation between 
this quantity and the absolute value of the concentration at the moment 
that the reflex-contractions appear. This column contains’ therefore 
the quotient of WEBER. 

Let us now consider in how far this experiment satisfies the con- 
ditions put by the formula. The researches of EckHARD, KOSCHEWNIKOFF, 
C. Meyer and Surrincron have proved, that the same spinal segments 
which innervate the skin of the hind leg, supply also the muscles 
of the leg with nerves. If we have cut the spinal cord at the upper 
end and have therefore annulled the influence of the higher centra, 
we have in the thind leg a segmental primary reflex-apparatus. The 
receptive organs of this reflex-apparatus lay in the skin, while the 
muscle forms the transformer. Adopting the simple law of distribution, 
I record only the mechanical effect. In this respect the experiment 
fulfils the required conditions. 

The interpretation of the mechanical effect is very difficult as 
the new state of equilibrium is not reached at once, but only after 
oscillating round this new state. It is therefore hard to say what 
part of the total effect must be considered as the quantity A H of 
the formula. Fig. I is the reproduction of a typical tracing. After the 
reflex-apparatus is in perfect rest, the tap of the burette is opened at 
the moment indicated in the curve by a couple of vertical small lines 
on the base line and oxalic acid is slowly added under continuous 
stirring. At the moment that the first contraction appears, the tap of 
the burette is closed and no more acid is added. At this moment the 
increase of concentration amounted to 3.2<10-5 the initial concen- 
tration being 15.9><10—5. The curve represents the mechanical effect, 
following upon this increase of the concentration of the acid in the 
vessel. This effect consists of a group of great contractions, followed 
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by some smaller ones of decreasing size. If we should be at first 
inclined to consider this group of large contractions as the mechanical 
effect corresponding to the quantity A / of the formula, this concep- 
tion offers many difficulties when the mechanical effect assumes a form 
as is represented by the curve which is reproduced by fig. I. In con- 
sequence of a small increase of concentration we do not see a definite 
effect appear, not even partly defined, but the reflex-apparatus comes 
in rythmical contraction. Where in the first case the resistances in 
the chemical system are such that the oscillations rapidly die away, 
and the new state is reached after a few oscillations, these resistances 
in the second case are so small, that onee the equilibrium disturbed, 
the system remains oscillating round its new state of equilibrium. 
This oscillation documents itself as a rythmical mechanical effect. If 
the rate of decay of these oscillations is very small, these rythmical 
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contractions can last for several hours and often with great regularity ‘). 
Under these circumstances, however, A / is no more a determined 
quantity and the experiment cannot fulfil the condition of the formula, 
that A / be a constant quantity in the successive determinations. If 
we only use those experiments, in which the resistances are pretty 
considerable, and the new state of equilibrium is reached after a few 
oscillations, A /’ fulfils the condition, that it represents a small quantity 
in successive determinations. The experiment, does not allow another 
more definite conception of this quantity. 

By the addition of acid from the burette to the liquid in which 
the leg is immerged, the level of the liquid rises, and the stimulated 
surface increases. So the experiment does not fulfil the condition of 


the formula in this respect either. 
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’) It seems to me that the heart is in this condition, and it would be worth 
while to repeat many experiments from the physiology of the heart on this ryth- 


mically acting reflex-apparatus. 
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Similar experiments as described by me, were performed by 
Winkuer and Van Wayensure some years before. The method followed 
by them, which slightly deviated from mine, enabled them to extend 
the experiment only over a small interval of variation of concentration. 
They concluded for this small interval, that the reflex-apparatus of 
the frog follows the law of Frcunrr’). In the experiments communi- 
cated by them slight deviations from this law proved to occur and 
it was with the purpose of learning something about these deviations, 
that I repeated these experiments extended over a greater interval. 
Table I, IJ, III and IV represent four of these experiments. If we 
take R as the value of the stimulus in physical measure (i.e. the 
concentration of the solution of the acid in which the leg is immerged) 
and if we take AR as the value of the increment of this stimulus 
which is required to call forth a change in the system, the quotient 


AR 
a: is not constant, but in general a function of LR. 
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Fig. V (table I, exper. 4). 


ORR /ONN 208 30S FO 60 Go 70) “=f \)\9o 
Fig. VI (table II, exper. 35). 
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Fig. VII (table IV, exper. 14). 


1) Van Wavensvre, Dissertation 1897. pag. 117. 
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Fig. V, VI, and VII are the graphical representation of Table I, 
II and IV. In this graphical representation I have considered the 
amount of water as constant (10° unities of weight) and put as 
abscissae the number of solved unities of weight of the acid. The 
relative increases of the concentration, in percents, have been chosen 
as ordinates. The points, representing successive determinations, are 
connected by a curve. The graphical representation of the result of 
the experiment by a continuous curve is only an approximation, 
remaining in the same course of thoughts as that, which has led us 
to represent the phenomenon analytically by a continuous function. 

If the law of Frcuner was satisfied, the line representing graphically 


AR 
the quotient ate function of R, would be a straight one. But 


instead the experiment furnishes a curved line. In order to elucidate 
the form of this curve further, fig. V is given, which is the graphical 
representation of an experiment, where the first descending branch 
is determined by as large a number of observations as is possible. 
Fig. VI shows a reduction in the extent of the first descending 
branch and this enables us to determine the ascending branch by 
a greater number of observations. In the experiment represented 
by fig. VII this reduction of the first descending branch is so con- 
siderable, that it no more appears in the experiment; this makes it 
possible to determine the top of the ascending branch and the de- 
scending branch following on it. The whole course of the second 
descending branch cannot be given, as always a discontinuity occurs 
at a point which seems to be near a second minimum. After this 
discontinuity a new period sets in, and as far as it is possible to 
follow this new period, it appears to be considerably greater, whereas 


non AR 
the oscillation which the value of the quotient a shows in this 
period, seems to be relatively smaller. For a skin-muscle reflex- 
AR 
apparatus the quotient ora must therefore be considered as a periodic 


function of A. If we inquire what is the signification of this disconti- 
nuity, it seems that only those variables, which are the representation 
of the independently variable components of the chemical system, can 
be able to show discontinuities. This brings about a change in the 
nature of the system and this must be attended by a discontinuous 
variation of the quantity R, which occurs in formula I of the second 
communication. The experiment communicated by Massart') seems 


") Bull. Acad. royale de Belgique 3me Série, T. 16, 1888, pag. 590, 


30 


40 


( 


63 ) 


50 60 70 $0 90 
Fig. VIII (table V, exper. 25). 


TABLE V. (Fig. VIII.) 


No. 25. (14. 12. Ot.) 


& Conc 
Cone. 4 Cone. 
Cone 
0.0107-° 
eal Oime 

8.8 

Oi OR) 
AAAS 

D9} 0.187 
AVA) 

ORG 0.156 
16.8 

2.4 0.129 
AOD, 

EO 0.093 
mak 

40 0.160 
Wj D 

4.0 0.136 
29,2 

4,1 0.123 
Bau 

4.5 0.120 
Bl 8) 

4.3 0.123 
4D A 

3.8 0.079 
45.9 

3.0 0.061 
48.9 

DS 0.050 
51 4 

24.0 0.289 
72.4 

41.8 0.14 
84.2 

eal 0.097 
93.3 

5.0 0.051 
98.3 


SN ET ED 


Section of the medulla 8.30 A.M. 
beginning of the experiment 12.5 P.M. 
Temp. 13 C. 
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to show the same phenomenon. Another phenomenon, which sometimes 
occurred in my experiments, was the dividing of a period into several 
parts. Fig. VIII (table V) is the graphical representation of such an 
experiment. 

As far as my experiments go, this small discontinuity can appear at 
every moment in a given period, followed by the outset of a new period. 

If we compare these results obtained by the primary reflex-apparatus 
with those of experimental psychology, they appear to concord in 
many points. As appears from the critical summary of Foucav.t *) 
also there a variable quantity showing a minimum is found for the 


be ge : 
quotient =p im most cases. The shape of the curve representing the 


quotient as function of /, makes us suppose, that the experimental 


psychology has seen only part of a large period. By the dividing ofa 


2 


period into several parts, the quotient scons to show multiple 


minima and this occurs also in some experiments of the experimental 
psychology. Hence there is agreement in these respects between the 
results of the psychological and the physiological experiment. 

With regard to the mechanical effect I have pointed out, that this 
is greatly dependent on the rate of decay of the oscillations of the 
system. The rapidity of this decay is determined by the passive 
resistances in the chemical system. If these passive resistances are 
slight, a small increase of / will be sufficient to call forth a change 


: AR 
in the system. Therefore the value of the quotient oe which is a 


measure of the value of these passive resistances, will determine the 
rapidity of the decay of these oscillations. 

In correspondence with this the experiment shows that the height 
and the number of the elevations in every successive determination 


eee 
increases with decrease of the value of the quotient R: Big aalbh 


(table IT) observation 2, 3, 4, 5 shows this clearly. At the 5 obser- 
vation the resistances are so slight, that the system continues to oscillate 
for several seconds. Observation 8 and 10 show this same phenomenon 
at a higher value of R, in the same series of observations. If we 
compare, however, observation 8 with observation 5, in which two 


; AR 
observations the value of the quotient ar is almost the same, and 


1) M. Foucautr. La psychophysique, 1901, 


J. W. LANGELAAN. The principle of entropy in Physiology. (II) 
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Fig. Il. (Exp, N°, 24.) Tuningfork 2 vibrations per second. 
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. Fig. I. (Exp. N°. 14.) Tuningfork 2 vibrations per sec md. 
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Fig. II. (Exp. N°. 35.) Tuningfork 2 vibrations per second. 
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also observation 10 with observations 3 and 4, it appears, that in 
the second place the rate of decay is dependent on the absolute value 
of &. Supported by these and more similar observations we may 
say that the rapidity of the decay of the oscillations increases with 


; ; fe AR 
increasing value of R and with increasing value of the quotient Rr 


In this we have to keep in view, that the first observation always 
occupies a special place; for this observation AR is always very 
large, and though the method followed does not enable us to deter- 


eee ole 
mine the quotient x for this observation, this quotient is probably 


also very great. Notwithstanding this we always see that the rate of 
decay is very slight and from this we should have to conclude, that 
the influence of the absolute value of & on the rapidity of this decay 
is preponderant in the beginning. 

The same experiments which I have described for the frog whose 
spinal cord is cut through, can also be performed with perfectly 
intact frogs. For this it is necessary to wrap up the whole animal 
carefully in wads with exception of the hind leg which is used 
for the experiment. If we take care to avoid tactile and auditory 
stimuli, the frog remains quiet during the experiment also under these 
circumstances '). In this case the result of the experiment is the same 
as that of the preceding one. 

Fig. IX (table VI) is the graphical representation of an experiment, 


0 20 Yo 60 §0 00 420 jyo 160 /f0 200 120 140 160 480 
Fig. IX (Table VI, exper. 46). 


If the first period is small, it is possible to see also here a part of 
a second period appear (Fig. X, table VII). This second period seems 
also greater than the first, while the oscillation, which the value ot 


AR ; 
the quotient oa shows in this period, seems relatively to be smaller. 


1) In these experiments the solution of acid in the burette contained 80 grams of 
oxalic acid per liter solution. 


4) 
Proceedings Royal Acad, Amsterdam. Vol. V. 
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TABLE VI. (Fig. IX.) 


No. 465, 113 G02") 
A Cone. 
Cone. A Cone. 
Conc. 
OZO<Omes fe 
26.9><10° 
26.9 
34.6 0.562 
61.5 
24.4 0 282 
85.6 
394 | 0.273 
Acie 
55.9 0.322 
173.6 
ome 6.231 
295 .9 
one, 0.487 
278.1 


———————— 
Medulla intact. Beginning of the experi- 
ment 11.46 A.M Temp. 13.5 C, 


TABLE VII. (Fig. X.) 


Nov 50F “(267 15025) 
Cone. A Conc. ee 
Conc. 
OOS Ome 3 

9903 <0 
29.3 x 

44.9 0.605 
74.2 

OFE6 0.234 
96.8 

39.0 0.546 
135.8 

BOR 0 206 
171.0 

24 4 0.125 
195.4 
= 53.0 0.213 
Q48 , 4 

TA6 0.294 
320.0 e 

55.4 0.14 
375.4 : 

Bono 0.C93 
4A3.9 


LL 
Medulla intact. Beginning of the experi- 
ment 3.0 P.M. Temp. 41.5 C, 
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The number of my experiments in which a second period appears, 
is, however, not great. Therefore we may say also in this case, that 


ee oe 
the quotient —— is probably to be considered as a periodical function 


: ; AR 
of &. The value of the quotient Pom however, is in these experi- 


ments considerably greater than in the preceding experiments, while 
in concordance with this the rapidity of the decay of the oscillations 
of the system is also greater. 

Figure IV (table VII) which is the reproduction of four observations 
from the same series, shows this clearly ; the new state of equilibrium 
is reached after a few oscillations. If we compare observation 3, 5 
and 6, the system proves to be a periodical one, at the third obser- 
vation; at observation 5 and 6 the rapidity of the decay de- 


; : . , SR 
creases with decreasing value of the quotient Rp At the tenth obser- 


fe Ai pe 
vation, where the quotient R shows a very low value, the rapidity of 


the decay is very small notwithstanding the high value of #. If we summa- 
rize these differences briefly, we conclude that in consequence of the high 
section of the spinal cord, the passive resistances in the chemical 
system of the skin-muscle reflex-apparatus considerably decrease. On 
account of clinical observation chiefly regarding the plantar-reflex, 
it seems to me, that we have to deal here with a very general pheno- 
menon oceurring always where there is a wasting of systems. In this 
case the rapidity of the decay of the oscillations of the system is 
very small in consequence of the decrease of the passive resistances in 
the chemical system. It is obvious that a good motor function can 
only exist, when the rapidity of the decay is so great, that the system 
is almost aperiodic. The motor disturbances, which occur in multiple 
sclérosis, in locomotor ataxy and many other diseases of the nervous 
system seems to be partly due to the decreasing resistances in the 
chemical system of the reflex are. 

If the system is perfectly aperiodic, then the quantity AZ is a 
perfectly determined quantity. This condition must also be fulfilled 
by the systems, to which the experimental psychology extends its 
experiments; if this condition is not satisfied, then the effect is a 
not determined quantity as in the physiological experiment. 
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Astronomy. — “On the yearly periodicity of the rates of the 
Standard-clock of the observatory at Leiden, Honwt N* 17.4 
First part. By Dr. E. F. van pr SanpDE, BAKHUYZEN. 


I. Lntroduction. 


1. When the observatory at Leiden was founded in 1861, it was 
fitted with a clock made by Mr. A. Honwé of Amsterdam, and by 
him designated as N' 17. Accurate investigations of Katser *) soon 
showed the great regularity of its rate, in which point it was superior 
to all clocks about which an investigation had so far been published. 
Since that time it has continually been used as the standard-clock 
of the observatory and at the present moment its rate is still 
eminently satisfactory. 

The clock was originally mounted in the transit-room of the 
observatory on a brick pier which rests on the foundations of the 
meridian-circle. The stability of the mounting thus left nothing to be 
desired. On the other hand the temperature at this place was rather 
variable, showing very clearly a daily period; moreover entirely irre- 
gular changes of temperature were often caused by the opening and 
closing of the shutters. 

From 1861 the clock has been going regularly until 1874, with- 
out being touched during this time except for the purpose of winding 
once a week. On the 17 of June of the latter year however it 
stopped spontaneously, after having shown for about a month a 
particular irregularity. 

As the intention existed already to make considerable changes as 
well in the transit-room as in the meridian-circle, it was thought 
best to defer a thorough cleaning and overhauling of the clock till 
the time of these alterations. Accordingly the clock was then only 
provisorily cleaned, and was set going again after a few days. 

The intended alterations were made in the second half of 1876 
and the beginning of 1877, and in June of that year everything 
was again in working order, and also the clock Honwi 17 was 
mounted again. 

Though Prof. H. G. van pe Sanpr Baxkuvyzen did consider the 
possibility of removing it to a better position, out of the transit-room, 


1) F. Katser, Onderzoekingen omtrent den gang van het hoofduurwerk der 
sterrenwacht te Leiden, de pendule Houwi N° 17. Versi. en Meded. K. Akad. 
Amsterdam D. XVII, 1865. 


F. Katser, Untersuchungen tiber den Gang der Hauptuhr der Sternwarte in 
Leiden, Honwi N°. 17. Astr. Nachr. N°. 1502. 
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this gave rise to too many difficulties at the time, and it was only 
tried to diminish the variations of temperature by making a second 
wooden case round the clock. *) 

In the meantime the chronographic method had been generally 
adopted at the observatory for the meridian observations. Now it 
had been shown repeatedly that the introduction of an electrical 
contact in a clock diminishes the regularity of its rate, and on 
the other hand we had found that the comparison of two clocks 
could be effected with extreme accuracy by means of signals given by 
hand *). Accordingly the clock Honwé was not connected with the 
chronograph, but the clock by KnosiicH was used for this purpose. 

On the 26th of November 1877 the clock was stopped for a short 
time in order more completely to adjust its beats; since that date 
however it has been going uninterruptedly until August 1898. At 
that time the clock was again dismounted at the occasion offered 
by alterations in the transit-room, and cleaned and overhauled by 
Mr. Honwii, 

In December 1898 the clock was remounted, and this time the former 
plan of removing it from the transit-room was carried out, and it 
was fixed to the pier of the 10 inch refractor. In order better to 
secure a constant temperature, Prof. H. G. vAN DE SANDE BAKHUYZEN 
resolved to have a niche cut out from this pier in the large hall 
of the observatory, and to place the clock in this niche. 

The clock Honwiti N° 17 has now been in its new place for over 
three years. It is still enclosed in two wooden cases, and the niche 
itself is closed by a glass door. We may remark already at this 
place that by this arrangement the aim of excluding rapid variations 
of temperature has been attained in a very perfect manner. 


9. In 1887 Mr. Witterprink investigated for a special purpose the 
rate of the clock Houwi 17 during the period 1886 January to 
1887 July. It then appeared that after reduction for temperature 
and barometer the mean rates for the summer- and the winter- 
half-years were in very satisfactory agreement, while on the other 


1) At the same time a small mirror was attached to the pendulum-bob, to permit 
more accurate determinations of the amplitude of oscillation. See: H. G. van DE 
Sanpe Baxnuyzen, Verslag van den staat der sterrenwacht te Leiden 1876—1877, 
page 12. : 

2) From series of signals given by the two observers Wunrerpink and E. F. 
vAN DE SANDE Baxuuyzen immediately after each other, on a great number of 
days, the Mean Error of the result of a series of about 24 signals, (including the 
vaiiation of the constant error during an interval of about a month) is found to 


be + 08.0077. 


CHAOS) 


hand a very marked systematic difference existed between the means 
for the half-years January—June and July—December. 
Mr. Witrerpink found 


Obs.—Comp. 

1886 January—June + 0°.045 
July—December — 0.03 

1887 January—June + 0.035. 


Consequently, when in 1890 I undertook the definitive discussion of 
the time-determinations and clock-rates for the period 1877—18832, it 
appeared desirable to me to investigate whether a similar phenomenon 
would again show itself. I then found that the years 1878—1882 
(before May 1878 the rate was not yet sufficiently regular) were in 
this respect entirely similar to 1886—87, and, investigating the pheno- 
menon more closely, I moreover found that the rates, after correction for 
temperature, still showed a yearly periodicity which accordingly 
had its maxima in the months of equal temperatures April and October 
and the amplitude of which was about 0°.10. 

I then continued my investigation (the results of which were briefly 
published in the “Verslag van den staat der sterrenwacht te Leiden 
1889—1890,” pages 14—15) in the same direction and included on 
the one side the years 1882—90, using provisional results of the 
time-determinations, and on the other side the years 1862—1864, 
using the results of Kaisgr’s investigation in Astr. Nachr. 1502. For 
these two periods I also found the same unexplained inequality. 

After 1890 this investigation was abandoned for the time being, 
and it was only taken up again last year. In the mean time the 
clock had been removed to its new position, and it now appeared that, 
notwithstanding the fact that the changes of temperature had become 
much more gradual, still the yearly periodicity of the rate showed 
itself in the same way as before, and its deviation from the yearly 
periodicity of the temperature was certainly not less evident *) 

It became thus evident that there was no question of accidental 
circumstances, which could be altered by cleaning the clock, nor of 
such conditions as depend on the special nature of the changes of 
temperature to which the clock is subjected, but that the cause of 
the phenomenon must lie deeper. 

It therefore appeared desirable to subject the way in which it 
showed itself in the three periods (viz: before and after the cle 


aning 


*) See also ,Verslag van den staat der sterrenwacht te Leiden 1898—1900 pages 
12—13. 
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of 1877, and after the cleaning and removal of 1898) to a new 
investigation which had to embrace the whole of these periods. The 
results of this investigation are given in the present paper. 

I have confined myself to such results as could be derived from 
the mean daily rates during periods of about a month. Thus it was 
not necessary that the time-determinations on which the investigation 
is based were discussed with the utmost accuracy. In this way I inves- 
tigated successively the three periods, 1877—1898, 1862—1874 
and 1899—1902. The results for these three periods will be com- 
municated in this order. Then the observed amplitudes of the period 
1877—1898 will be investigated, so far as their yearly periodicity 
is concerned, and finally the several results will be compared with 
each other. 

As a consequence of the restriction of the investigation to the 
monthly means, the question is considered from one point of view 
only. In the mean time however Mr. Wrxpzr has definitively discussed 
all the time-determinations from 1882—1898, and has undertaken 
investigations about the rates of the clock during shorter periods. 
It is to be expected that, when these investigations will be completed, 
the comparison of his results with mine will also throw more light 
on the phenomenon which is here treated. 

Very recently, while my investigation was already nearly com- 
pleted, I had occasion more closely to study the computations which 
Kaiser made about the clock Honwt 17 during the last years of his 
life, and which are preserved in manuscript at the observatory. I 
then found that as early as 1870 his attention had been drawn to 
this particular yearly inequality as to a remarkable phenome- 
non. Among the papers I found a summary of monthly means 
of rates, corrected for barometer and temperature, from which mean 
results had been formed by combining the corresponding months of 
the years 1862—1870. These means show clearly a periodicity having 
its maxima in May and October, and a total amplitude of 0*.09. 
Further I found means for the half-years February—July and August— 
January for each of the years 1863 to 1870. The differences between 
the two half-years vary between + 0.5026 and + 0.8048 and Katsrr 
adds the remark that the only difference between the two half-years is 
that in one of them the temperature is, in the mean, rising, while 
in the other it is falling. 


Il. The period 1877—1898. 


8 The clock-rates which were taken as the basis of the inves- 
tigation were, for the period 1877—March 1882, derived from the 
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definitive discussion of the time-determinations during that period. For 
the following years they were taken from the provisional results which 
had been computed immediately after the observations, Mr. WrEDER’s 
results being not yet completed last year. I only applied small corrections 
in a few cases for the personal differences between the observers, 
which have become better known since the provisional computations 
were made. I always used time-determinations as near as possible to 
the beginning of each month. 5 

The mean temperatures and barometerreadings required for the inves- 
tigation were derived in the following way. 

The temperature was read on two thermometers suspended in 
the clock-case, one at the level of the upper part of the pendulum rod 
the other at the level of the pendulum bob. These thermometers were read 
five times a day viz. at 8 a.m., noon, 4 p.m., 8 p.m. and midnight. 
The scales were Reaumur’s and were divided into full degrees. 

We will first investigate the relation between the results given by 
the two thermometers. The readings of the years 1878, 1879, 1884 
and 1885 were discussed for this purpose. In the following table the 
monthly means of the differences between the two thermometers are 
given for each of these four years, after application of the index- 
corrections. The differences are taken in the sense upper thermometer- 
lower thermometer. The last column gives the means of the four years. 


1878 1879 1884 1885 Mean 
January ....| $+ 0.46 | +0412 | +049 | +016 | + 0.16 
February ...) + 0.18 | +016 | +019 |} +02 [+ 0.18 
Miiyehvseieuras + 0.20 | + 0.21 | +0.22 | + 0.20 | + 0.21 
INEM 880 no - + 0.33 | +0.% /+ 0.24 |4+ 0.97 |+ 0.97 
May. . ....) + 0.28 | -+ 0.299 | +0.27 | +024 | + 0.97 
TOs omddoe + 0.29 | + 0.26 | +026 |+ 099 | + 0.98 
Ao oe oes + 0.26 | 40.24 | +09 |+ 028 [+ 0.96 
August. ...| -+ 0.22 | + 0.22 |+0.97 | + 0.9 [4+ 0,94 
September ..) + 0.21 | + 0.20 | + 0.22 |1+0922 |+ 0. 
October... + 0.48 | + 0.19 | 4+ 0.20 | +049 | + 0.49 
November...) + 0.16 | + 0.48 | + 0.20 | + 0.48 + 0.18 
December ...| + 0.13 | -+- 0.48. |- 048 |-+0.17 | + 0.46 


There appears to be a constant difference of about + 0°.2 between 
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the two temperatures. There also seems to be a small yearly 
inequality. We will return later on to these small differences between 
the separate months, and investigate the influence which they can 
have had on the rate of the clock, if they are real. 

For the rest of the investigation the readings of the upper thermo- 
meter were used exclusively. I first formed daily means *) — the 
day being reckoned from midnight to midnight and then means 
for the periods of about one month. The index-correction, which may 
be taken constant and equal to — 0°.6 for the whole period, was 
not applied. 

Until May 1886 the heights of the barometer were read and 
reduced in exactly the same way as the témperatures. The readings 
were made on a mercurial barometer which was suspended in the 
transit-room from the same pier which also carried the clock. After 
that time a barograph of RicHarp was used, which was placed on 
the top of this same pier. Its corrections were determined by 
comparison with the mercurial bavometer’). The daily means were 
then derived by integration by means of a planimeter of AMSLER. 

During the period in question three different cistern barometers 
were used; in consequence of cleaning and refilling we must however 
distinguish 7 periods. The corrections for these 7 periods were 
determined by intercomparisons, by comparisons with simultaneous 
readings of the barometer of the Meteorological Institute at Utrecht, 
and finally by comparisons with a “Cistern-syphon” barometer by 
Furss, which in 1890 was provided for the observatory, to be used 
as a Standard barometer. Since however before 1890 no correction 
had been applied and the neglected corrections amounted to approxi- 
mately + 0.3 mm. during the whole period, the readings after 1890 
were reduced to: Normal barometer — 0.3 mm. 

The barometer-readings were not reduced to 0°. This reduction 
Was omitted on purpose, though the errors introduced thereby are 
by no means negligible (at 760™™ the effect of 1° Réaum. is 0.15 ™™). 
The influence of these errors on the rate of the clock is however 
nearly completely compensated by the fact that also the influence 
of the temperature on the rate, which is thus found, differs from the 
true one. It is here supposed that the temperatures of the barometer 
has always been equal to that of the pendulum, which condition is 


1) The mean was taken of the readings at 125, 20, 4), 12h, giving half weight 
io the extreme values. 

2) A constant correction was taken for each weekly barograph sheet derived 
from one or two readings of the mercurial barometer daily. 
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nearly fulfilled in the present case’). The only thing that is thus 
neglected is the difference between the influence of the same tempe- 
rature on high and on low barometer-readings, which is extremely small. 


4. The observed rates were first reduced to 760™" and + 10° R. 
by means of previously determined values of the coefficients 6 and c 
in the formula: 


Daily Rate = a +- 6 (h—760) +- ¢ (t—10°) 


6 = + 0%.0140 
c= — 0 .0268 

The value of 4 was derived from a rigorous discussion of the 
period 1877—1882, in which only rates observed under high and 
low barometric pressure during the same month were compared. This 
value must be very near to the truth. In all investigations, not only 
about Hounwii 17, but also about other clocks with similar, or 
even with different forms of pendulum, barometer-coefficients have 
always been found of nearly the same amount, and it is not prob- 
able that its value would vary with the time for one and the same 
clock. 

The value 6 = -++ 0°.0140 has therefore been considered definitive, 
and I have not attempted to improve it. 

The following table gives, for each month from 1877 December 
to 1898 July, the mean observed daily rate, the mean height of the 
barometer and the mean temperature, and, in the column headed 
,Red?, D. R. 1”, the daily rates reduced to 760™" and + 10° R by 
the formula given above. The meaning of the two last columns 
can only be explained later. 


1) See also the particulars given in connection with the investigation of the 
period 1862—1874, 


i>) 


DR. Bare) Gem. | nf | pk Il | re’ 
4877 Dec. PAO aA 0.7, jit dee) |r O16 
1878 Jan. 0.1 | 66.8 39 | — 0.016 | 
Febr. 0.491 | 677 Gras a eos 
March 0.163 | 59.4 4.9 | +.0.034 
April 0.448 DIED 8.6 0.418 
May 0.406 | 589 44.9 0.459 
June 0.135 62.0 Alay "7 0.206 
July 0.100 | 63.4 44.7 0.479 
Aug. 0.038 58.3 14.6 0.184 
Sept. 0.403 | 62.5 13.0 0.449 
Oct. 0.043 | 56.9 9.6 0.077 
Nov 0.062 | 53.9 aul 0.0 | +0412 | + 8 
Dec. 0.4151 54.4 De) 0.030 097 = 133 
4879 Jan. 0 344 | 61.6 1.6 0.097 14h | +. 98 
Febr. 0.145 | 50.9 2.8 0 079 406 | —46 
March 0.396 | 62.9 AA 0 137 149 | 4 94 
April 0.451 | 53.6 6.3 0.444 446 | 412 
May 0.24 | 62.6 83 0161 161 | + 20 
June 0.084 | 59.5 12.8 0.465 Aaa leet 16 
July 0.0% | 58.4 13.4 0.438 1 Jin 8 
Aug. 0.039 | 64.3 14.0 0.497 458 | — 4 
Sept. 0.061 | 62.6 12.3 0 088 453 | — 49 
Oct. 0.139 | 65.2 OA 0.042 4M | — 30 
Nov. 0.30 | 64.7 |+ 4.6 0.092 | 11) + 4 
Dec. 0.598 | 69.3 |— 0.3 | [0.191] | 
1880 Jan. Oeno es wee bot 27 [0.145] 179 | — 40 
Febr, 0.203 | 56.6 vas 0.402 426 | — 70 
March 0.321 | 65.6 6.2 0.41 Ws ee 5H 
April 0.214 | 60.8 8.4 0.458 156 eo 
May! 0.945 | 64.4 9.8 0.483 180 | — 34 
June 0.078 | 602 12.8 0.449 147 | — 73 
July 0.070. |. 61.0 444 0.167 AU hee AR 


DR. Bar. | Temp. | pk y | peat | OE. 

1880 Aug, - | + 0.444 | 763.9 | 454 | 400.0087 | "4 0.036 Ieee 
Sept. 0.080 | 62.0 13.8 0.459 Ws | — 

Oct. 0.4174 | 60.0 94 0.447 a6 | 7 

Nov. 0.314 | 61.2 7 0.183 269 | 4+ 97 

Dec. 0.279 | 58.7 5.9 0.189 49 | + 6 

41881 Jan. O04 | 58.7 0.4 [0.233] Wh 0 
Febr. 0.333 | 58.2 3.4 0.174 901 | — 43 
March 0.375 | 59.2 5.4 0.255 965 | + 21 
April 0.361 | 61.4 6.8 0.258 959 | +. 16 

May 0.306 | 655 10.4 0.239 999 | — 13 

June 0.226 62.6 HORE! 0.250 238 — 2 

July 0.480 | 63.7 15.0 0.264 952) 1 15 

Aug 0.073 | 58.0 13.4 0.491 209 | — 26 

Sept 0.498 | 62.2 12.0 0.452 208 | — % 

Oct. O17 | 61.8 7.4 0.124 OS fetes 

Nov 0.972 | 63.0 7:3 0.158 %5 | +19 

Dec 0.392 | 62.7 4.6 0.440 WS Tis 
4882 Jan: 0.479 | 710 42 0.170 095 1 Cts 5 
Febr. 0.499 | 74.0 3.5 0.174 M3 is 4 
March 0.352 | 64.5 7.0 0.208 O10 
April 0.489 | 57.7 8.4 0.174 174 1) 
May 0250 | 64.6 44.3 0,294 206M =A 
June 0.135 | 60.7 42.5 0.192 479 |) =95 

July 0.413 | 60.9 13.9 0.205 199 “= 99 
Aug. 0.086 59.7 13.6 0.187 204 | + 7 
Sept. 0.105 | 59.8 12.0 0.462 AS | + % 

Oct. 0.087 | 59.4 9.3 0.084 A783 

Nov 0.413 | 54.4 6.4 0.094 48 | — 2 

Dec. 0.156 | 54.0 4.3 0.087 164 | — 20 
1883 Jan. 0.309 | 60.9 3.5 0.429 184 0 
Febr, 0.361 | 66.4 5.2 0.149 175 (—_ 3 
March 0,349 59.8 3.3 0.172 202 | + 27 


aS Bar. Temp. 2 a I Bene 0.—C. 

1883 April | + 0.301 | 761.4 | + 7.7 | 40-293 | +.0.995 | +53 
May 0.203 | 62.4 11.0 0.196 183 | 445 
June 0.134 | 626 13.0 0.178 165 eee 
July 0.053 | 592 13.9 0.169 1630 | BS -4 
Aug. 0.107 | 63.8 13.9 0.159 174 | 4 46 
Sept. 0.020 | 59.5 12.7 0 099 in ee SZ 
Oct. 0.050 | 60.0 9.8 0.045 439 | — 43 
Nov 0.078 | 59.0 7.3 0.020 107 | — 4“ 
Dec 0.254 | 64.2 4.9 0.058 432 | — 413 
1884 Jan. 0.92 | 634 5.9 0.058 408. | —'37 
Febr. 0.42 | 624 5.0 0.078 112 | — 98 
Mareh 0.29 | 61.0 6.6 0.116 499 | — 9 
April 0.182 | 57.3 7.5 0.153 156 | 148 
May 0.205 | 64.0 14.2 0.481 172 | + 39 
June 0.150 | 63.9 12.4 0.454 if | + 3 
July 0.052 | 69.7 15.6 0.164 104 | 445 
Aug 0.087 | 64.3 15.7 0.179 199 | + 44 
Sept 0,078 | 63.6 13.8 0.130 187 | 497 
Oct. 0.104 | 62.4 10.4 0.073 1609 | + 4 
Nov 0.393 | 65.9 5.7 0.195 4 | 4 44 
Dec 0.272 | 59.0 4h 0.136 203 | + 98 
1985 Jan. 0.403 | 58.8 1.4 [0.190] 2 | 4 39 
Febr. 0.262 | 57.9 5.6 0.183 208 | +93 
March 0.399 | 63.6 4.8 0.210 904 | + 34 
April 0.201 | 56.5 8.7 0.215 49. | 447 
May 0.148 | 58.4 9.2 0.154 153 | = 47 
June 0.151 | 63.6 13.2 0.187 194 | — 414 
July 0.491 | 67.7 14.5 0.204 995 | 4. 45 
Aug 0.117 | 61.9 12.9 0.168 a0 lu 4 
Sept 0.097 | 60.3 44.7 0.138 Bt lee 8 
Oct. 0.031 | 54.9 8.8 0.080 180 | — 43 
Nov. 0.305 | 60.5 48 0.159 939 | + 14 


DR. Bar. | Temp. | oy | pk | Oe 

1885 Dec. | +0402 | 768.4 | 43 | 0-497 | 0.251 | 449 
1886 Jan. 0.313 | 51.6 2.3 0.295 957 | + 21 
Febr. 0.505 | 63.4 1.5 0.229 te |p 8 
March 0.451 | 63.6 5.0 0.267 969 | + 26 
April 0.353 -| 641.7 7.4 0.259 256 | + 40 

May 0.250 | 61.3 41.4 0.269 268 | + 18 
June 0207 | 61.6 49.2 0.244 O51) Ieee 
ibe 0193 | 61.4 44.4 0.221 oo | — 44 
Aug. 0.193 | 63.0 144 0.199 on | —49 
Sept. 0.196 | 64.4 14.4 0.178 of ly a9 

Oct. 0.417 | 59.4 9.9 0.197 907 | — 39 

Nov. 0.197 | 59.0 7.3 0.139 a9 | — 50 

Dec 0.936 | 52.4 3.7 [0 178] 345 Ula 57 

1887 Jan. 0.492 | 63.3 1.4 [0.215] 947 | — 97 
Febr, 0.505 | 70.4 2.9 0.259 og7 | +44 
March 0.437 | 62.4 3.8 0.244 o57 | — 24 
April 0.394 | 62.2 6.6 0.279 1 | + 4 

May 0.957 | 61.3 9.7 0.230 939 | — 43 
June 0.298 | 69.0 13.4 0.253 969 | — 15 

July 0.200 | 64.4 15.0 0.972 300 | + 14 

Aug 0.195 | 62.4 14.0 0.268 310 | + 22 

Sept 0.481 | 61.7 19.3 0.219 873..| = 46 

Oct. 0.307 | 61.4 8.0 0.233 94 | + 5 

Nov. 0.304 | 56.4 5.5 0.233 24 | + 4 

Dec 0.384 | 55.9 3.5 0.268 322 | + 39 

1888 Jan, 0.583 | 67.6 2.3 [0.271] 305) |S oPs 
Febr, 0.530 | 59.3 1.3 [0.307] a2 | + 9 
March 0.395 | 50.9 3.3 0.973 260° |g 
April 0.391 | 59.2 6.6 0.311 320 | + 30 

May 0.384 | 64.9 10.2 0.320 309 | +. 39 
June 0.188 | 60.0 13.4 0.279 995 | -L 5 
July 0.445 | 57.8 13.0 0.296 254 | — 36 


: ee Bar. Temp. au I eae 0.-C. 
1888 Aug. | + 0.188 | 763.6 | +434 | + 0.90 | +0.963 | — 97 
Sept. 0.057 | 662 | 41.9 0.291 ams | — 45 
Oct. 0.304 | 62.6 8.2 0.290 as1 | — 9 
Nov. 0.933 | 59.4 5.9 0.931 o92 | 4 9 
Dec 0.415 | 63.0 47 0.231 ses 
4880 Jan, 0.544 | 66.5 2.6 0.955 207 alet g 
Febr. 0.420 | 57.3 3.4 [0.973] 996 | 4+ 6 
March 0.437 | 60.6 4h 0.979 95 | 4+ 5 
April 0.270 | 56.0 7.6 0.262 om | — 49 
May 0,004 | 59.7 13.0 0.289 a98 | + 8 
June 0.216 | 64.4 15.0 0,292 308 | +18 
July Oe aren aus 44.4 0.952 980 | — 10 
Aug 0.133 | 593 | 13.6 0,939 oe = 8 
Sept. 0.932 | 63.4 12.9 0.947 301 | + 14 
Oct. 0.481 | 55.7 8.8 0.210 om | — 19 
Nov 0,408 | 66.9 6.4 0.215 a76 | — 14 
Dec 0.518 | 66.4 2.9 0.242 296' | 4. 6 
4890 Jan. 0.420 | 60.9 4.3 0.954 296 | + 6 
Febr. 0.589 | 67.4 2.6 0.987 315 | + 95 
March 0.304 | 57.4 6.4 0.260 ame | — 14 
April 0.982 | 55.5 7.2 0.270 979 | — 10 
May 0.996 | 58.4 | 14.4 0.285 ae 
June 0.282 | 63.6 | 12.4 0.295 31 | +93 
July 0.199 | 60.0 | 43.7 0.299 307 | + 40 
Aug. 0.180 | 61.3 | 43.5 0.956 a9 | +13 
Sept. 0.264 | 66.8 | 43.4 0.951 305 | + 22 
Oct. 0.983 | 63.4 9.6 0.295 aso | + 5 
Nov. 0.05 | 578 |+ 7.4 | 0.198 959 | — 19 
Dee. 0.6771) 63.39) = 0.8 [0.340] 
4891 Jan. 0.711 | 64.8 |— 0:9 [0.368] 
Febr. 0.60 | 73.2 |-+ 3.3, 0.956 984 | +45 
March 08901568 | 4.7 | 0.998 939 | — 98 


| DR. | Bar. | Bessy: | Bee | D. R. IL | oe 
1901 April | 4. 0°360 | 760.8 |+ 5.8 | + 0.936 | + 0.245 | — 90 
May 0.183 | 57.0 9.6 0 215 904 | — 40 
June 0.184 | 63.4 13.4 0.293 939 | — % 
July 0.158 | 62.2 14.3 0.242 o70 | + 7 
Aug 0.4 | 58.0 43.3 0.997 9 | + 7 
Sept 0.495 | 63.7 13.4 0.164 18 | — 44 
Oct. 0.136. | 57.4 10.9 0.198 O50 sali e 
Nov 0.356. |. 61:3 5.6 0.220 ast | +49 
Dec 0 4% | 62.2 4.2 [0.238] 262 0 
1892 Jan. 0.382 | 57.3 2.6 [0.221] 937 | — 25 
Febr: 0.326 | 56.6 3.6 0.202 930 | — 32 
March 0.466 | 63.0 a2 [0.244] a5 | — 7 
April 0.375 | 61.3 7.3 0.285 24 | 4+ 32 
May 0.296 | 62.4 9.9 0.261 966 bleh ad 
June 0.290 | 62.8 42.7 0.953 Bh | — 8B 
July 0.172 | 63.6 13.7 0.221 a1 | — 31 
Aug. 0.153 | 62.6 14.6 0.239 | 259 alee as 
Sept. 0.169 | 62.7 13.0 0.212 250 | — 42 
Oct. 0.148 | 55.3 9.2 0.192 on | — 44 
Nov. 0.263 | 62.3 7.7 0.169 934 | — 98 
Dec 0 382 | 61.5 4.9 [0.206] O50ve eae 
4803 Jan. 0568 | 63.4 0.6 [0.279] 
Febr. 0.313 | 86.2 4.3 0.214 O58 ened 
March 0.391 64.7 6.4 0.224 QAT — 15 
April 0.498 | 674 9.2 0.307 314 | + 52 
May 0.975 | 64.2 44.7 0.263 1 | — 4 
June 0.250 | 63.7 43.5 0.292 990 | + 28 
July 0.453 | 60.7 14.9 0.974 979 | +47 
Aug. 0.168 | 64.9 15.5 0.248 S650 eas 
Sept 0.18% | 59.5 12.6 0.260 300 | + 38 
Oct. 0.23 | 60.4 10.6 0.297 os1 | +49 
Nov 0.333. | 60.9 5.7 0.204 976 | 4.44 
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~ Reda 


Reda 


pr | Be | Tem. | per | pn | Oe 

1893 Dec. | + 0.390 | 762.2 |}+ 5.0 | +0. | 40.992 | +30 
4894 Jan. 0.459 | 61.3 2.5 (0.239) 978 | +- 416 
Febr. 0.431 | 62.4 i) [0.247] O74 | + 49 
March 0.348 | 61.7 6.2 0.223 U8 | — 44 
April 0.263 | 60.5 9.9 0.253 8 | — 4 

May 0.293 | 60.2 10.5 0.302 996 | + 34 
June 0.252 62.6 42.0 0.269 258 — 4 

July 0.139 | 60.9 15.0 0.260 237 | — 25 

Aug 0.136 | 61.2 13.8 0 220 991 | — 4M 
Sept. 0.246 | 64.7 44.9 0.232 260 ~ |e a? 

Oct. 0.2% | 60.9 9.3 0.190 246 | — 16 

Nov 0.297 | 63.4 7.5 0.182 953 | — "9 

Dec 0.310 | 60.0 4.7 0.168 54 | — 7 

1895 Jan. 0.320 | 54.3 1.8 (0.4181) 268 (2. 8 
Febr. 0.562 | 61.3 0.0 [0.275] Diag eo) 
March 0.247 | 56.2 4.6 0.156 205 | — 53 
April 0.250 | 60.8 8.6 0.201 M1 | — 45 

May 0.296 | 64.0 44.4 0.270 260 | + 6 
June 0.273 | 64.6 13.6 0.306 982 | + 34 

July 0.441 | 60.2 14.6 0.264 A 8 
Aug. 0.433 | 641.4 14.6 0,24 935 | — 44 
Sept. 0.238 | 67.4 44.2 0.248 957 | + 44 

Oct. 0190 | 58.4 9.7 0.203 256 | + 16 

Nov 0.291 | 61.4 6.9 0.1% 967 | + 29 

Dec. 0.273 | 55.3 4.2 0.183 373.) -b'38 
4896 Jan. 0.458 | 68.9 3.3 0.155 Ww | + 9 
Febr. 0.481 | 72.4 Ve) 0.152 6 | — 41% 
March 0.279 | 58.5 5.9 0.490 999 | + 9 
April 0.359 | 64.3 7.6 0.234 952 | + 28 

May 0.356 | 66 2 40.0 0.269 967 | + 46 
June 0.171 | 62.7 14.2 0.248 “9 | + 4 

July 0.166 | 64.4 14.9 0.239 Daher 


Proceedings Royal Acad. Amsterdam. Vol. V. 


DR. Bar. | Temp, | oR | pa | 0-6 

4896 Aug. 40.156 |-769°7, [444.0 1 20.2068) ob 0.295 (+12 
Sept. | 0,089 | 57.8 13.2 0.206 994 | +44 

Oct. | OARe) 5782 9.5 0473 928 | + 

Nov 0 289 | 62.4 aT 0.145 930° |_-+ 25 

Dec. | 0.248 | 58.8 3.4 0.081 480 | — 23 
4897 Jan. 0.300 | 58.4 QA 04144 | 206 |= + 04 
Febr. 0.312 | 63.3 4.5 0.419 188° 2 
March 0.461 | 55.2 6.4 0.130 484s AT 
April 0.224 | 60.7 8.4 0.163 93 | + 2 

May 0.491 | 61.4 10.9 0.495 m2 | +44 
June 0.470 | 63.8 13.8 0 28 HQ | +1 
July 0.429 | 63.6 14.8 0.206 492 | — 9 
Aug. 0.034 | 59.4 44.7 0.172 458 | — 43 
Sept. 0.174 | 644 12.0 0.170 178 | — 23 

Oct. 0.329 | 67.5 9.9 0.203 934 | + 33 

Nov. 0.388 | 66.6 6.4 0.191 %47 | + 46 

Dec. 0.340 | 62.3 4A 0.148 9290 | + 19 

41898 Jan. 0.367 | 170.0 5.5 0.406 167 |= 34 
Febr. 0.26 | 58.4 4.9 | 0.406 472 | — 29 
March 0.248 58 6 5.0 0.133 198 — 3 
April 0.221 | 60.5 8.8 0 182 M6 | + 15 

May 0.485 | 58.3 10.4 0.214 935 | =e 84 
June 0.17% | 63.5 13.4 0.207 206 | + 5 

July 0.181 | 64.8 13 4 0.205 202 | + 4 

! 


The table shows clearly that during the first months following the 
starting of the clock the rate has been varying rather considerably, 
as probably will be the case with all clocks. It will be seen at the same 
lime that only after about 10 years the greatest regularity was 
attained. In the last years however the rate again began to get slightly 
less regular, which is shown especially in the mean rates during 
Short periods, and when the clock was taken to pieces in 1898 it 
appeared that this ought not to have been deferred so long. It was 
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found that the pivots were more or less affected, and on the suspen- 
sion-spring there was a small stain of rust, which had fortunately 
not eaten into the metal. 

Further rather large deviations are shown by the reduced rates, 
whenever the temperature was below 0°. This. is clearly shown 
by the monthly means for 1890 December and 1891 January, during 
which months the temperature was almost constantly below zero. 
It might be thought that this points to the existence of a term depend- 
ing on the square of the deviation of the temperature from its mean 
value. Such a term might be explained by an influence of the 
temperature on the elasticity of the suspension-spring. ') 

It appeared however, as will more amply be shown below, that 
the monthly means show little evidence of the influence of a qua- 
dratic term, so long as the temperature remains above zero. It 
would seem that the temperature-coefficient changes more or less 
abruptly near 0°, its value for lower temperatures being much larger. 

I have therefore excluded all periods during which the tempera- 
ture was below O° (or rather below —0.°6 R.) Four months, viz: 
1879 Dee., °90 Dec., 91 Jan. and 93 Jan. must consequently be exclud- 
ed entirely. In 16 other months the temperature was below zero on 
104 days. For these months new means were formed, excluding 
those days.*) The following table gives the altered reduced mean 
daily rates, together with the corresponding mean temperatures. 


d 
Temp. Beate Temp. ae I 


s 8 
1880 January .| + 2.4 | + 0.133 1891 December} + 5.4 + 0.208 


1881 January.) + 2.3 | 199 1892 January .; + 3.4 195 
1885 January .| + 2.5 | 161 » March . + 3.9 239 
1886 December} -+ 4.2 | 164 » December} + 4.6 | 190 
1887 January | + 4.5 | .205 1894 January .| + 3.2 26 
1888 January ; + 2.9 | 263 » February] + 4.9 | . 232 

» February! + 2.7 | 264 || 1895 January.) + 2.3 ATh 
1889 February | -+ 3.4 | 268 » February} -+ 2.2 146 


1) Investigations by Dr. P. J. Kaiser about the clock Honwt 27, belonging to 
the Bureau of Verification of the Nautical instruments belonging to the Dutch navy, 
have shown that the nature of the suspension-spring has a considerable influence 
on the value of the temperature-coefficient. 

2) Since there were not always time-determinations exactly at the beginning 
and the end of each cold period, some more days had to be excluded. 


6* 
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These means have further been used instead of the original values. 


5. The reduced daily rates I, as given in the tables above, formed 
the basis of the further investigation. The first 5 months have been 
excluded from the beginning. 

To begin with, it is possible without much computation, simply 
by combining the reduced rates into groups, to show that they must 
still contain a term of yearly period which cannot be explained by 
a direct influence of the temperature. i 

This is done as follows. The monthly means of the rates and of 
the temperatures were arranged in groups of one year each, the year 
beginning with May and ending with the following April. Then the 
means were taken of the rates for each year, and the differences between 
the monthly means and their yearly mean were formed. Thus I derived 
for each year a series of 12 differences: monthly means of rate — 
yearly mean, and also a series of 12 corresponding temperatures. In 
each of these series the mean was then taken of the first and the 
last value, of the second and the last but one, and so on. Finally also 
similar results were derived substituting for the temperatures the 
differences between the actual temperature of the month and that of 
the preceding month (A Temp). 

Then the same process was repeated with the only difference that 
the yearly groups commenced with February and ended with January. 

The aim of this process will become clear when the results are 
considered. For brevity’s sake I confine myself here to the five years 
1884 to 1888. The differences: monthly means of rate — yearly mean 
are given separately for each year, and also for the mean of the five 
years. For the temperatures and the A Temp. only the means are given. 
The differences of the rates are expressed in thousandth parts of a 
second as unit. 

It is evident at first sight that in the first arrangement all the series of 
rates show a very marked progression, while the temperatures are 
nearly the same. In the second arrangement the reverse is true. On the 
other hand the variation of the rate is roughly parallel to that of 
the 4 Temp. Hence the rates contain a term which does not depend 
on the actual temperature, but of which the maxima coincide with those 
of the yearly change of temperature, or, in other words, the yearly 
periodicity in the rate cf the clock does not coincide with that of 
the temperature, and from the values just quoted we easily derive 
that the first lags about half a month behind the latter. 


6. Before a closer investigation of the phenomenon is possible, it 


1884 | 1885 | 1886 | 1887 / 1888 | 8a—ss} emp. | 4 Tenip. 
May, April......... +39 | +48 | +60 | +44] +40] +35 | +89] +30 
June, ‘March... 6>.. +22 | +38 | +32) + 61497] +295 [4+ 8.5] + 2.0 
July, February..... +14 | +28 | +30 | 441 | —5] +416 [488] +13 
August, January ...; +41 ]/+8/]—8&|+8,;—146] +1 ]|4+ 8.2] — 1.3 
September, December| —26 | —22 | —40 | —14| —26] —26 [+ 85] — 1.5 
October, November. .| 60 70 77 | —24) —24] —51 [+ 7.4] — 3.5 
February, January .| —18 | +27); +9|+10/+3] +6 [43.0] — 0.8 
March, December...| - 14 | +27/+6)+4|]—2] +5 [44.5] — 0.2 
April, November... | +2 /+/0|--9|+2)+420] +5 |+66] —0.2 
Maye) October... 4: | —10 | —60 | —10 | —20 | +46} —17 [+96] — 0.4 
June, September ...| + 4] —-14|+3/—15|—4] —5 | 412.8] + 0.6 
July, August ...... at etd Wteg | 40} ap | | te DP 0.6 


must first be ascertained whether the adopted temperature-coefficient 
represents the observations for the whole period.’) 

For this purpose each year was treated separately. The years 
beginning with February were used, since in that case the temperature- 
coefficient is found nearly independent of the changes in the rate 
which are proportional to the time. 

Gradual variations with the time are namely clearly marked, 
and over long periods they are not even proportional to the time. 
This is seen from the following summary of the yearly means in 
which I have taken the years beginning with May in order to be 
able to include 1878. 


4878 + 0.192 1883 +. 0.444 1888 + 0.959 4803 + 0.243 
4879 420 1884 159 1880.54 1294 208 
1880 189 1885 489 4800 247 1895 290 
1881 186 1886 210 4891 8 1896 476 
1882 157 4887 «957 4992.99 1897 469 


1) In the investigation of this section and also in that of § 7, it was in- 
advertently omitted to apply corrections amounting to 0%.005 to six rates of the 
years ’88 and °89. The influence of this omission is negligible. For the four 
months, in which the rates were rejected on account of the low temperatures, 
interpolated values were used. 
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Two methods have been applied to derive the temperature-coeffi- 
cients. In the first method I used the deviations of the monthly means 
from the yearly means, while in the second the deviations of these 
same monthly means from approximate values of the term a, 1.e. the 
non-periodic part of the rate, were used. These values were derived 
from a curve which represents as nearly as possible the yearly means 
for years beginning with May, with August, with November and with 
February °). 

These two methods gave the following series of corrections, headed 
I and II respectively, which must be applied to the value — 0.:0268 
of the temperature-coefficient. They are expressed in units of one 
tenthousandth part of a second. 


I Il I Il 
48794 = 45) 98 1889> 4 Oy BE 
ie leet) eee) 1800 “E39 gh 
TE MIE ye eA i rr 0 ea pS ee 
1882 +70 +68 4809, 42 Obes tS 
18855 eles (ea 1893 15 O ey eG 
TE naail as ieg palsy 1894 + 65 + 64 
1885 4895 + 98 1.96 
ABBE Lis sO Oe ad 1896 +102 +496 
1887) oi VO aS ASOT) ISR CAME CE GF 
Sete is es 


The two methods thus give practically the same results. Although 
this agreement is of course not a measure of the real accuracy of 
the corrections found, it is nevertheless evident that the temperature- 
coefficient. has not been constant during the whole period, but that 
the adopted value requires a positive correction as well in the first 
as in the last years, the latter being the most marked. 

If the whole period is divided into three parts, we get the following 
mean results, according to the second computation (those of the first 
method are nearly the same): 


1879—1884 Ac—-+ 38 


1885—1892 ead 
1893—1897 a4 


») In first approximation it was assumed that e.g. the mean for the year from 
‘78 May to ’79 April gave the value of a for ’78 Noy. 1. Afterwards these 
values were in some cases slightly altered. 


Gem) 


Throughout the preceding investigation it was assumed that the 
influence of the temperature is proportional to its first power. It is 
important to investigate the results which will be found, if we repre- 
sent the influence of the temperature by the formula: 

c, (t—t,) + ¢, (¢-¢,)?. 

For this purpose I used the deviations of the monthly means 
from the values of a derived from the curve. These deviations were 
represented by the formula 

Aa + Ae, (t—t, + c, (¢—t,)?. 

I did not investigate the separate years, but I derived mean results 
for the three periods mentioned above; ¢, is then in each case the 
mean temperature of the period, and differs but little from + 8.7 
(= + 8.1 Réaumur). 

In this way I found the following values of Ac, and c¢,, both 
expressed in tenthousandth parts of a second: 

Lye: &, 
1879—1884 +30 43.9 
1885—1892 — 5 +3.9 
1893—1897 +75 —7.9 

The values of Ac, nearly agree with those previously found 
for Ac. Those of c, are small and of different sign, and their reality 
is doubtful. The rates for temperatures below zero would require 
positive and much larger values of c,. In order to represent e. g. the 
two results for the months 1890 Dec. and 1891 Jan. it would be 
necessary to assume c, = +15. 

I think therefore to have acted correctly by excluding the rates 
corresponding to temperatures below O°. For the other temperatures 
we may certainly provisionally adopt a linear formula for the influence 
of the temperature. 

As to the coefficient ¢ of this formula, I do not think that it could be 
represented as a function of the time which would have any real 
meaning. Probably, however, it will be better to assume it constant 
during shorter periods only, e.g. thus: 

Ac G 
1879—80 + 24 — 247 
1881—83 +52 — 216 
1884 +31 — 237 
1885—91 — 1 — 269 
1892—93 +37 — 231 
1894—97 +81 —187 


Finally I will show how these coefficients would be altered (see 
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before) if the barometer-readings had been reduced to one tempe- 
rature, in other ‘words, what ave the values of the true temperature- 
coefficients. For 760 m.m. the reduction for 1°-Réaumur amounts to 
0,152 m.m., of which the effect on the rate is 0s.0021. Consequently 
the true temperature-coefficient is found by applying a correction of 
+ 0.0021 to the apparent value. 


7. We shall now apply to the reduced mean rates the reductions 
due tothe corrections found for the temperature-coefficient. The adopted 
corrections are of this coefficient : 

1878 May—1884 April Ac=-+ 39 
1884 May—1893 April 0 
1893 May—1898 July + 75 


Though probably the values mentioned at the end of § 6 are 
preferable, it did not seem necessary to repeat the computations with 
these altered values. 

After this the deviations of the corrected monthly means from the 
values of a‘) derived from the curve were formed and_ these 
means were arranged in yearly groups, each year beginning with 
May.*) For brevity’s sake I do not give the results for the separate 
years, but only the means for four groups of years, viz: 1879—1882, 
1883—1886, 1887—1891 and 1892—1896. If the deviations of the 
monthly means from the yearly means are used, the mean results 
for those four groups are not appreciably altered. All values are 
given in units of one thousandth part of a second. 

It will be seen that the results of the first and the second groups 
agree very well inter se, and also those of the third and the fourth 
groups, I have therefore finally formed the means for the periods 
1879—1886 and 1887—1896. The principal difference between these 
two periods seems to be that the low minimum in October which 
is shown in the first, has disappeared in the last. In the years, 
1892—1896, however, the whole periodicity begins to be less marked, 
and in 1897 it is no longer shown by the monthly means. The 
monthly means of 1878 (@. e. ’78 May—’79 April) are in good 
agreement with the results for the period 1879—1886. 


1) Since this curve is relative to the temperature + 10°, while the mean yearly 
temperature is -++ 8°.7 its first and last part had to be slightly altered, to account 
for the altered values of the temperature-coefficient. 

*) The curve for @ can only be drawn from ’78 Nov. to ‘98 Jan., therefore 
the present investigation can only include the period "79 May—’97 April. 


79—82 | 88—86 | 87—91 | 92—96 = = 

| 1886 1896 
a ee ee ee 
M aan hei. + 37) +38; +22) +40] +38) + 31 
June sees +14] +24) +23} 427] +19) +95 
July.... .| +12) +22/ +13} — 4] +417] 4 5 
August .... — 3; + 7/ — 4] —16] + 2! —410 
September| — 38| — 32} —27| — 9] — 35] — 18 
October...) — 64} — 8 | —29| —23] — 74) — 96 
November.) — 22| — 54| —2/ —2 | — 38) — 24 
December.| — 22| —26/ —13| —16] — 24) — 14 
January | +12) —-5}/ — 7| — 6] + 4] — 6 
February.| — 1/ +19] +41) — 9] + 9] + 14 
March....| + 40; +34) +411) — 8] +37] 4+ 1 
Aprile + 39| +46) +30; +24] + 4] +97 


During the period 1887—1896 the periodicity can be very satis- 
factorily represented by a simple sinusoide. We find: 
T— May 5 

365 
where the amplitude has been expressed in tenthousandth parts of a 
second ’). 

For the first period such a representation is impossible, and even 
when a term containing the double angle is introduced, the repre- 
sentation is not entirely sufficient. In that case we find: 

T— Apr. 24 Foe L—Apr. 23 
365 365 

An entirely satisfactory representation can only be obtained by an 
empirical curve. 

This curve, together with the points which indicate the observations 
to be represented, is here reproduced in fig. 1. The sinusoide of the 
second period is given in fig. 2’). 

Moreover the following table gives for the first period the differences 


Ar = + 254 cos 2” 


Ar = + 455 cos 2a 


1) From the period 1887—1891 alone we find 
T— May 1 
365 ; 
2) These figures will be published together with the second part of this paper. 


Ar = + 274 cos 2x 
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Obs.—Comp I and Obs.—Comp. II, where Computation I means 
the representation by the formula, while Comp. I refers to the curve. 
For the second period the differences Obs.—Comp. are also given. 
Everything is expressed in thousandths of a second. 


79 — 86 8796 79 — 86 8796 

0-61 0.-¢1 ee * Oc eat 02 C91 mae 

Mayne tee +2), + 2) + 6 November .| +1412} + 7] + 1 
June Pree. —12); — 9} + 5 December..| + 3}; — 5] + 6 
dinlbisece 6 ous 0; + 3); -— 4 January... + 3} + 41/ + 3 
AUSUSt se ace +141); + 9/ — 6 February... —14) —11] — 3 
September..| -+- 2} -+ 3) — 9 Marcher + 4) + 4| —15 
October.....| — 20| — 6] — 2 NOM SoS ec0 + 6}; + 4] + 3 


Finally attention must be drawn to the fact that a term with the 
argument 427’ might be explained by the direct influence of the 
temperature, if a quadratic term is assumed therein. In fact the 
yearly variation of temperature can be approximately represented by: 


Oe Tal 
t—tm = + 5.°5 sin 2am 7 
365 
which would introduce into the rate a term: 
T—May1 
ZN 3 1S 008 43 —— 
7 ¢, cos 4x 365 


which agrees nearly with the second term in the above formula 
for the period 1879—1886, if we take c, = -+ 6. The probability of 
this explanation is however lessened by the fact that a similar term 
does not exist after 1886. 


8, The results which have so far been derived have finally been 
used to free the monthly means from all periodic terms and then 
to represent them by a simple curve. 

For this purpose 


1st the reduced rates I were reduced to the mean temperature 


BBE 


2nd the corrections, which become necessary if the temperature- 
coefficients given at the end of § 6 are adopted, were applied. 
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3'4 corrections were applied for the supplementary periodic term 
in the following way, viz. for 1878 to 1886 according to the curve 
for 1887 to 1896 by the formula, while for 1897 and 1898 the 
correction was adopted = 0. 


The reduced rates found in this manner are contained in the 
general table of the rates given above, under the heading ,Red4 
Pelle 

The drawing of a curve was to a large extent arbitrary. I have tried 
to make it as simple as possible. It is reproduced in Fig. 3%). The 
residuals O.—C. (Obs. — Curve) are given in the last column of 
the general table. 

For the years 1879—1896 the mean error of a monthly mean 
derived from these residuals is 

Mins fie == 02 8y, 

If the supplementary term had not been applied it would have been 
M. #. = + 08.0364 

The difference is considerable. 


1) The curves derived from the yearly means, which were previously used, agree 
with this one in the principal points, but were more complicate. 
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KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN 
TE AMSTERDAM. 


PROCEEDINGS OF THE MEETING 


of Saturday June 28, 1902. 


DOC 


(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 
Afdeeling van Zaterdag 28 Juni 1902, Dl. XI). 


(CS) ANP SEAS ANE Ab) tS) 


Eve. Dosois: “The geological structure of the Ilondsrug in’ Drenthe and the origin of that 
ridge”, (Ist. Part Communicated by Prof. K. Marry), p. 93, (2nd. Part Communicated by 
Prof. H. W. Baxuuis RoozrBoom), p. 101. 

G. C. J. Vosmarr: “On the shape of some siliceous spicules of sponges”, p. 104. 

J. D. vAN pER Waats Jr.: ,,Statistical electro-mechanics,” II. (Communicated by Prof. J. D. 
VAN DER WAALS). p. 114. 

J. D. van DER WaAats: ,,Ternary systems,” V, p. 121. 

J. H. Bornema: “Cambrian erratic-blocks at Hemelum in the South-West of Frisia”. (Com- 
municated by Prof. J. W. Morx), p. 140. 

G. van Iverson ge: “Accumulation experiments with denitrifying bacteria”. (Communicated 
by Prof. M. W. Bryerrinck), p. 148, (with one plate). 

W. H. Juuiws: “An hypothesis on tne nature of solar prominences”, p. 162. 

©. A. Lopry pe Bruyn and J. W. Divo: “The boilingpoint-curve of the system: hydrazine 
+ water”, p. 171. 

C. A. Lospry pg Bruyn and W. Avperpa VAN Exenstew: “Formaldehyde(methylene)derivatives 
of sugars and glucosides”, p. 175. 

J. J. Buawxsma: “The intramolecular rearrangement in halogenacetaailides and its velocity”. 
(Communicated by Prof. C. A. Lopry pr Bruyn), p. 178. 

W. Reivers: “Galvanic cells and the phase rule”. (Communicated by Prof. H. W. Baxuuis 
Roozesoom). p. 182. 

B. F. van pe Sanpe Bakuvyzen: ,,On the yearly periodicity of the rates of the standard- 
clock of the observatory at Leyden, Hohwii Nr. 17,” (2nd Par). p. 193, (with one plate). 

Erratum, p. 217. 


The following papers were read: 


Geology. — “The Geological Structure of the Hondsrug in Drenthe 
and the Origin of that Ridge.’ By Prof. Hue. Dusors. (Com- 
municated by Prof. K. Marri.) 

(Communicated in the meeting of May 31, 1902). 


North-west of Eksloo, on the Hondsrug in Drenthe, remarkable 
sections of the soil are now to be seen in about fifty pits, dug last 
winter on behalf of the projected Noord-Ooster Lokaal-Spoorweg. 

ih 
Proceedings Royal Acad. Amsterdam. Vol. V. 
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The greatest part of these pits are found on the Noorder Veld of 
Eksloo, at a distance of about 11/, K.M. from this village and at a 
mutual distance of 50 M., a few at 100 M. mutual distance, in the 
directions from north-east to south-west and north-west to south-east; 
some, nearer to the village, on the Hooge Veld. Seven others are on 
the Buiner Veld, at about 1'/, K.M. farther N.N.W. from the principal 
group, succeeding each other at intervals of 100 M. in the direction 
from south-east to north-west. The pits are square, the edges measuring 
about 3 M., and though many are not quite as deep now as they 
have been, owing to their being partly filled again by blown-in sand, 
the vertical sides of the greater number are still uncovered to a depth 
of 3 or even 3'/, M. 

Excepted two of them, situated most to the north-eastern border of the 
Hondsrug, we observe in all a similar section. In the upper part 
a relatively thin bed of sand, being near the surface of a dark 
greyish or nearly black colour, owing to much humus contained 
in it, but for the rest of a light yellowish or brownish grey, 
this bed showing hardly any traces of stratification and .containing 
irregularly scattered stones of very different size, among which 
granites and coloured quartzites are predominant'). The sand is 
intimately mixed in some places with a noticeable quantity of brown 
clay. It is the well-known boulder-sand of the Hondsrug. Under it, 
to the bottom of the pits, rather coarse, loose, white quartz-sand, 
which is clearly stratified and in which are to be seen, locally, 
irregular small banks and strings of well rounded, water-worn pebbles, 
principally of white vein-quartz and next to it of light-grey quart- 
zites and Lydian Stone, the largest of which pebbles have for the 
greater part only a dimension of 15, some however of 25 mM. 
The grains of this sand seen through the magnifying-glass prove to 
be also well rounded and almost all clear as glass. This description 
of the underground is completely applicable to the “Preglacial or 
Rhine- Diluvium’’. 

Whilst near the bottom of the pits the stratification of this plei- 
stocene alluvium of the Rhine is often nearly undisturbed and pretty 
well horizontal or sloping in undetermined directions, it is upwards 
always fantastically folded and wrinkled, contorted, a feature 
becoming very prominent on account of thin or sometimes thicker veins 
of sand of a yellow or brown colour, evidently derived from the 


") In most cases we find only smaller stones, the bigger ones having already 
been dug up, which appears from the unevenness of the surface, caused by the 
irregular reposition of the swards. There where this is not the case, large stones 
and boulders are still to be found. 
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upper bed, alternating with the white head mass. In short, the 
consequences of the pressure and the moving of the land-iee with 
its bottom-moraine material over the loose underground are beauti- 
fully illustrated here. 

Of the most part of the pits on the Noorder Veld of Eksloo, viz. 
of those numbered from VII to XLV, I have measured the thickness 
of the boulder-sand bed. These dimensions are given (in Meters) in 
the following small table. Some pits could not be measured on account 
of the indistinctness of the lower limit of the bed. From those on 
the Hooge Veld the thickness of the boulder-sand is not more than 

NW. 


XLV XLIV XLUI 
ONS? AO NEW LAL0.L 6350.6 
XLII XLI XL XXXIX XXXVIII 
O10 68-100) 0.6—0.9 0,741.95 0.4 
XXXII XXXIV XXXV XXXVI XXXVII 
HHS, 6060-7), 0.6—0:8 me 0-4-0-5 
XXXII XXXI XXX XXIX XXVIII 
sae Oe? © 0.6-20;7 ee 04-055 
XXIII XXIV XXV XXVI XXVII 
IO. 06-08 014-09 = +0.3 
XXII XXI Xx XIX XVII XVII 
: 0:30.5 +0.4 0E8 40.95 08 
oe ; c ae ar +1.0 ol 
XII XU XIV XV XVI 
0.6—0.7 0.3 O05) 10-8005 0.3 
XI ve 1X VIL VII 
0.3 Ocean O09 0.3 0.3 


SE. 
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about 0,25 M. On the Buiner Veld (XLVIII to LIV) it varies from 
0.2 to 0.8 M., attaining in a single case, locally, 1.5 M. At a distance 
of 200 M. north-west of XLIII there is on the Noorder Veld, near 
the Tippen, a_ pit numbered XLVI, with 0.4 M. of boulder-sand, 
and, 100 M. N.N.W. of the latter, another pit, numbered XLVII, 
showing a very irregular thickness of this upper bed, it locally giving 
way in the stratified white Rhine-sand. Moreover the latter contains, 
unto a depth of 2 M., boulders of granite and other rocks of Scan- 
dinavian origin. f 

From this table, that refers to an area long 400 M. in the same 
direction as the Hondsrug extends (from north-west to south-east) and 
broad 250 M., at right angle on it, and from the other given data, 
it appears that the thickness of the boulder-sand bed is very slight, 
attaining seldom 1 M., further that it varies greatly at small distances 
(often in the selfsame pit). The fact that the difference in height of 
the position of these pits is much larger than those differences in 
thickness, proves that the upper or boulder-sand bed follows the 
undulations of the preglacial nucleus of the Hondsrug and is rather 
regularly laid down upon it. 

Some details may still be mentioned. In pit XII the brownish 
boulder-sand, having an average thickness of 0.6 to 0.7 M., penetrates 
wedgelike in the white sand unto 1.25 M. beneath the surface, whilst 
the strata of that underground are rent asunder unto about 2 M. lower 
than this wedge. This brings to the mind straining forces having 
worked laterally to the Hondsrug, such as would have arisen from 
an uplifting of the sand masses now constituting the nucleus of that 
ridge. In pit XXXIV two boulders from 0,2 to 0.38 M. in dimension 
are sunk totally below the general inferior limit of the boulder-sand 
bed in the pit. In pit XXXIX and XLI the sand, ofa darker brown 
colour, is partly containing enough clay, that it becomres plastic, and 
also by alluviating it is proven that no small quantity of clay is 
present there. 

But besides such particularities there are to be observed phenomena 
of greater importance. This is the case with N°. XLVI, showing 
fluvio-glacial mixing of the bottom-moraine with the sand of the under- 
ground, and with the two pits N°. XLI and XVII. In pit XLI there 
is in the south-western side a boulder of quartzite, almost square, about 
measuring 0.35 M. in every dimension. It is fixed at the bottom of the boul- 
der-sand bed, having there a thickness of 0.7 M., and depressing, pocket- 
like, the strata, there rather undisturbed, of the white quartz-sand, unto 
0.4 M. below its inferior extremity. Its basis is a plane ascending 
in the direction from north-west to south-east; but this basis belongs 
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properly to a sheet of the boulder, about 4 ¢.M. thick, extorted accor- 
ding to a lamination plane parallel with that sloping basis, and the 
large upper piece has been pushed on, sliding upward 11/, ¢.M. in the 
direction from north-west to south-east. The boulder with its extorted 
sheet are immovably fastened in the upper boulder-sand bed, which 
here contains rather much clay and is tolerably hard. In the opposite 
side there is a somewhat larger boulder of granite, polished and 
scratched. The contortions in the white sand of the underground are 
particularly fine in this pit. Apparently no boulders were extracted 
here, as is shown also by the appearance of the surface. 

Pit XVII, which (with XI.VIJ) is naarest to the eastern border of 
the Hondsrug, at a distance of about 150 M. from the first house 
along the Beekslanden, shows, as already has been said, a section 
different from those in the other pits. Above, again the common 
yellowish grey boulder-sand, 0.8 M. thick, in its lower half without 
boulders, under this, however, + 1 M. of reddish brown, hard 
boulder-clay, containing much small stone fragments and some boulders. 

This hard, red boulder-clay is well known in the underground of 
some of the Velds of Eksloo, where, locally, it occurs, at small 
distances from the eastern border of the Hondsrug, as far at least 
as Weerdinghe. 

Quite identical reddish brown boulder-clay, under 0.7 to 0.9 M. 
of block-sand, is visible in a clay digging at the west of the Honds- 
rug, along the Langhiets Kamp near Odoorn. Going from there in 
the direction of Valthe it soon disappears from the underground, 
so that the boulder-sand bed is resting immediately upon the loose 
Rhine-sand. In a sand digging 2'/, M. deep, at a distance of about 
1 K.M. N.N.E. from Valthe, the boulder-sand is 0.4 M_ thick. 
The white sand below it contains well rounded pebbles of white 
quartz and also of lydite. Halfway Odoorn and ‘the side-branch of 
the Oranje Kanaal the boulder clay begins at a hunderd Meter west- 
ward from the road to Emmen. ‘There, as well as nearer to the 
road, where the boulder-sand rests immediately on Rhine-sand, this 
boulder-sand is 0.7 M. thick; but already before the side-canal the 
boulder-clay reaches the road which remains on it as far as Emmen. 
Following the high road from Odoorn in north-western direction to 
Ees we find the boulder-clay in a clay digging, a little farther than 
the churchyard, under 1 M. boulder-sand. Ina well sunk still somewhat 
farther off, in a meadow to the right of the road, about 3 M. of this 
boulder-clay was met with, which contained, next to other rock species, 
especially flint nodules; under the clay again coarse white loose 
sand with small well rounded pebbles of white quartz. Ata distance 
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of 4 K.M. from Odoorn, where the way from Eksloo to Brammers- 
hoop crosses the ,high road, boulder-clay is seen again, under 0.7 M. 
of boulder-sand; here it is partially of a yellowish brown spotted 
with greenish grey colour, a difference in connection with the not 
flowing off of the water in the soil. In sinking a well, this clay 
proved to have a thickness of 2'/, M. Farther north it is found 
at least as far as Hes. 

At 2%), K.M. south-west of Odoorn, in the Peat-moss of Odoorn, 
that is in the midst of the Peat-moss of Schoonoord according to 
Loris, the boulder-clay is wanting under the + 1 M. thick bed of 
boulder-sand, which came to light after the opening of the peat-moss 
for digging fuel. In its place a bed of light bluish grey clay, 0.3 
to 0.4 M. thick, is found. This was observed at a pit dug on purpose 
and is the case with the whole Peat-moss of Odoorn, as has been 
observed when digging ditches. This plastic clay, contaiming no 
palpable sand, is entirely different from the boulder-clay. It is 
hardly to be doubted that we have to regard it as lake-clay, the 
same as the wellknown preglacial Pot-clay from the underground 
of Drenthe, Groninghen and Friesland, which gave rise to peat-mosses 
in such cases where it was shaped in the form of basins. 

Thus the considered part of the Hondsrug, about the half of the Honds- 
rug in Drenthe and almost a third of the whole of that ridge which 
is extended from north-west to south-east, between Groninghen and 
Emmen, and is elevated only on an average 5 M. above the 
surrounding region, is constituted by preglacial Rhine-sand, super- 
ficially covered, in the same manner as the adjoining ground, by a 
bed of boulder-sand not 1 M. thick. 

That the boulder-sand cannot owe its origin to washing out of 
the boulder-clay may be admitted for the following reasons: 

ist The hard boulder-clay offers great resistence to eroding agencies. 
This appears amongst others from its forming steep and more or 
less projecting parts at the coast of the Roode Klif, the Mirdummer 
Klif and the Voorst, and even isles, at Urk and Wieringhen. 

2°¢ Though undoubtedly the quantity of boulders in the boulder- 
sand has from the beginning been very variable, it is however a 
fact, that in the neighbourhood of the villages most boulders have 
already been dug out and that they were formerly very numerous 
almost everywhere. At some places one stone was lying next to the 
other in the sand. An average condition is to be met with at some 
parts of the Noorder Veld of Eksloo. Now to the north of pit XLV 
on a surface of 1500 M’. and to a depth of 0.5 M. there had been 
freshly dug out 40 M®. of stones, from the size of a child’s fist up to 
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1 M. in length. Estimating the air spaces between the stones heaped 
up at '/,, we find about '/,, of the volume of the boulder-sand bed 
to have consisted in stones. Between pit XV and XVI a similar 
estimate, from a surface of 484 M’., leads to '/,, for that proportion. 
What an enormous thickness of boulder-clay, which in this region 
is particularly poor in stones, must have been washed out to leave 
all these stones! 

3°¢ The boulder-sand contains very little flint, the boulder-clay very 
much, everywhere. Flint is the kind of rock most frequently occurring’ 
in the clay (Odoorn, Zwinderen, Nieuw-Amsterdam, Mirdummer-Khif, 
Nicolaasga, Steenwijkerwold, Wieringhen ete.). 

4th Even the deepest and evidently not washed out parts of the 
boulder-sand, which rest immediately on the Rhine-sand, are as a rule 
poor in clay. 

5t Boulder-clay and boulder-sand are found jointly or the latter 
alone without this being expressed in the form of the surface. 

That the Hondsrug cannot be a terminal moraine, as has been 
supposed by some geologists, follows sufficiently from the description 
of its structure as given above. 

It neither can owe its origin to an upward folding or pressing 
of the underground, perpendicular to the direction of the motion of 
the pleistocene land-ice; for how then to account for the deposition 
of boulder-clay parallel to the Hondsrug ridge? 

The distribution of the boulder-clay in our north-eastern provinces 
is so, that there can hardly be any doubt that from the beginning 
it has been very unequal and the boulder-clay has been laid down 
parallel with the actual Hondsrug ridge. 

Can it perhaps by its weight have pressed upward the Rhine-sand, 
when the soil was still totally drenched with melting-water? This 
apparently has not been possible. The specific weight of a well 
compressed sample of that Rhine-sand from the Hondsrug, quite 
drenched with water, is 2.05. If now that of the boulder-clay had 
even attained the high value of 2.5, it would require a bed of 
boulder-clay of a thickness of 20 M. to cause an uplifting of 5 M., 
as is the average height of the Hondsrug above the surrounding 
region. In reality the thickness is most probably only ‘/, of that 
supposed value. 

Other causes must have been in action to bring about this elevation 
of the Hondsrug, but causes which nevertheless were not inconsistent 
with the deposition of the boulder-clay parallel to that ridge. 
These causes may be found in what CHAMBERLIN, RUSSELL, SALISBURY, 
von DryGatskt and already Nansmn have taught us regarding the 
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structure and motion of the inland-ice in Greenland. According to 
the earlier ideas the bottom-moraine was pushed forward under 
the ice, from the centrum of dispersion of the latter; to day we 
know that stones, sand and mud are transported included strata-like 
in the inferior parts of the ice mass, by the gradually melting of which 
the bottom-moraine is formed. Further it is known, that the motion 
of the inferior strata of an inland-ice mass becomes the slighter 
the more these are laden with stones and mud. Evidently this load 
was less above the strip of land which actually constitutes the eastern, 
most elevated portion of the Hondsrug than at the west of this portion, 
where the ice in its downmost parts must have been thickly laden 
with clay. Above this strip we may suppose to have existed a 
relatively more rapid motion of the inland-ice in comparison with 
above the extensive western clay banks, the result of which difference 
would have been a lower level of the ice in the first and a higher 
in the latter parts. Thus, actually, in Greenland a considerable diminish- 
ing of the motion and a swelling of the ice is seen there where in 
its undermost strata it is strongly laden with debris of rock, and 
lowering of the surface where this motion is not hindered, on account ot 
the lowest ice-strata being relatively pure. Thence considerable pressure 
on the underground where those clay banks are now to be found 
in the Hondsrug and a minimum of pressure near the eastern border; 
there then the loose Rhine-sand, drenched with water was as a whole 
mass uplifted. 

The situation of the elevated ridge of preglacial sand side by side 
with the long and broad western strip of boulder-clay makes us also 
suppose that the direction in which the ice moved was not, as is still 
generally admitted, from north-east to south-west or from north to south, 
but the same as the extension of the Hondsrug, from north-west to 
south-east. Now with this supposition perfectly agrees the at first 
sight paradoxical direction of motion as derived from the shifted 
boulder of quartzite. 

But how then can we account for the fact that the boulder-clay 
was laid down principally in a long and broad strip along the western 
part, whilst the boulder-sand above it is uniformly thick with that 
in the eastern part on the Hondsrug where clay is generally absent 
under it? This question too is not difficult to solve with our 
actual knowledge of the phenomena of the motion of an inland-ice 
mass. The material of the boulder-sand bed may have been trans- 
ported as a continuous bed by higher ice-strata, at the same time as 
disjuncted strips and patches of clay were included in the lower 
ice-strata, or the sand with its boulders may have been transported 
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at a somewhat later time. Small variations in the direction or in 
the velocity of the motion of the ice can easily have divided the 
boulderclay in strips and patches. 

Thus all the observed geological phenomena can be viewed in the 
light of known actual phenomena, which appears to be impossible if 
we start from the opinions embraced up till now on the nature of 
the Hondsrug. 

Now that it is known that the direction of ice streams which ended 
in North-Germany has often been considerably modified by the 
form of the basin of the Baltic and also by the meeting with other 
ice streams, it is less surprising, that, notwithstanding the predominating 
or exclusive occurrence of Swedish, at least Seandinavian rock 
species in the bottom-moraine of our north-eastern provinces, these 
can nevertheless have arrived there in north-west—south-eastern 
direction. Suchlike factors, as supposed to have modified the di- 
rection of the North-German ice streams, may have been the cause 
of the deviations of an ice stream, which, coming from Sweden, first 
took a south-western direction over Denmark, till it arrived in the 
North-Sea. We do not know how far the ice which came down 
from southern Scotland and northern England did progress south- 
eastward in the North-Sea; it might be possible, at least, that as a 
very powerful stream it has met there with the ice stream coming 
from Sweden and has pushed this back south-eastward in the direction 
of Friesland, Groninghen and Drenthe. 

Very likely as a result of this motion of the ice over our north- 
eastern provinces the Hondsrug and some parallel less extended 
elevations have then arisen, in such a way as indicated above. 
Farther west of the Hondsrug, however, probably a real folding, 
under the pushing ice, of strata impermeable for water, should they 
consist in Potclay or in the boulder-clay itself, raised, perpendicular 
to that direction, a number of north-east—south-western ridges, leaving 
between them valleys now occupied by rivulets. Indeed an elevation 
by folding is more readily to be admitted for compact soils than for 
the loose sand which constitutes the nucleus of the Hondsrug. 


Geology. — “The Geological Structure of the Hondsrug in Drenthe 
and the Origin of that Ridge.” Second communication. By 
Prof. Eue. Dusors. (Communicated by Prof. Baknuis RoozEBoow). 


Further researches in that part of the Hondsrug, considered in my 
former communication, led to the following results. 
At a short distance north-east of pit LI, the boulder-sand bed of 
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which, up to a depth of 1.5 M., shows an irregular mixing with 
brown clay, there is on the Wighes part of the Buiner Veld (and the 
Hondsrug in those parts), under 0.5 to 0.8 M. of boulder-sand, a 
yellowish red boulder-clay bed of 1 M. thickness. It is situated at 
about 1 K.M. south of Buinen and measures about two hundred 
Meters in every direction. 

The clay found in pit XVII extends, as shewn by borings, only 
some 50 Meters in different directions. 

Another patch of boulder-clay is found south of the Zuider Esch 
of Eksloo on the southern Hooge Veld, in an oak-underwood, under 
about 0.5 M. of boulder-sand. This patch too is of small dimension. 
The same is the case with another on the Zuider Veld of Eksloo. 

Farther, in the neighbourhood of Valthe, a clay bed is found on 
the Kwabben Veld, under + 0.5 M. of boulder-sand, 1.5 M. thick, 
at least, of about 300 M. dimension in every direction and extending 
still somewhat farther south-east on the Nieuwe Esch; a smaller one 
exists south-east of the Kampen Veen. 

The four latter clay patches are situated, with the two first men- 
tioned, pretty well in one direction, from north-west to south-east, 
but they are separated by large intervals in which the boulder-sand 
rests immediately on preglacial stratified white Rhine-sand. The 
mutual distances of these clay patches are resp. 2, 3, 1, 2,1.5 K.M. 
With the only exception of the small clay patch on the Noorder 
Veld, all these, though situated very near to the eastern border of 
the Hondsrug, are on the highest parts of that ridge. 

The stratified white Rhine-sand is, amongst other localities, to be 
seen in a sand digging on the Kleine Esch of Eksloo (under + 0.4 M. 
of boulder-sand) in a sand digging at the northern border of that Esch 
(under 0.38 M. of boulder-sand) and on the Zuider Veld, near to the 
southern border of the Achter Esch; further at the Valther Schans 
(under 0.3 or 0.4 M. of boulder-sand), in a sand digging east of the 
Kampen Veen (under a bed of boulder-sand of the same thickness) 
and further, along the great Bourtangher Peat-moss, from Valthe to 
Weerdinghe. 

The western boulder-clay, on the contrary, forms a long and 
broad strip, which from Hes to Emmen seems not to be interrupted 
and is 1 to 1'/, K.M. wide. It has probably in its whole length a 
thickness of 2 or 3 M. and is covered by 0.7 to 1 M. of boulder-sand. 

The origin of the Hondsrug according to the hypothesis indicated 
in the former communication can thus only be applied to that 
western strip of boulder-clay. Other facts now observed have brought to 
my mind, besides the already mentioned factors, others which may have 
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been of still greater importance in the formation of the Hondsrug. 

Beyond the Hondsrug also, even as far west as Hoogeveen, the 
underground consists of preglacial “Rhine-Diluvium”. In the Peat- 
moss of Ees it is covered by at most 1 M. of boulder-sand. In the 
Elders Veld between Schoonoord and Schoonloo the preglacial Rhine- 
sand is of a yellowish grey colour, on account of its intimate mixing 
with parts of the upper bed. The occurrence of small water-worn 
pebbles of white quartz and lydite, repeatedly stated to a depth of 
2 M., serves to show, that here too we have chiefly before us old 
Rhine-alluvia, which only later on were mixed with the bottom- 
moraine. At Schoonloo, in a sand digging, a kind of “Mixed Dilu- 
vium” (Gemengd diluvium) is to be observed; water-worn pebbles 
of white quartz and lydite are seen in the sand side by side with 
Scandinavian granites. On the Elders Veld boulder-clay is only found 
in single small patches, such as the one at 1.5 K.M. south-west of 
Schoonloo. 

In the midst of the Peat-moss of Ees, at a distance of 4 K.M. 
exactly south from Westdorp, a round hillock rises above the perfectly 
level environs, not unlike a small volcanic island above the sea. With 
a basis of about 30 M. of diameter and a height of circa 5 M. it resembles 
a very large tumulus; it is the renowned Brammershoop. 

The constitution of this hillock, however, is inconsistent with the idea, 
which presents itself at first sight, that we have before us a 
work of mans making. It is indeed composed of white quartz- 
sand with well rounded small pebbles of white quartz and lydite, 
the same preglacial Rhine-sand, which also constitutes the underground 
of the surrounding region with a mantle of glacial boulder-sand only 
0.2 to 0.5 M. thick. 

Still less than in the case of the Hondsrug it will do here, to 
attribute the origin of the elevation to pressure of the pushing ice; 
for how could the motion have been directed from all sides towards 
that single point! As it appears to me, the only way to explain how 
only there the soil was pressed upward, in the form of an isle, is 
to suppose that a minimum of pressure of the ice, has existed there, 
most probably in consequence of a former Gletschermiihle (moulin) in 
the period of the melting of the ice. 

Not improbably then we have, partially or perhaps chiefly, to impute 
the elevation of the preglacial Rhine-sand in the Hondsrug to a 
similar minimum of ice-pressure, at the place of a large river-bed, 
formerly occupied by melting water, and carved in the surface of 
the ice in the direction from north-west to south-east, or may-be to 
a large and long crack in the same direction. 


/ 104 ) 


Zoology. — "On the Shape of some Siliceous Spicules of Sponges” ; 
by Dr. GC. J. Vosmarr. 


The perplexing amount of variety exhibited by sponge spicules 
has since long made it desirable 1** to designate certain spicules by 
special terms, and 2"¢ to divide the spicules into groups. The first 
attempt to such a classification was made by BowxrBank in 1858 ; 
later, in 1864, modified by the same author. Bowxrrbank divided 
(1864 p. 13) the spicula into “essential skeleton spicula” and “auxiliary 
spicula”. It is obvious that this primary classification is not based 
on morphological characters. Since Kéniiker (1864) has pointed out 
the morphological value of the axial canal or, more correctly, the 
axial thread (“Centralfaden”), Oscar Scumipt has rightly based his 
classification of siliceous spicula on the presence of one or more of 
such axial threads, which after all represent the axes of the spicula. 
Scumipt distinguishes (1870 p. 2—6) four types of spicules: 

1. Die einaxigen Kieselk6érper.” 

2. Die Kieselkérper, deren Grundform die dreikantige regulare 
Pyramide.” 

3. Die dreiaxigen Kieselk6rper.” 

4. Die Kieselkérper mit unendlich vielen Axen.” 

Neither Gray (1878, p. 203—217), nor Carrer (1875, p. 11—15) 
understood the fundamental value of Scumipt’s classification. My 
attempts to draw attention to it (1881 a@ and 1884 p. 146—168) 
have had but little influence. Thus, in 1887, Riptey & Denny divide 
the spicula of the Monaxonids in the first place into Megasclera and 
Microsclera, a classification which practically agrees with those of 
BowrrBANK and Carter. The. example was followed by Souuas in 
spite of his being well aware of the fact that the distinction is far 
from “absolute”. This author quite correctly remarks (1888, p. LIII): the 
microscleres and megascleres pass into each other by easy gradations, 
so that it is not possible to say where one ends and the other begins, 
indeed there would be a certain convenience in accepting a third 
division of intermediate or middle-sized spicules, which we might call 
mesoscleres.”’ Finally, in 1889, Scuutze & LENDENFELD accept ScHMIDT’s 
primary division into “polyaxone, tetraxone, triaxone, and monaxone 
Nadeln.” 

I do not intend to discuss here the triaxons and tetraxons; for 
the present I only wish to draw attention to some monaxons and 
some spicules hitherto generally considered as polyaxons. 

In the group of the monaxons, i.e. spicula with one single axis, 
two fundamental divisions may be distinguished, according to the 
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fact whether the ideal axis lies in a plane or not. In the former 
case the line may of course be straight, curved, bent, flexuous ete. ; 
in the latter case the line is a screw helix '). The spicula belonging 
to the former case I propose to call pedinarons’), the others 
spiraxons*). To the group of the pedinaxons belong e. g. oxea, styles, 
tylostyles, some of the “amphidisci”, some of the “toxa’. It is, 
however, to the spiraxons, that I wish more especially to draw 
attention. 

Again we can distinguish here two cases: a. the screw line is 
formed on the surface of a circular cylindre or 8. on that of an 
elliptical cylinder. The former group I wish to call a@-spiraxons; the 
pitch is here generally large. The latter I call 8-spiraxons; the pitch 
is here small. 

Let us first examine the a-spiraxons. To this group belong the 
spicula known as sigmaspires, toxaspires, spirules; further those which 
are usually called spirasters and which are by the majority of spon- 
giologists erroneously considered as modified asters. This mistake is 
due, I believe, to Oscar Scumipt. Hine blosse Modification dieser 
Kugelsterne,’ he says, 1870, p. 5, sind die Spiralsterne oder Wal- 
zensterne. Sie werden zwar in manchen Spongien nur allein, d. h. 
nicht untermischt mit den Kugelsternen angetroffen (Spirastrella 
cunctatriz Sdt. Chondrilla phyllodes N.), haufiger aber, wie wir unten 
in die Specialbeschreibung (z. B. von Sphinetrella horrida N. und 
Stelletta hystrix N.) hervorheben werden, liegen alle Uebergange von 
den normal centralen Sternen zu den gezogenen Spiralsternen vor.” 
Unfortunately did Scumipr not keep his promise; for in the description 
of Sphinctrella horrida we find nothing more about it, and Stedletta 
hystrix is forgotten altogether. Scumrpr failed, therefore, to give any 
proof whatever for his statement that “Spiralsterne” are modified 
“Kugelsterne”. Scumipt’s suggestion has nevertheless generally been 
accepted, myself not excluded. 

Sottas (1888, p. LXI) distinguished two chief series of spicula 
(microsclera): “the radiate or astral, and the curvilinear or spiral.” 
The former are called “asters,” the latter “spires.” With some 
astonishment we further read that the asters are divided into two 


1) These terms are to be taken cum grano salis. No biological formation will 
ever be absolutely mathematical; thus it may be that the axis of a flexuous or 
undulating spiculum is not exactly lying in a plane, without, however, being in 
any way comparable to a screw helix. 

2) redevos, plane, even. 

3) gmeita (lat. spira), everything which is twisted. 
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subsections: “the true asters or euasters, and the streptaster or those 
in which the actines do not proceed from a centre but from a larger 
or shorter axis, which is usually spiral’. Evidently one should 
expect that those /“streptasters’’ were arranged under the “spires.” 
As a matter of fact neither Sorias, nor any other author has 
given very striking arguments to consider the spiraster as a modi- 
fication of the euaster. We know examples of very young stages of 
spirasters; they always possess the twisted character. But no instance 
is known of spirasters originating from or forming transitions to true 
asters. It is true that such supposed transitions are mentioned by 
some authors; but probably we have here to do with a mistake due 
to optical delusion. For instance, Scumipr described: (1862, p. 45) a 
Tethya bistellata, possessing in addition to ordinary asters, double 
ones (/“Doppelsterne’’). But Lenpenrenp described (1897, p. 55—58) 
a Spirastrella bistellata (which he considers identical with Tethya 
bistellata O.S.), in which he found that the supposed asters are true 
“spirasters’. Judging from what I saw ina type specimen of ScHMIpT’s 
sponge, I have no doubt that LuypDENFELD is right. Quite correctly 
LENDENFELD believes that Scummr has been misled by an optical 
delusion, “da diejenigen Spiraster deren Axen im Preparat aufrecht 
stehen und daher verkiirzt gesehen werden, hiufig wie Euaster 
aussehen??.2.% . I fail to find a single proof that spirasters are modi- 
fied euasters, either in previous papers, or in my preparations. On 
the contrary, everything speaks in favour of the view that “spiras- 
ters’ are a sort of a-spiraxons. The fact that in some cases it is 
difficult to get certainty about the twisted shape, is no proof against 
my suggestion in general. For in the great majority of cases the 
twisted nature is certain, as can be demonstrated by allowing the 
spiculum to roll in the preparation when observed through the 
microscope. 

Let us proceed now to examine the different sorts of @-spiraxons. 


1. Sigmaspira. 


SoLLAS (1888, p. LXII) gives the following definition of the sigmaspira : 
va slender rod, twisted about a single revolution of a spiral’; he 
adds that it appears in the form of the letter C or S, according to 
the direction in which it is viewed. Te definition of the “toxaspire” 
runs as follows: “a spiral rod in which the twist a little exceeds a 
‘single revolution. The pitch of the spiral is usually great and the 
spicule consequently appears bowshaped when viewed laterally”. 

It seems to me not quite exact when Sonzas pretends that the bowshaped 
appearance is in the first place due to the number of revolutions. 
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Considering the facts that these spicula are generally very small, 
and that consequently a microscope of very high power is wanted to 
understand the true shape, it is evidently not easy to determine the 
number of entire revolutions or parts of it; the same may be said 
of the pitch of the ,spiral” — or rather of the screw helix. 

In order to obtain certainty about this I constructed wax models, 
the axis of which were screw helices of various length and various 
pitch, of course all drawn on the same circular cylinder. The dia- 
meter of the models I made in accordance to the relative size observed 
in the spicula. Such a set of models ought to be carefully studied 
in projection. This can be done by looking at them with one eye, 
or, which is far better, by studying the shadows of the models in 
various positions. These projections are then compared to the camera- 
drawings or microscopical projections of the spicula themselves. This 
method most clearly shows 1s° that the bow-shape can be obtained 
with models of less than one revolution; 2°¢ that the C- or S-shape 
can be obtained with models of more than 1'/, revolution. This 
depends both on the length and the pitch of the screw helix, as is 
shown by the following table *): 


bretotutieds Pitch, 

js 10° 20° 30° 40° 
*/s a a C [S] (A)} © [S] A 

3/4 Cp silie es CRS TAG), tee ea aia 

fe C (S) [A] CTS dh UA SO LEWIS 
1 AGL Al (Cy) Sack coe sme CL SH 
1/¢ SAIC) soe CS 

a SAS) al KC) OULSUK 
11/, Ses CGT ies © OR SK 

1}/, Ea iES) PeACah) 1G) iS). VAS Ce (Silat 
13/4 SOIR Mee MLSs Aa) oe eee ee SIL 
15/, aa) ore NG 

2 ates | Pel 


1 C, S or A means: C-shape, S-shape or bow-shape distinct; ( ) means 
indistinct; [ ] means very indistinct. A dash — means that the shape cannot be 


obtained with the wax model. 
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This result leads us to a dilemma. Either the definitions of sigma- 
spira and toxaspira will have to be modified, or we have to drop the 
distinction between the two forms of spicula. I believe that it follows 
from the above table that the latter way out of the difficulty is 
preferable. We may maintain the name sigmaspira for smooth, 1. e. 
not spined a-spiraxons of no more than 1°*/, revolution. 

LunpenreLp (1890 p. 425) has another conception of the sigmaspira : 
“ein einfach spiralig gewundener oder bogenformiger Stab.” Hence 
he seems to accept two different kinds, instead of considering them 
as belonging to one sort, the shape of which simply differs according 
to the direction in which it is viewed. Since he says that his “spirul” 
has “mehr wie eine Windung’’, he seems to accept no more than 
one revolution for the sigmaspire. This is not in accordance with my 
observations, as laid down in the above table. 


2. Spirula. 

Although Carrer did not give a special definition of the spirula, 
it is clear enough what he understands by this name. In his paper 
on the “spinispirula” (1879 @ p. 356) he calls the spiculum which 
he formerly (1875 p. 382) described as “sinuous subspiral’, simply 
“the smooth form of the spirula” and he refers to- an illustration of 
the spicule as it occurs in Chona abyssorum (1874, Pl. XIV, p. 33). 
Obviously the term spirula used by Carrer is an abbreviation of 
4spinispirula”, not as terminus technicus. Ripuey & Drnpy (1887 pp. 
XXI and 264) introduce the term spirulae as synonym with spinispirulae 
of Carter, adding that “these are more or less elongated, spiral or 
subspiral forms, which may be either smooth or provided with more 
or less numerous spines.” Sonuas creates (1888 p. LXII) the term 
polyspire for spirula, stating that it is “a spire of two or more revo- 
lutions”, adding, however, that he is inclined to adopt the term spirula. 
In the list given by Scnutze & Lenprnrenp (1889 p. 28) we find a 
“spirul” described as “spiral gewundene Nadel mit mehr als einer 
Windung”. Consequently we learn that the term spirula by some 
authors is used both for smooth and for spined forms, whereas others 
leave the question open. Lenpenrenp (1890 p. 426) proposes the 
name for smooth spicula only: “eine sehlanke und glatte, spiralig 
gewundene Nadel mit mehr wie einer Windung”. I herein agree with 
LENDENFELD and I understand by spirula: a smooth a-spiraxon of at 
least 1°/, revolution. 


3. Spunispira. 
As long as the a-spiraxons are smooth it will as a rule not create 
any difficulty to distinguish sigmaspirae and spirulae. But there are 
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a quantity of spined a-spiraxons. Evidently such spined a-spiraxons 
will exhibit the twisted nature the less distinctly the more the 
spines are developed. It is, therefore, not practical in this case to 
make distinctions, based on the number of revolutions. Especially not 
because there exists a great diversity with many transitions. I prefer, 
therefore, to propose for spined «-spiraxons the general term spini- 
spirae, to which | bring the spicula called by previous authors spira- 
sters, metasters, plesiasters, and also (partly) spinispirules, sanidasters ete. 

Sontas (1888 p. LXIII) has given the following definition of the 
spiraster: “a spire of one or more turns, produced on the outer side 
into several spines.” Scuutze & Lunpenreip (1889 p. 28) say that it 
is a ,leicht gewundener gestreckter Aster mit dickem, dornenbesetztem 
Schaft’, a definition which LrenpenreLp (1890 p. 426) modified into: 
yein kurzer und meist dicker, leicht spiralig gewundener Stab mit 
starken, meist dicken und kurzen, kegelformigen Dornen’. So1as 
distinguished /“metasters’” and “plesiasters’’ from his spirasters, but 
he acknowledges himself that: “the three forms present a perfect 
eradational series, so that it is frequently difficult when they all occur 
associated in the same sponge, to distinguish in every case one variety 
from the other’. Now it happens very frequently indeed that they 
all occur associated in the same sponge and that all gradations are 
met with. One only needs to read Sonnas’ own descriptions and to 
compare them with his illustrations, e.g, of the many “species” of 
Thenea, Poecillastra, Sphinctrella i.a. in order to become convinced 
that it is practically impossible to distinguish spirasters, metasters and 
plesiasters. Scuutze & Lenpunrexp, therefore, did not adopt the latter 
two terms. 

I am of opinion that the name spinispira can be likewise applied 
to the spicula which Soxnas calls amphiaster; at any rate to such 
amphiasters as are said to occur in Stryphnus niger Sori.) A great 
confusion exists, with regard to the word amphiaster. The name 
is first used by Ripiny & Denpy (1887 pp. XXI and 264), who 
say that the amphiaster is composed of ya cylindrical shaft bearing 
a single toothed whorl at each end; occurring for example, in 
Axoniderma mirabile...” The authors give an illustration by fig. 9 on 
their Pl. XXI, and a further explication saying: “amphiastra = biro- 
tulates (Bowerbank); amphidisks (auctorum).” But Sonnas says (1888 
p. LXIV) of Ais amphiaster “the actines form a whorl at each extremity 
of the axis, which is straight’; herewith a woodcut on p. LXI. 


1) In his preliminary account on the Challenger-Tetractinellids (1886 p. 193) 


Soutas calls this spiculum ‘amphiastrella”. 
8 
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Scuttze & LENDENFELD (1889 p. 8) have about the same conception 
of the spiculum :, “gestreckter Aster; ein Schaft, von dessen beiden Enden 
Strahlen abgehen.”’ Comparing now the three quoted illustrations, it 
becomes evident that there are important differences between them. 
Notwithstanding Scnurze & LenpeNnreLp illustrate a spicule with a 
long “Schaft” and long pointed “Strahlen”, we find in the definition 
of Luxpenrenp (1890, p. 419) that the amphiaster is: ,ein in die 
Lange gezogener Stern, die aus einem hurzen, geraden Schaft besteht, 
von dessen Enden mehrere kurze Strahlen* abgehen’”. Indeed: tot 
capita tot sensus. If, therefore, I bring certain amphiasters to the 
spinispirae, only such are meant as Sonias describes e. g. in Stryphnus 
niger. 

Carter (1879 @, p. 354—357) has introduced the term “spinispirula”’ 
for spiniferous spirally twisted spicules.” Such spicula are, according 
to Carter exceedingly polymorph. They may be “long and thin” or 
“short and thick”. The spines may be “long and thin... or long 
and thick... or obtuse... The spines may be arranged on the spicule 
in a spiral line, corresponding with that of the shaft... or they may 
be scattered over the shaft less regularly... Lastly, the shaft may 
consist of many or be reduced to one spiral bend only...” 

Instead of chosing one of the various terms mentioned above, I 
prefer the new term spinispira, which is then simply: a spined 
a-spiraxon. If in future it happens become to a desideratum to have 
more than one name for such spicula, one might distinguish two 
groups of spinispirae, viz. forms with long spines and such in which 
the spines are small, in comparison to the total length of the spiculum. 
In the former group the ratio between the length of the spines and 
the total length is usually no more than 1:3; very seldom as much 
as 1:7; the number of revolutions is generally not more than 17/,. 
In the latter group this ratio is usually at least 1:10; the number 
of revolutions as a rule more than two. 


4. Microspira. 


In some sponges very minute spicula occur, especially in the super- 
ficial (dermal) layers and lining the canals, which are either distinct 
a-spiraxons, or modifications by reduction. For obvious reasons it can 
only be made out with a microscope of very high power and in favourable 
situation in the preparation, whether they are smooth or minutely 
spined. In such small spicula it is not always possible to distinguish 
with certainty whether they are minute spinispirae, sigmaspirae or 
spirulae. Moreover they show generally manifold transitions in one 
and the same sponge specimen. This is e.g. the case in Placospongia 
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carinata. And still, we want to designate them with a name; I 
propose to use for this the term microspira. 


5. Sterrospira. 

In the remarkable genus Placospongia the stony cortex and axis 
are almost entirely composed of spicula, which very strikingly resemble 
the sterrasters of Geodidae. Keller (189le, p. 298) was the first 
to demonstrate that these spicula are of quite a different nature ; 
whereas the sterrasters develop from true asters, the cortical spicula 
of Placospongia take their origin from “Spirastern”. This observa- 
tion is confirmed by Lexpenrenp (1894d, p. 115). Hanirscu (1895, 
p. 214—216) found the same for the corresponding spicula of Physca- 
phora (= Plancospongia) decorticans; as they possess in this species 
an elongated, somewhat crescent-shaped appearance Hanirscu called 
them ,selenasters”. In 1897 LenpuNreLp, not acquainted with the 
paper of Hanirscu, proposed the name “pseudosterrasters” for the 
cortical and axial spicula of Plancospongia graeffei (—=Physcaphora 
decorticans Han.). If one wishes to apply the rules of priority in this case, 
the spicula under consideration have to be called selenasters. I am, 
however, of opinion that these rules, excellent as they are for specific 
nomenclature, need not to be applied in other cases and I propose, 
therefore, the name sterrospira, which at the same time reminds us 
of the sterrasters (of the Geodidae) and the spiraxons. ') 


In the group of the B-spirarons the ideal axis of the spiculum is 
a line drawn on an elliptical cylinder. The simplest type of such 
a spiculum is 


1. Sigma. 

This term is introduced bij Ripney & Denny (1887, pp. LXIII 
and 264) for spicula called by BowxrBank “bihamate”’, “contort 
bihamate” and “reversed bihamate”. The authors say that the sigma 
consists of a “slender, cylindrical shaft, which is curved over so as 
to form a more or less sharp hook at each end. The two terminal 
hooks may curve both in the same direction, when the spicule is 
said to be simple... or they may curve in different directions, when 
it is said to be contort... There is, however, no real distinction 
between the two, and, as a matter of fact, the spicules are nearly 
always contort to some extent’. SoLbas (1888, pp. LXII) modified 
the definition into “a slender rod-like spicule curved in the form of 
the letter C. This spicule is not spiral though it probably arises 


1) For details I refer to a paper on Placospongia from Dr. Vernuovr and 
myself, to appear within a short time (Siboga-Expeditie. Monogr. VI. Porifera). 
Q* 
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from a sigmaspire by increase in size and loss of the spiral twist”. 
Scuutzn & Lexpexrenp (1889, p. 28) stick to the contorted nature : 
doewundene, eine halbe Spiralwinding bildende Nadel”. Finally the 
definition is again somewhat modified by Lenpunretp (1890, pp. 426) : 
deinfach spiralig gekriimmter oder bogenférmiger Stab.” 

The spicula belonging to this type, appear, like the sigmaspirae in 
the shape of the letter C or S, or as a bow. Here too these various 
appearances depend on the direction in which the spiculum is viewed. 
According to my conception only such forms belong to this group, 
which are contorted, not such in which really the “hooks curve both 
in the same direction”. The latter are curved pedinaxons, the former 
are spiraxons. The axis, as a rule, has less than one, but more than 
half a revolution, which is easily proved by wax models. 

As a derivation or modification of the sigma we have 


2. Chela. 

BowerBank has already shown (1858, p. 804—305 ; reprinted 1864 
p. 47—48) that the chelae develop from sigmata. This observation is 
confirmed and enlarged by Ripnuy & Dunpy (1887, p. XX), Lrvinsen 
(1886 and 1894), H. W. Wirson (1894), Prxennarine & Vosmanr (1898, 
«a p. 86—88). We remarked (1. e. p. 37): “not only can we confirm 
this but we can give a new strong argument in favour of it. This 
lies in the fact that the anisochelae of /sperella syrine are twisted.” 
I can add now that this twisted nature is found in isochelae as well 
as in anisochelae. Consequently we may regard both as B-spiraxons. 


3. Dianceistra. 


According to Ripuny & Drxpy (1886, p. XTX) the spicula, which 
SOWERBANK Called “trenchant contort bihamate’, and for which they 
propose the name diancisira ave “usually... more or less contort, 
the two hooks lying in two different planes”. My own observations 
confirm this statement and I bring the diancistra, therefore, likewise 
to the p-spiraxons. 

Resuming we may divide the monaxons into the following primary 
groups : 


I. Pedinavons. Monaxons the axis of which lies in a plane; 
(oxea, styles, tylostyles, ete.). 
I. Spiravons. Monaxons the axis of which is a serew helix. 
A. «Spiravons. The axis is a line drawn on a circular cylin- 
der; the pitch is generally great, to this eroup 
belong : 


1. Sigmaspira. ; 


2. Spirula; 
3. Spurspira; 
4. Microspwa; 


5. Sterrospira ; 


B.  B-Spuwravrons. 


1. Sima; 
2. Chela; 


3. Diancistra; 
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smooth a-spiraxon of no more than 1'/, 
revolution. 

smooth a-spiraxon of at least 1°/, revolution. 
spined @-spiraxon. 

very minute, smooth or spined a-spiraxon,: 
it unites the characters of 1 and 3 dimi- 
nutively, and frequently forms transitions 
and reductions. 

the young stages are spinispirac, from which 
develop by secondary soldering together of 
the spines the adult forms. 


The axis is a line, drawn on an elliptic 
cylinder; the pitch is always small; always 
less than one revolution. Hereto belong: 


smooth @-spiraxon. 

the young stages are sigmata; in course of 
development very complicated siliceous pro- 
cesses grow out; we distinguish two sorts, 
viz. isochelae and anisochelae. 

the young stages are (probably) sigmata 
from which develop the adult ones by 
outgrowth of siliceous processes. 
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Physics. “Statistical electio-mechanics.” IT. By Dr. J. D. van DER 
Waats Jr. (Communicated by Prof. Van prr WaAAts.) 


The distribution of the energy over the different periods in quasi- 
canonical ensembles. 


In equation (8) of my previous communication ') a distribution of 
the energy over the different periods is included. If therefore this 
equation really represents the condition of a space filled with “black 
radiation”, then a complete spectral formula for black radiation may 
be derived from it with the aid of the law of Wren on the shifting 
of the wave-length with the temperature. 

Instead of discussing the rather intricate equation (8) I have taken 
a simpler equation which I expected to yield the same distribution 
of the energy over the different periods. This simpler equation, 
however, proves to include a distribution which does not at all agree 
with the distribution of the energy which is found in black radiation. 
Now it is possible that the distribution, determined by the simpler 
equation does not agree with that, determined by equation (8). But 
it is also possible and for the present this seems more likely to me, 
that equation (8) does not represent the condition of a space filled 
With black radiation, or in other words that the nature of black 
radiation is not correctly determined by the suppositions that ¢, gy and x 
have a most probable value, and that for the rest the distribution is 
as irregular as possible. If this second explanation is the true one, 
the systems are still subjected to other conditions, besides those con- 
cerning the most probable values of «, g and x, or, what comes to 
the same, the distribution of the systems of an ensemble in which 
the conditions for the values of ¢, y, and x are satisfied, are more- 
over still partially ordered. 

The simplification I have applied to equation (8) is the following. 


‘ 0) 
In the first place I have omitted i this will no doubt have very 
2 


1) These Proceedings IV, p. 27. 
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little influence on the distribution of the energy. Then I have con- 
fined myself to treating one dimension only, and this has induced 


2. tr Qn 


me to omit the terms —. If, however, we admit electric and 


1 
magnetic masses into the space, statical forces may occur. When 
analysed with the aid of Fourirr’s integrals these statical forces 
actually yield a distribution of the energy over the different wave- 
lengths. Yet they do not contribute to the propagation of radiation, 
the distribution of which we wish to investigate. It is for this reason 
that I have preferred a distribution in time to one in space. 

So we consider the component / in a certain point during the time 
between the moments t= 0 and t=4,. This time we think divided 
into 2 equal parts t and the values of 7 dwing those parts we call 
respectively 7, f,, fs, - - - fn Then the index of probability gets 
the following value: 


f ti 


pete 7 < ea 
eee i ip erened Sree | Ais uh hig 
5 a oe ={ ¥ (2) 


0 0 


If we wish to make the agreement of this equation with equation 
(8) as great as possible, we have to give to / in this equation 4a V? 
times the value it has in equation (8); this follows from the equations 
(10) and (45). 

Now we will proceed to the investigation of the distribution of 
the energy over the different periods, included in equation (8a). To 
that purpose we represent 7 as a function of ¢ during the space of 
time between ¢=o0 and t=4,, by means of the integrals of FourtEr. 
As we will begin with treating 7 as a discontinuous function, determ- 
ined by the 2 values /,, /,...jn, We will represent the integral as 
a sum, which only becomes an jntegral if we make m assume the 
limiting value o. Therefore in the expression 


vA) = fff (w) {sin (ug) sin (gt) + cos (uq) cos (qt)} du dg, . . (26) 

in which the limits for « are O and ¢, and those for gare 0 and  , 
t 

we will replace wu by — v or by tw and du by t where v represents 


n 
the series of the integers between O and ». 


So we get 
Fe) = aS fo {sin (rvq) sin (qt) + cos (vq) cos (gt)} dq. 
v=0 


If we wish to separate in this equation the energy for a deter- 
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mined period we must give g a determined value p and then take 
the square of the amplitude for this vibration. So we find: 


2 
aris 


In what follows we may omit the limits as all summations are 
to be executed between O and n; and we may omit the constant 
factor t? as it is only our aim to determine the relative values of 
quantities A, for different values of p. So we get: 

Ay = > fy fu {sin (cop) sin (te'p) + COs (rvp) vos (te'p) } 
Ay a Ty fr COS Oe ) UP ss tere aoe) cee (27) 

For this quantity A, we seek the mean value for all systems of 
the ensemble. To this purpose we have to multiply the value of 


vn 2 
= fy cos (rup) 


—= 


==) 
Ay Sane | = fy sin (rep) 
t=O 


equation (27) with the probability that the quantities /,..../n have 
a determined, arbitrarily chosen value and consequently we have to 
integrate according to df,....dfn between the limits — and -- o. 
. df fri—fo 
To that purpose we will represent A liye Ei , and we get: 
a t 
pot f,” = (foti—foe)’ 
oe kr bes ; : 
Ap = {|e Soto 008 O—v) ep df, oi 30din 2 428) 


y 


If we bring the factor e” outside the integral sign as well the 
exponent of e as the other factor under the integral sign are homo- 
geneous quadratic functions. By the introduction of other variables 
we may transform bath functions to terms of squares and in the 
same time it is possible to choose the variables in such a way, that 
aul coefficients which occur in the exponent are unity. So we may 
bring the integral into the following form: 


cal (FOR a LSet Pn") 2 2 5 
fr (8, Pr +B, Ps? +B; Ps” ++ Bn Gn?) A dyp,... dpn (29) 


where A represents the determinant of Jacopr. The linear substitution 
required to get this form may be thought to be executed in two 
operations: 1s* a substitution which yields 

Ka? Pda? Yn 
for the exponent and: 

G14 Yi? + Ass pee —+- cee Onn Ln? + 2 Gis hr ne Saw a 2 Un—1)n Xr Yn 
for the other factor; 2"¢ an orthogonal substitution in consequence 
of which both functions assume the form they have in equation (29). 

The determinant of Jacosr for the total substitution is the product 
of the determinants for the partial distributions. The determinant 
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for the orthogonal substitution has the value unity; so only the 
determinant for the first partial substitution remains. This substitu- 
tion has been chosen without taking into account the form of the 
second factor. The coefficients which determine this substitution 
depend therefore only on the coefficients of the exponent; as p does 
not occur in these coefficients, the determinant also cannot be a 
function of p, and so we may omit it in what follows. 
The integral (29) can easily be integrated and yields: 
CBs 
So we have only to calculate the sum of the coefficients 8. These 
coefficients may be found by the solution of the following equation 
of which they represent the 2 roots: 


a,,—-B a, Oss oliatko elas 
a a,,~B a5 ooh psemy 

a =U, ( 
a, Bs. Gag «os Op 0 (30) 
ayy On? An coe On—Pp 


The sum of the coefficients @ is the sum of the roots of this 
equation, i.e. the coefficient of 8"—-'. Only the product of the elements 
of the diagonal of the determinant yields terms containing 6'~1; and 
as is obvious, the coefficient of B’—! will be 

Ge Gog TOs; Se ae Cin 

In order to determine this sum we have to find an arbitrary 
substitution for which the exponent assumes the form 2° and then 
we must substitute the new variables x into the second factor. A 
substitution fulfilling this condition may easily be found. The exponent 
namely may be written as follows: 


‘3 1 
= fy — S(f; SEES Sl pea ses afy—B fi Zi 
9 fan ne (foti—Sr) (¢ fo—B fot) 
hd NES i 2 
where : pS mA + = and —2esp=— a 


So we find for @ and P: 


Vy Pe 
9 2 vo ha ee 


bee IS es, 
rie AA gt ea 
wo wu kr 
Now we choose as new variables : 


a fy Ae B fot —y Gm 
This substitution does not yield the accurate coefficients for /,* and 
f, for, in order to get quantities %, we have to take as one of 
the new variables y%, = @fn—Bf/,; So we introduce moreover a 
term 2a8/,f, which does not occur in the exponent. As however 
the exponent consists of an infinite number of infinitely small terms, 


wie 
tle 


(De 
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these three terms which have not the proper coefficients will be of 
little importance. 

These new variables are now to be introduced into equation (27). 
Yet it is not necessary to execute the substitution completely, for, as 
we have only to determine the sum of the coefficients of the squares 
y’, we may leave the coefficients of the products x, ~ out of account. 
In the first place we have to express the old variables / in the new 
variables x. We have: 


1 == aS, hek aie 


X= 2s fea Lh 
4, = ON eed Oi 
From this follows: 
a—p- OC Ode 0 y= 5 ae Oye) ae eee 
Qe FO aka, 0 Ws a—Bp 0 Ops 0 
4 OT Ure 8 Ol, Ogee fy AO OF Wetted 
3 Ou Oh Oe Ob a vi 0 “OF BOG Or meee 


or ak (a"— B”) = NG aqn—l — Xe qn—2 B -. Ms an—3 8? + See Xn Br—l 


In the same way we find for /, 


fr (a= 8") = Yo aT $ Yop 2 BE Yogs a8 BP. 
Ley PT BY Log, TBP, oy BI... | 88) 

In determining the products /./. we shall always suppose that 
v’ >v, and so we shall integrate » between the limits 0 and vo’: 
v' between the limits O and w. In this way we get only one half 
of the quantity we have to determine. In order to find the amount 
contributed by the product Sef i058 ('—v)tp to the coefficient of Le 
we have to distinguish three different cases : 

1st. O<7r<». Then the coefficient has the following form: 

qeu'—2r—2 B2n+2r—v—0" COs (v' ae v) Tp 

gods yeaa v. Then 

ee or? ter acon — ea) 
thet) <i an nen: 
CNT U at 2 Bene 0 coy a) ep) 

We have to seek the sum of these quantities, when 7 gets suc- 
cessively the value of all integers 1st. between 0 and v, 294, between 
vy and v' and 34. between v' and v. v hag all values between 0 
and v', and 2 those between 0 and ». We may write these sums in 
the form of integrals, if we put: 

Ti Ol sens yn T= w THe 


ai =a and epi: 
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The integration according to w may directly be executed. It yields 


for the three eases: 
ie = hog ewy 
- a 
b a b 


If we substitute in this equation for each case the proper limits 
and ie we then add the results for the three cases, then we get: 


{fa 2s [O24 { ast! but queful f—u—w' } 


21 — tah bi { qua beutwl gut bu—u' } aL 
Pht autru—2h b—u—w¢t, __ qu—w' p—wtu'}] cos p (u! —u) du div. 


In the exponent of a we have neglected the term 27 as it is small 
compared with the other terms. If we arrange the terms in another 
way and again suppress the constant factors we may write the 
integral in the following form: 


Gmc 
—u' u 
J wean (;.) G) cos p (u'—u) du dul + 
+ {fem i (; ) eos os piu —u) du du’, . ., (33) 


Integrating partially we find: 


Uy wy 
a\u it a \t uy es 
— cos p(u'—u)du—=—} ( — |cos plu —u) — |sin p(ul —u) du= 
NE a| \b 0 a b 
0 jes = 


b 5° 
u u 7 uu i 9? aH ¢ u 
eo ~ \eos p(u'—u) sha s 4 PRA piu —n) se A ~ \eos p(u'-- udu 
CED eh et b 
i= ri i >? 
b b b 


From which follows: 


ae a\u 
uy =—{| = |— cos pu) —p sin pu 
hau BAND Pt WEEE 
IG» p(w —u)du= 

) 
0 


a 2 
l i os P 


In the same way we have: 
a —y! ; 
a l— --cos pu') — psinpu 


a, Nee b 
IG p(w —u)du= 

b 
0 


pe 2 
a, 
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If we introduce these values into expression (33), it assumes the 
following form: , | 


t we: 
1 S, al in a\t) a 

= hablar) (fe Myo | —bh | — l—cos pul — 

mem meg oe) 
be + po 

b 

thy uy 
at (=F) —bh @ 1 cn | du! 


. 


Integrating this equation we get: 


1 


a 
2 | @i SE 7, — Gp ne 
a b b b 
po + pt 


a 
+ (ah + b4) 0 ; (sin pt, + cos pt,) + (ai—bnh) pl i (sin pt, —cos rt) | 


The fact that the terms with sz pt, and cos pt, occur, shows that 
the distribution depends on ¢,. We might have expected this, specially 
as we have chosen a /,—8/, as one of new variables for the substitution 
and therefore introduced the condition that 7, and f, have about the 
same value. If however we take a considerable value for ¢, then 


a Bon 
the term (a4—bnt) / zh will have decisive influence. If we now con- 


sider a region of the spectrum of some, though it be an extremely 
small extension and not a rigorously simple wave, then we have to 
admit slight variations in the value of p. The terms si pt, and 
cos pt, Will then have alternately the positive and the negative sign 
and yield zero on an average. 

If ¢, has a sufficiently great value then the course of the function 


1 
is principally determined by the factor ~———. This expression does 
a 
f a p? 


not present a well defined maximum value, but it has its greatest 
value for p =o (i.e. for infinite wave-lengths), it decreases gradually 
with increasing p and is zero for p= o (i.e. for infinitely small 
wave-lengths). 

So this equation does not at all represent the distribution of black 
radiation. I only communicate these calculations in order to show 
that equations analogous to (8) or (8a) determine in fact a distribution 
of the energy over the different periods and to indicate a method 
for analysing such like equations. 


ioe 


Physics. — “Ternary systems.” V. By Prof. J. D. van per WAALS. 
(Continued from pag. 21). 


If the temperature is so low that there is no question of critical 
phenomena, and if therefore both liquid sheet and vapour sheet cover 
the whole triangle, v,, is for all points either positive or negative, 
and the given rules for the displacement of the curves of equal 
pressure will therefore be followed by all points of these curves. If 
on the other hand the temperature is chosen so high, that the surface 
of saturation does not cover any longer the whole triangle, and if 
therefore the liquid sheet and the vapour sheet pass into each other 
above a certain locus in the triangle, v,, vanishes for the phases 
represented by this locus. 

We may form an idea of the shape of the surface of saturation 
with the aid of fig. 11 (Cont. H, p. 1385). Let us imagine that this 
figure represents a section by the vertical plane which contains the 
X-axis of the triangle and let us take a similar section by the 
vertical plane which contains the Y-axis. The value of 7 is then 
chosen such that 7’>(T.,),, and also T>(7T,,),. In the figure men- 
tioned P is the point, where a vertical tangent may be drawn, so 
this point represents a phasis which is in critical point-of-contact 
circumstance, and for which v,,—0. The point C represents the 
plaitpoint. If we now imagine different planes which contain the 
axis erected in the point 0 normal to the plane of the triangle, these 
planes will cut the surface of saturation, and the sections will be 
analogous figures, which however change their shape fluently from 
that which they have in the POX-plane to that which they have 
in the POY-plane. If the pressure is lower than the lowest pressure 
of the points P, the two branches of the curves of equal pressure 
are perfectly separated lines which, if the pressure is increased, will 
be displaced according to the rules given above. If however the 
pressure has risen till the pressure of a point P has been reached, 
then the two branches are still separated, but on the vapour branch 
occurs a point for which v,,=0. Such a point is not displaced 
when the pressure increases. The locus of these points forms the 
limit of the mixtures which may be splitted up into two phases at 
the given temperature. From a geometrical point of view it is the 
envelope of the projections of the horizontal sections of the surface 
of saturation, or the envelope of the projections of the curves of equal 
pressure. If the pressure has been increased till it has attained the 
value of the lowest of the pressures of the point C, then the two 
branches of the curves of equal pressure pass continuously into one 
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another. But if we continue to call those phases represented by the 
lower sheet, vapour phases, and those phases represented by the 
higher sheet, liquid phases, then the vapour phases do not reach 
the point, where the connection of the two branches has taken 
place (the plaitpoint), but only the point where the value of v,, 
is zero, i.e. the point, where two successive curves of equal 
pressure intersect. For all points lying on one of the sides of that 
point of intersection, — e.g. on the side where the plaitpoint occurs, — v,, 
is positive. : 

These points will be displaced towards the conjugated point, when 
the pressure is increased; all points on the other side of the point 
of intersection will move away from the points, representing coexisting 
phases. If we, therefore, continue to use the expressions “Jiquid 
phasis” and “vapour phasis” with the same meaning as we have 
done till now, we must say that for points between the plaitpoint 
and the point for which v,,=0O two liquid phases coexist. If for 
the two pairs of the ternary system we had a course of the pressure 
as is represented in Cont. II, p. 135, fig. 12, the above rules would 
continue to hold; but in this case we find a series of vapour phases 
coexisting with vapour phases between the plaitpoint and the point, 
for which v,,—=0. For these points we have then retrograde con- 
densation of the second kind. We may expect that it will be easier 
to observe this phenomenon for a ternary system, than for a binary 
one. In order that retrogade condensation may be easily observed a 
rather great distance between the two sheets of the surface of satur- 
ation is required; and the distance between the sheets will be 
more considerable in the middle than at the ends, where we have 
to deal with a binary mixture, because the requirements for sta- 
bility and coexistence for a ternary mixture are stricter than those 
for a binary mixture (See Vol. IV, p. 577). But then we have to 
avoid the case that a real maximum pressure occurs, for in that case 


we have also in the middle of the figure a point in which the two 
sheets touch each other. 


c. Curves of slope and nodal envelopes. 


If for a binary mixture we have construed the eurves eae 
and p= f(w,), we have at the same time answered the question, 
what phases may coexist with each other. Every line parallel to the 
X-axis joins a pair of coexisting phases. If on the other hand we 
have construed the two sheets of the surface of saturation for a ternary 


system, this is not sufficient in order to answer the question which 
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phasis coexists with a given phasis. It is true that we know that 
the pressure must be the same, and that therefore the second phasis 
will be found on the other sheet at the same height as the first 
phasis, but as the section of the second sheet by a plane ata height 
equal to p is a curve and not a point, the question is not yet per- 
fectly determined. Therefore, besides the series of curves of equal pres- 
sure, which are already given as the points which have the same 
height, still another series of curves must be traced on the surface 
of saturation which pass from lower to higher pressure and whose 
properties enable us to answer the question, which phasis of one 
of the sheets corresponds with a given phasis of the other sheet. 
We will again begin with treating the simplest case, in which 
maximum-pressures are excluded, as well for the pairs of components 
of which the ternary system consists, as for the ternary system itself, 
so the ease for which the lowest pressure is equal to p, and the 
highest to p,. The question is then, what systems of curves, starting 
at the point where the pressure has the lowest value and ending in 
the point where the pressure has the highest value, may be traced 
on one of the sheets or on both sheets of the surface of saturation 
which enable us to find, what phases coexist with each other. Such 
a system of curves will be found in the course of a person who 
would climb the inclined sheet, e.g. the liquid sheet, always moving 
in such a direction that he has the phasis, coexisting with the point, 
where he is at the moment, just in front of him. If we now project 
the tangent to the way which he has followed’ on a horizontal plane, 
the point in which this projection cuts the vapour sheet will indicate 
the coexisting phasis. The projection of such curves on the plane of 
triangle OXY has therefore the property that the tangent passes 
through the conjugate point, and is therefore the chord, joining the 
points 1 and 2; from this follows again that these projections are the 
envelopes of these chords. If therefore in the plane of the triangle 
we have drawn the two branches of the curves of equal pressure, 
and if we have joined a pair of nodes by a chord, an element of 
the curve in question will be represented by an infinitely small part 
of this chord. Let the point from which we start represent a liquid 
phasis and be its coordinates 2, and y,. The projections of the element 
of the way followed are then the quantities dv, and dy,. At the end 
of the elementary way the second phasis is also changed, of course, 
and the consequence of this will be that we have to follow a curve. 
But the direction of the infinitely small way will always be the same 
as that of the chord joining the nodes; and the differential equation 
will therefore be given by: 
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For these curves on the surface of saturation I have chosen the 
name of “curves of slope’. This series of curves begins and ends 
with the following curves: 1st the curve p= /(y,) for the pair (1, 3), 
and 2°¢ the curve consisting of ap =f (v,) part for the pair (1, 2) and 
of a corresponding part for the pair (2, 3). If we draw these curves on the 
vapour sheet, we must imagine that we descend instead of ascending. 
For the projection of these curves on the plane of the triangle I 
have chosen the name of “nodal envelope’. The outmost curves 
of this series are: 1 one of the sides of the triangle, adjacent to 
the right angle, namely that one corresponding to the third component, 
and 2¢ a line consisting of the other side adjacent to the right 
angle and the hypothenuse of the triangle. 

For the solution of the differential equation of these curves it is 
required that we may express v, and y, in #, and y,. This is 
possible (p. 7) when the second phasis is a rare gas phasis, if we 
namely assume the functions mw’, and w',, to be known. For that 
ease the equation we have to integrate may be written: 
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The last equation may also be written as follows: 
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an equation in which all exponents are positive as appears from the 
values of p,, p, and p,. 

For C=O this equation is satisfied by a,—0 and therefore the nodal 
envelope coincides with the Y-axis. For C= either y, or 1—7,—y, 
is zero, and for this value of C the nodal envelope coincides with 
the X-axis and the hypothenuse. For the special case, for which 
pP,=2p, and p,=3p, the equation assumes the following shape: 

a? a Cy, (1-2 —y;,)- 

This is the equation of a conic section which touches the X-axis 
and the hypothenuse in the points in which they cut the Y-axis. 
Whatever the values of p,, p, and p, may be, the curve will touch 
the X-axis and the hypothenuse in the points mentioned, if only the 
condition p,< p,<ps be satisfied, and the same would hold true 
if on the other hand p, >p, >>p, be fulfilled. The nodal envelope 
for which C=O will of course be an exception to this rule. 

In the adjoined figure 13 the 

Bh general course of the nodal envelope 
is represented in the above de- 

scribed circumstances. Though the 

calculated formula only holds for 

w',, and uw', = constant the shape 

of the curve will agree in main 

features with the one, drawn here, 

always if neither on the sides, 

nor anywhere in the middle of 


i: A the surface of saturation a maxi- 
e 4 - x 2 
, mum pressure occurs. 
Fig. 13. Only the details are different. 


For the locus of the points where the tangent of the nodal envelope 
is parallel to the Y-axis for instance, we find in the case that 
u',, and w',, are constant a right line passing through the intersection of 
dy, 
av 
so dx, = 0. But then also z,—wv, = 0. 


the X-axis and the hypothenuse. For =o for such points and 
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This equation represents a right line, if the factor of 7, is constant, 
and it-yields ¢,==1 if y,=0. If the surface of samration 16-4 


plane, ie. if eo” — 28 and eft aft then the equation of this 
Pr Pr 
right line is: 
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This right line coincides with the liquid branch of the projection 
of the curve of the pressure p,. (See our previous communication, 
p. 14). 

If wy, and qw, are not constant, i.e. if the factor of y, is variable, 
then the locus of the points for which x,—2,—=0 is of course not 
straight, but it will be a curve, which, however, if the condition 
wy, > U's, continues to be satisfied, will start from the same angle 
of the triangle. In this case the line for which «,—zx,—=0O does no 
longer coincide with the line for which the pressure is equal to D3 
If we put in equation (7) of p. 12. 


then we find: 
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If we denote the value of w for e—1 and y=0 by «,,, then 
we have: 
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The second member of this equation represents the distance between 
the point of intersection of the tangential plane to the p-surface and 
the vertical axis of the second component, and between the ordinate 
“,,.. If the whole surface lies below the tangential plane, as is 
probable, then the second member is positive and p> ps and the 
difference between p and p, increases, if the point of intersection 
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lies at a greater distance from the second component, and if the 
deviation of the surface « from a plane surface is more considerable. 

The succession of the values of the pressures p,, p, and p, involves 
that the condition y¥, — y, = 0, which would lead to: 
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cannot be fulfilled, for in that case the factor of «, would be less 
than unity, and the equation: 
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with constant value of w',, and w',, would then in fact represent a 
line through the summit of the triangle; but a line outside the 
triangle. But we will return to this condition presently. 

These nodal envelopes have an analogous significance as that of 
the lines of force in the magnetic field. In the same way as 
the tangents of the lines of force determine the direction of the force, 
but not its intensity, so the tangents of the envelopes determine the 
direction in which the second phasis is to be found; but they do not 
indicate the distance between the points 1 and 2. This distance, 
however, is perfectly determined if also both branches of the curves 
of equal pressure and triangle OXY are drawn. Then we find the 
second phasis which coexists with a given liquid phasis, by drawing 
in the point representing the liquid phasis the tangent to the nodal 
envelope of that point; the point of intersection of this tangent and 
the vapour branch for the pressure of the liquid: phasis represents 
the second phasis. If we do this for all points of the same nodal 
envelope then we get a new locus, which we may call conjugated 
curve of the nodal envelope. In order to give the equation of this 
conjugated curve we must be able to express v, and y, as functions 
of x, and y, and we must substitute these functions in the equation 
of the envelope. In general, however, we are not able to do this, 
not even in the case that the second phasis is a rare gas phasis. 
Only in the case that w’,, and w',, may be considered as constants it can 
easily be executed. If we write the equation of the envelope as follows: 
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which only may be admitted for constant value of w',, and yp’, , and 
if we take into account that: 
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following formula: 
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From this follows that the conjugated curve of a nodal envelope 
of liquid phases, is, in the chosen circumstances again a nodal enve- 
lope, with another value of the constant, namely: 
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If p,<p.<ps, the factor of Cis greater than unity and the con- 
jugated curve is therefore to be found nearer the hypothenuse. Only 
in the case that p,—p, we have C’ = C; but then the system is 
only apparently a ternary one, and the envelope degenerates into a 
straight line with the equation: 
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It appears therefore that the conjugated curve in this case always 
coincides with the envelope. 

We might also have considered the nodal envelope for vapour 
phases. Then we consider the projection of the way which we should 
follow, if we descend on the vapour sheet from the point where 
the pressure has the highest value towards the point, where it 
has the lowest value, always moving in such a direction that we 
have the liquid phasis just in front. We find the equation of this 
curve if we express the values of wv, and of y, as functions of 2, and 
y, and if we substitute those functions into: 
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This is only possible if w's, and uw’), are constant as we have 
already mentioned several times. With the aid of the equations: 
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we find a differential equation, which differs from the one treated 
p. 124 in so far that w,, y,, dv, and dy, are substituted for 
2, Y,, dx, and dy,, and that —w', and —w',, are substituted for 
w',, and w',,. In the integral found there the same substitutions must 
of course be performed. So we find: 
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This equation may also be written in the following form: 
at PM —¢, Yo j Ay os (ee) Pi 
For C,=0, we have also 2,=0, and the J’-axis is therefore the first 
of the envelopes, just as was the case for the liquid phases. For C, = 
we have y,=0O and 1—2z,—y,—0. The last of the envelopes is 
therefore also here the X-axis and the hypothenuse. Though the 
equation of the two series of envelopes is different, the course is in 
many respects analogous. These envelopes also touch the hypothenuse 
in their beginning and touch the X-axis in their final point. They 
have a tangent parallel to the Y-axis, and the locus of the points 
where this is the case, is found from the equation: 
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This locus coincides with the vapour branch of the curve of press- 
ure p,. This nodal envelope has a conjugated curve, which is again 
a nodal envelope with greater value of the constant, just as is the 
case for the liquid phases. 

Before we proceed to the discussion of the nodal envelopes in more 
complicated cases, namely in those in which a maximum pressure 
occurs either on the sides of the triangle or for a point inside the 
triangle, we will make some general observations about peculiar points 
of these curves, which, however, only apply to the case that the 
second phasis is a rare gas phasis. 
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we deduce that the nodal envelopes have tangents which pass bea 
the angles of the triangle, if either w's,, or wy, Or wy,—UWx, are 
equal to zero. The tangent contains the angle representing the third 
component, if «'s,—=0; that representing the second component if 
u'y, = 0; and that for the first component if wy, = u's. 

The conditions that a tangent of the envelope is parallel to one 
of the sides of the triangle may be deduced from the values of z,—7, 
and y,—y,. So from «#,—7r,=0O follows the condition that the 
tangent is parallel to the side of the first and the third components. 
This condition has the following form: 
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Now = tana, where a represents the angle enclosed between 
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the radius vector drawn from the second component, and the X- 
axis. As a@ must be less than 45°, we get for the condition for the 


existence of points where the tangent is parallel to the Y-axis: 


and ws, <Cu',,, if both are positive. 
The condition that the tangent is parallel to the Y-axis may be 
derived from y,—y, = 0 and has the following form: 
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As ie = tan 8, where 8 represents the angle, enclosed between 
1 
the radius vector drawn from the third component, and the Y- -AXIS, 


we may write this condition as follows: 
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and 'z, > 'y,, if both are positive. 


The condition that the tangent is parallel to the hypothenuse may 
be derived from: 


From this we deduce: 
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Therefore a tangent of the nodal envelope parallel to the hypo- 
thenuse can only occur in the case that «w,, and w,, have different 
sign. 

All these relations apply only to the case that ql,, and q,, may 
be equated to zero; and the given rules will require corrections when 
the temperature is increased and approaches one of the critical. 
temperatures. If 7’ has reached a value higher than (7’,,), for instance, 
and consequently the surface of saturation does not cover the whole 
triangle any more, the envelopes can no longer pass through the 
angle of the third component. Even without knowledge of the equation 
of the envelopes we can understand in the following way what 
peculiarity will then come into the shape of those curves. The 
surface of saturation has in the vertical plane containing the Y-axis, 
and also in that containing the hypothenuse still the shape of fig. 11, 
Cont. Il. The first curve of slope lies in the first mentioned ver- 
tical plane and consists of that part of the p curve of the figure 
mentioned which extends to the maximum, ie. to the point C. All 
other points of this pressure-curve, as well those between C’ and P 
as those forming the lower branch, represent coexisting phases and 
belong to the conjugated curve of this curve of slope. The last of these 
curves of slope lies above the X-axis and above the hypothenuse, but 
above the hypothenuse it also extends only to the projection of the 
point of maximum pressure. Every intermediate nodal envelope has 
initially the shape of fig. 13, has also still a vertical tangent, but ends in a 
point (the projection of a plaitpoint) before it has reached the locus 
which represents the limit of the points above which the surface of 
saturation extends. Above such a limiting point of the nodal envelope 
the curve of slope of which it is the projection has reached its highest 
point. Before the limiting point however the course has been modified. 
In order to discuss this modification we will derive the second 
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phasis for which dz, and dy, ave zero, so for that phasis which 
coexists with the critical point of contact. If we write: 
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1 and 2 are situated on opposite sides of the plaitpoint, and the 
point 2 must always lie on the tangent of 1, and the curve contain- 
ing the points 1, the nodal envelope will present a point of inflection 
in the plaitpoint, i.e. in the point where it ends. The further con- 
tinuation to the locus of the critical points of contact belongs to the 
conjugated curve, and this must reverse its course either abruptly or 
fluently, where it meets the locus mentioned. 

Let us now pass to the discussion of the course of the nodal 
envelope in the case that a maximum pressure exists on one of the 
sides of the triangle. We shall suppose it to occur on the X-axis, 
so that the succession of the pressures is given by: 
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If for a certain value of x, a maximum pressure occurs on the 
X-axis, then 2,—2x, = 0, and y, =90,; from which follows that for 
the point representing the phasis with maximum pressure we have: 


a shape which is indefinite. As, however, the points 
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The locus, represented by w',, = 0, (see our previous communication 
p. 9) cuts therefore one of the sides of the triangle adjacent to the 
right angle, namely that one which joins the angles representing the 
first and the second component. Inside this triangle therefore also a 
continuous series of points occurs for which this condition is satisfied. 
The shape of this locus cannot be determined without the knowledge 
of the equation of state. It might be derived from the equation on 
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as follows from the form of the equation of state I have adopted, 
then we see that «’,,=0 in the case under consideration represents 
a feebly bent curve, which starting from the Y-axis intersects either 
the Y-axis or the hypothenuse. Which of these lines will be cut 
depends on the values of (7), and of (7), and on the size of the 
molecules of the components 1 and 2. As intermediate case the curve 
wy, = 9 might pass through the angle of the third component. In 
fig. 14 I have represented it by 
curve DIF’, so [have assumed it to 
cut the hypothenuse. The area of the 
triangle may be divided into two 
parts according to the value of u's, . 
On the left of D/’ this quantity 
is positive; on the right of DF 
it is negative. As the quantity w',, 
does not change its sign in the case 
under consideration (the pressure 
not presenting a maximum on the 
lines AC’ and BC), the value of 


,—l 
Fig. 14 ———— is positive on the left of 


DF, and negative on the right. The points in which the tangents 
to the nodal envelopes are vertical, can therefore only be found on 
the right of D/’; tangents parallel to the hypothenuse on the other 
hand can occur on the left of D/’. On the line DF itself the tangents 
have a direction, passing through the point C. The curve D/ repre- 
sents the locus of the points whose tangent is vertical, and the curve 
DH that of the points whose tangent is parallel to the hypothenuse. 
We may easily form an idea of the course of the nodal envelopes 
themselves in main features if we consider them as slight modific- 
ations of the shape they should have if the curve DF’ were a straight 
line, directed towards the summit C. In that case namely the course 
of the envelopes in’ the left part is the same as that of fig. 13, — 
with the modification which follows from the fact that one of the 
sides, adjacent to the right angle is smaller than the other, and 
in the right part it is symmetrical with fig. 13 with regard to the 
Y-axis, — with the modification which follows from the fact that an 
obtuse angle occurs instead of the right angle. In the left part AD-+- DC 
is one of the outmost envelopes; in the right part BD-+ DC. 
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If also one of the other sides of the triangle presents a maximum 
pressure, e.g. the Y-axis, then we have to deal with still another 
locus: «w',, = 0. The circumstance whether the two curves wx, = 0 
and w',, =O intersect or not decides whether for a ternary system 
a maximum pressure exists or not. The given rules concerning the 
peculiar points of the envelopes enable us in this and other cases 
to conclude to the course. But I will no longer dwell upon this 
subject. I consider the preceding discussion as sufficient to draw 
attention to the significance of these curves for the knowledge of a 
ternary system. 


d. The addition of a third component to a given binary system. 


If we have a binary system consisting of 1—v, molecules of the 
first kind and x, molecules of the second kind, and we add to it a 
third component so that the final composition is given by 1—vxr—y, 
« and y, then we have: ; 
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From this relation we derive: 
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from which we conclude, that the points representing the ternary 
system lie on a straight line, which counects the summit of the 
rightangled triangle with that point on the opposite side that represents 


the composition of the binary system. 
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In order to get the corresponding equation for the vapour phases, 
we must interchange the indices 1 and 2; it has the following form: 
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If the gas phases are very rarified the latter equation may be sim- 

plified to: 
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which form is identical with that which applies if a second component 
is added to a simple substance, and from which accordingly the 
quantity 2, has disappeared. This identity of the form of the equation 
does, however, not justify the conclusion that also the shape of the 
curve p= f(y.) will be identical. The same form of the equation 
apples also to a binary system, and yet it includes the great variety 
of curves which the pressure as a function of the composition of the 
vapour can present. All those differences in shape are to be ascribed 
to the different ways in which y, and y, depend upon each other. 
In the same way every plane section of the vapour sheet for a 
ternary system by a plane, normal to the plane of the triangle and 
passing through the summit, will be represented by this equation, 
though these sections may present an infinite variety of forms, which 
again may differ from those of a binary system. Yet we may make 
use of this equation and deduce some general properties from it. 
5e-e. &. — will be zero if on the chosen section a point x,, y¥, 


2 


occurs for which 
Ys, = Oe. 

If the succession of the values of the pressures is p, << p, < py 
this can never occur. In this discussion, however, we will think the 
succession to be changed according to the circumstances in order 
that we are not obliged to draw the section every time through 
another angle of the triangle. If the succession is p, <p; <p, a 
locus occurs indeed, for which yv, = y, and this locus coincides with 
that for which the pressure of the vapour phases which occur on the 
chosen section is maximum or minimwn. We might have expected 
a priori that in general a maximum or minimum would be found 
on the section which passes through the angle for the component 
whose pressure lies between those of the other components, and 
which cuts the opposite side in a point with the same pressure. 
This maximum or minimum will, however, not have the same 
significance as that of a binary system. For in the case of a binary 
system the composition of the vapour is the same as that of the liquid 
phasis ; for a ternary system only y, and 7, are equal, but 7, and 2, 
differ. In such a point the pressure of the liquid phasis is not 
equal to that of the vapour phasis as is the case with the 
maximum pressure of a binary system, — but the pressure of 
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the liquid is higher than that ot the vapour. The two sheets 
do not touch one another in such points. It is true that the 
pressure for a point conjugated to such a point is the same, but 
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If we substitute in this equation y, = y,, we find: 

1 dp 

pdy, = (%,—4,) {eo ayy, —2 Ma, js 


“. depends on the 
a 


curvature of the w-surface, and in all cases in which the surface is 
only slightly bent it will have only a small value; but only in very 
special cases it will be rigorously zero. In general therefore we 
may assume, that this locus of the maximum liquid pressures does 
not deviate much from the locus for which y,—y,—=0. If the pro- 
jections of the curves of equal pressure are drawn, the points of 
maximum pressure and the sections discussed by us are of course 
immediately to be determined, by tracing the tangents, passing through 
the angles of the triangle. 


The factor v7,—.x,, which also may be written 
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vanishes in the first place if the quantity we have denoted by a, is 
zero, and in the second place if it is equal to unity. But in these 
cases we are really dealing with binary systems; in the first case 
with the pair 1,3 and in the second with the pair 2,3. In the first 
case we have: 
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The quantity w',, — 2", + w",, has for the pair 2,3 the same 
signification as w',,, for the pair 1,3, as is easily understood. 


The quantity 


ase assumes also this simple shape in the very 
MRT dy, 


peculiar points, where x,—v,=O either inside the triangle or on 
ee dy 

one of its sides, and also in the points where ua vanishes. 
au 
1 


But in general the quantity (#,—w,) (u"ny,—a, u's) will cause a 
modification in the course of the value of the pressure which is 
very slight. The value of the pressure depending principally on the term 
Vers 


¥ lee i) 4 
We will consider more closely this last quantity, which represents 
ae dp , 
the limiting value of — — for y,=0O or y,=41, for a binary 


9 1 
mixture and which for a ternary system is to be augmented with 
du' x, 
(t,—2,), yl : 
a 


We have found before the following value for Es 


oP 
pois Oy) ela, 8) 


i fie? 
Ii (1 w—y,) tae" 4+ Yi eh th 
From this value we deduce, if we set y, —0 and 7,=—2, 
yi—y, _ (¢” ®—1)—a,(e"" —1) ean 1 
yi—y,) Lea 1) js nS ea pie 


where w',, and w’, have the values they have in the point whose 
coordinates are z, = 2, and y,=—90. This value, which for x, =0 


3 pb U9), — pon 
is equal to e “%—1, has for «,—=1 the final value Cee SE, 
and varies fluently with increasing x,; and now the way in which 


1d 
— 7? varies depends upon the relation between wy, and wr,. This 


p dy, 
value may have reversed its sign, either from negative to positive 
or from positive to negative. The quantity «’y,—ws, represents the 
variation of « for the motion along the hypothenuse towards the 
summit of the triangle in the same way as “’,, represents the varia- 
tion for the motion along the Y-axis towards the summit. If there- 
fore 7, for the summit is lower than (7%-),, then wy, IS positive, 
and if 7, for the summit is higher than (7%), then py, — (2, is 
negative. 

It is not superfluous to point out in how high a degree the value 


Laka ye ene 

Olas ae depends on the value of «’,,, if it represents the initial 
i 

direction of a curve of equal pressure for a binary system. According 


; : é pe , ; 
to our former observations this value is equal to e “— 1. If we 
dp Ya 4s 


also draw the vapour curve, then —- ——-= , and so it is equal to: 
p dy, Ys 
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py 
eé n—l ei . 
ih —1—e "" If we draw moreover the curve of the double 


oth 
. dp ' ; ! : 
points then we have —-=,. For the case that w'y,,=0 we always 


pdy 
ee 1 dp 1 dp 
find zero as well for the value of — — as for and : 
dy, p dy,  — p dy 
If w',, is positive, the three lines ascend, and they descend if w'y, is 
negative. If the value of wy, is very small, there is only a small 
difference in the slope of the three curves. But if w’,, has not so 
very small a value, then there is a very great difference in the slope 


of the three curves, and the liquid branch ascends exceedingly fast. 


F aT , blog per 
LT dy, dy, 


1 


fio Tees 
As Ly = 


Ler 
dy; 
value, so if the 7, of the second component is much lower, e.g. if 
we press a permanent gas into a liquid. As in general 7’. does 


we shall have a great value w'y,, if has a considerable negative 


: d 10g Per yee: 
not depend linearly on y, and aan has a value differing from 
a 
zero, we shall not find the accurate value for w',,, putting: 
He 
! 


tly, = l( Ler), (Lon) 


but only amore or less approximated value. If we choose for the second 
component a substance whose 77. is much lower than 7’ and for the first 
component a substance, whose 7%, is much higher than 7’, we do not take 
an impossible value for wy, if we give it the value 14 or 15 for 


ordinary temperature. In that case os may in rough approxima- 
tion be represented by 10°. If we might apply the results we have 
obtained, also in the case of water, though its behaviour is specially 
at low temperatures very abnormal, then we might form an idea of 
the degree of approximation by means of the absorption coefficients 
of gases solved in water. 

According to our results we find for small values of 7,, if we 
neglect the vapour pressure of the first component compared with 
the total pressure: 


P=Py, (e%—I). 
Here p, represents the vapour pressure of the first component. 
Further we have, denoting the absorption coefficient by a, and the 
molecular weight and the density of that component by m, and d,: 
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__ m, 0,0018 
= a Negee e 
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If we neglect unity toe”, we may derive from these two equations : 


Poe ee cout 
et = — = 5 
m, 90,0013 ap, 
: ; : 4.6 
if awe “put in this equation=d, = 1,-m,== 16 and p, = 


Atmospheres, and a = 0,02 as is the case for N,, then we find for 
wy, a value between 16 and 17. This result shows that the equation 


i id my ry 
by == 373 (Ler )w — (Ter) vo} 


does indeed hold as an approximation. 

If we had chosen as second component a substance of small 
volatility and whose 7’. is much higher than (7;,),, then we might 
form an idea of the value of w',, by making use of the approximation: 


if f a] o} 
(Ln = a {(Zer), eae, (Ler) as 


if 
but then we should find a very great negative value for w',, and 
for “2 —e”" a value which differs only slightly from zero. 
he 


When we add a third component to a binary system whose com- 
position is determined by «,, then we have found for the value of 


——, if y, is infinitely small: 


1 dp ot 1 


Dp dy, =i : a 1 +-(%,-— 2), tee, 7 “o Ln i. 
—x,+4,¢e 

The two branches of the pressure-curve of this section do not start 
in the same point and so they differ already from the beginning from 
those of a binary system. Only if (7,—7,), = 0 they start at the same 
point. But as the factor of v,—vr, depends on the curvature of the 
uw surface the influence of this term may be neglected specially when 
w',, is great or when the curvature is considerable. So we find for 


1 dp ; } 
the value of x, for which — i vanishes approximately : 


peer; 
ARES S| 
.——— 
eg. ee L 


Only when w,,< u'r, this yields a possible value for x, at least 
if as well w'y, as wz, are positive. 
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Geology. — “Cambrian Erratic-blocks at Hemelum in the South-west 
of Frisia.” By J. H. Bonnema. (Communicated by Prof. 
Jie Wie MOLL). 


To the East of Molkwerum, a railway-station between Leeuwarden 
and Stavoren, stretches a region that from a geological point of view 
is yery remarkable; as was especially shown by the interesting 
researches of Dr. vAN CAPPELLE. ') 

The road first leads in a North-eastern direction to the village of 
Koudum, which is situated on elevated ground. As far as here the 
surface showed alluvial clay only; now we see for the first time 
diluvial formations. The outer part of this elevation consists of 
boulder-clay, whereas in two sand-pits it may be easily observed 
that preglacial layers form the inner part. 

A little farther on, when the alluvial grounds are reached again, 
one comes to the Galama-dams. They are found on the Morra, 
according to the above-named author a bottommoraine-lake. 

About a mile farther upward we again find diluvial soil, and on 
continuing our journey in the direction of Rijs we see, just before 
leaving Hemelumer-Oldephaert and Noordwolde, and entering the 
domain belonging to Gaasterland, in a meadow to the right of the 
road a large pit 8 metres deep. From this pit for some years 
boulder-clay has been dug in behalf of the brick-works of the Comp. 
“Gaasterland”’, at a short distance, on the other side of the road. 

As far as I know, these are the only brick-works in the Northern 
part of the Netherlands, where bricks are made of boulder-clay. 

The boulder-clay, which forms a bottom-moraine here and which 
must be found very deep in the earth, is coloured blue-grey. Only 
quite near the humus-layer it has become red-brown, under the influence 


') Van Cappette, Les Escarpements du ,Gaasterland” sur la cote meridionale de 
la Frise. Extrait du Bulletin de la Société Belge de géologie, de paléontologie et 
@hydrologie 1889. 

Van Cappetie, Bijdrage tot de kennis van Frieslands bodem. II. Kenige mede- 


deelingen betreffende de Gaasterlandsche kiiffen. Tydschrift v. h. Koninkl. Nederl. 
Aardryksk. Genootschap. 1890. 


Van Cappette, Bijdrage tot de kennis van Frieslands bodem. IV. Eenige mede- 
deelingen over de diluviale heuvels in de gemeente Hemelumer-Oldephaert en Noord- 
wolde. Tijdschr. v. h. Kon. Nederl. Aardrijksk. Genootschap. 1892. 

Van Cappette, Bijdrage tot de kennis van Frieslands bodem. Ve 
"t diluvium van Gaasterland en Hemelumer-Oldephaert er, Noordwold 
h. Kon. Nederl. Aardrijksk. Genootschap. 1895. 
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Van Caprette, Diluvialstudien im Stidwesten von Friesland. Verh 
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Koninkl. Akad. v. Wetensch. te Amsterdam. 1895. ; 
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of the weather. It contains comparatively few erratic-blocks. They 
often show very fine glacier-scratches and are mostly of average size. 

During the time when this opportunity of gathering erratic-blocks 
has presented itself, I have several times visited, from Leeuwarden, 
this loam-pit. The result of these visits is that I brought home rather 
a large number of erratic-blocks (probably between 300 and 400). 

The sedimentary ones are still here at present; after studying them 
I intend to present them to the Geological Institute at Groningen. 
The others, whose number is small compared with that of the sedi- 
mentary stones, have already been given to this histitute. 

Though my collection is still small, it is large enough to confirm 
my opinion that our knowledge of our sedimentary erratic-blocks 
leaves much to be desired. I formed this opinion already after 
examining the erratic-blocks of Kloosterholt. *) 

In gathering erratic-blocks in the Gron. Hondsrug I had gradually 
come to the conclusion that our sedimentary ones almost exclusively 
originated from Silurian layers, and that the latter must have shown 
much resemblance to those of the Russian Baltic-sea provinces, perhaps 
are still to be found there. On getting acquainted with the erratic- 
blocks in the boulder-clay of Kloosterholt, however, I could not but 
see very soon that at any rate this rule does not hold good in all 
eases. In this place I often found pieces of older and younger forma- 
tions, while corresponding stones occur as firm rocks in Sweden and 
Denmark. The very same phenomena, as I hope I shall indicate, are 
seen in the erratic-blocks of Hemelum. Besides Silurian formations, 
others, both older and younger, are numerously represented. At the 
same time all of them show almost exclusively a West-baltic character. 

We should then see the remarkable phenomenon that at Groningen, 
which is situated between Kloosterholt and Rijs, erratic-blocks greatly 
differ from those of the two places mentioned. 

Gradually, however, I am beginning to doubt whether my opinion 
about the character of the erratic-blocks in the Groningen Hondsrug 
should be the right one. In the years when I used to gather there, 
digging was atmost entirely confined to the upper layers, so the 
chances are, that deeper parts contain other kinds of erratic-blocks. 

A few facts seem to indicate this. First of all: while a deep cave 
was being dug under the brewery called Barbarossa, at Helpman, 
big blocks of Saltholmlime with Terebratula lens Nilss made their 


1) Van Catker, Ueber eine Sammlung von Geschieben von Kloosterholt. Zeitschr. 
d. Deutsch. Geol. Gesellsch. Jahrgang 1898 p. 234. 
Bonnema, De sedimentaire zwerfblokken van Kloosterholt. Versl. v. d. Koninkl. 
Akad. van Wetensch. te Amsterdam 1898 pag. 448. 
LO 


Proceedings Royal Acad. Amsterdam. Vol. V. 
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appearance. Some pieces of this material are still to be seen in the 
Geological Institute at Groningen. 

Secondly: van Canker’), — when the ramparts near one of the 
gates (Boteringepoort), which ramparts had certainly been made of 
the boulder-clay from the very deep ditches in that neighbourhood, 
were dug off, — found some erratic-blocks consisting of kinds of 
stone such as I never found afterward, and which do not oceur in 
the Russian Baltic-Sea provinces, i.a. slate with graptolites, Faxe-line 
and sandy glauconite lime-stone with Terebratula lens Nilss. 

Deeper cuts made into the Hondsrug may afterwards give us an 
opportunity of learning whether my original opinion was entirely right, 
or is the true one only as far as the outer layers are concerned. 

I should now like to tell something about the chief Cambrian pieces 
that are found in my collection. I am going to treat only of those 
stones whose age may be more or less precisely determined. 


I. Lower-Cambrian Stones. 


1. Seolithus-sandstone. Eleven stones consisting of this material 
are found in my collection. Nine of them are typical grey, quartz- 
iferous Scolithus-sandstone, showing a peculiar, fatty lustre on the 
side where they were broken off. No layers are visible as long as 
the stone is not changed by the influence of the weather. Only if 
this takes place, the layers become more or less visible. In one stone 
they are rather distinct and turn upward (perhaps downward) near 
the “scolithus.” Two other stones, one of which is blue-grey, whilst 
the other moreover contains red parts, are clearly divided into layers 
and contain much finer tubes than are found in the typical stone. 
In the regions from which our eriatic-blocks come, Scolithus-sand- 
stone was first seen as firm rock in the isle of Run6d near Oscars- 
hamm, where according to TorwiL’) it was discovered by Dr. Houm- 
strom. Afterwards it was also met with as such by Nartuorst *), in 
the isle of Furén, not far from Runo. 

I was wrong when, in treating of the Kloosterholt erratic-blocks, 
I told that Scolithus-sandstone as firm rock is found in Sweden, in 
the neighbourhood of Lund and Kalmar. The same mistake was 


1) Van Catxer, Beitrige zur Kenntniss des Groninger Diluviums. Zeitsch. d. 
deutsch geol. Gesellsch. Jahrg. 1884 pag. 718 and 727. 


2) Tore, Petrificata Suecana formationis cambricae. Lunds Univ. Arsskvitt, 
Tom. VI 1869 pag. 12. 


*) Natuorsr, Geol. éreningens i Stockholm Férhandlingar 1879. Bd IV, pag. 293. 
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made by ScHROEDER VAN DER Ko1k') and by Srgustorr?). The latter 
and I probably came to make it unter the inflnence of what was 
told by Roxrmer*) with regard to the origin of this kind of erratic- 
blocks. With ScHrogper v. pb. Kok this is certainly the case, as 
appears from the note at the bottom of the page. 

As to their being found at Hardeberga in the neighbourhood of 
Lund, Rormer seems to have forgotten the fact that TorEin ‘), though 
he at first communicated that the Hardeberga sandstone contained 
worm-shaped bodies probably belonging to Scolithuslinearis Hall, 
afterwards makes mention of a new kind, viz. Scolithuserrans ToRELL °). 
The latter are distinguished for being mostly curbed and running 
through the stone in various directions. 

RormEr’s information that Torti describes Scolithuslinearis from 
an erratic-block found near Lund, and that according to NiLsson 
Scolithus-sandstone oceurs near Calmar (as firm rock), must be attri- 
buted to an error. If my imperfect acquaintance with the Swedish 
language does not deceive me, TorEL1*) writes that the place where 
the pictured stone (an erratic-block) was found, cannot be indicated 
for sure, but that Nitsson thinks he remembers that it was found 
near Calmar. 

In the Northern part of the Netherlands erratic-blocks of Scolithus- 
sandstone are rather common. In Frisia were found, besides the 
stone treated of above, one in the Roode klif (Red Cliff) ’), one in 
the Mirnsercliff*) and one at Warns (see number 3). Among the 
erratic-blocks of the Gron. Hondsrug *) only one piece was found up 
to this time, whereas I formerly described already two pieces from 
Kloosterholt !°) and afterwards gathered more of them there. In the 


1) Scurogper van per Koxx, Bijdrage tot de kennis der verspreiding onzer kris- 
talline zwervelingen. Dissertatie pag. 50. 

2) Sreustorr, Sedimentirgeschiebe von Neubrandenburg. Archiv des Vereins der 
Freunde der Naturgeschichte in Mecklenburg. Jahrg. 45 pag. 162. 

3) Roemer, Lethaea erratica pag. 23. 

4) Torett, Bidrag till Sparagmitetagens geognosi och paleontologi. Lunds Univ. 
Arsskrift. Tom. IV. pag. 35. 

5) Torett, Petrif. Suec. format. cambric. pag. 12. 

6) Torett, Bid:ag till Sparagmitetagens geogn. och paleontol. pag. 29. 

7) Van Cappette, Bijdrage tot de kennis van Frieslands bodem. If pag. 12. 

8) Van Cappette, Les Escarpements du ,Gaasterland”, pag. 236. 

9) Van Catker, Ueber das Vorkommen cambrischer und untersilurischer Geschiebe 
bei Groningen. Zeilschr. d. deutsch. geol. Gesellsch. Bd XLII pag. 793. 

10) Van Catxer, Ueber eine Sammlung von Geschieben von Kloosterholt, pag. 235. 
Bonnema, De sedim. zwerfblokken van Kloosterholt, pag. 449. 
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province of Drente van CaLkrr') mentions Buinen, Steenbergen and 
Zeegse as places: where he came across these stones, whereas [| 
myself found some at Odoorn. 


2. Grey sandstone with interlaced coloured layers. 

A small piece of quartziferous sandstone, 7 centimetres long, is 
almost entirely grey-coloured. Two systems of coloured layers, varying 
from red to violet, interlacing under angles of about 80 degrees, are 
also found. The layers of each system separately run parallel to 
each other. Surfaces of deposit do not occur and the size of the 
grains of sand is everywhere the same, so that it is impossible to 
examine which layer-system runs parallel to them. 

This sandstone was made mention of for the first time by Nar- 
Horst *), who found erratic-blocks consisting of it in Jungfrun in the 
Kalmarsund. With Dames*) he found the same kind of stone in 
Oeland, a few years after. Later on the latter writer *) could tell 
about this kind of erratic-block occurring in diluvial layers in the 
neighbourhood of Berlin. 

As one of the pieces found there contains Scolithus-tubes, he could 
also draw the conclusion that their age is the same as that of the 
above mentioned Scolithus-sandstone. This conclusion is confirmed 
by means of a piece of Scolithus-sandstone that I found at Warns a 
short time ago. Through the grey piece of sandstone run on one 
side a few violet-coloured layers, which are intersecting the Scolithus- 
tubes under an angle of 60 degrees, while the latter always stand 
perpendicularly on the surfaces of deposit, which are not seen here. 

That this stone also occurs in the Dutch diluvium, was already 
shown by van CaLkEr*); he proves that it is found in the erratic- 
blocks of the Gron. Hondsrug. 


IT. Mid-Cambrian Stones. 


3. Limesandstone with Paradoxides-remains. 
In my collection I have also a piece of grey, fine-grained sand- 
stone with a large quantity of calcium-carbonate as binding-material. 


1) Van Gatker, Ueber ein Vorkommen von Kantengeschieben und von Hyolithus- 
und Scolithus-Sandstei in Holland. Zeitschr. d. deutsch. geol. Gese'lsch. Jahrg. 
1890 pag. 583. 

*) Natuorst, Geol]. Féreningens i Stockholm Férhandlingar 1879. Bd IV pag. 293. 

*) Damss, Geol. Reisenotizen aus Schweden. Zeitschrift der deutsch. geol. Gesell- 
schaft. Jahrg. 1881 pag. 417. 

*) Dames, Zeitschr. d. deutsch. geol. Gesellsch. Jahrg. 1890. Bd XLIIL pag. 777. 


®) Van Catxer, Zeitschr. der deutsch. geol. Gesellsch. Jahrg. 1891. Bd XLII 
pag. 793, 
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Through the stone run intersecting passages of the same mineral. 
Here and there are small grains of glauconite and pyrites-crystals. 
Besides many Paradoxides-fragments arranged in layers, my stone 
contains remains of horn-shelled Brachiopoda. The former are creain- 
coloured and do not allow of being further defined. Among the latter 
are easily found valves of Acrotele granulata Linn. 

About this stone I have up to this time nowhere found any infor- 
mation. It is probably of the same age with the layers of Paradox- 
ides Tessini Brongn., or it is a little older than these are. 


4. Gravel-stone with Paradoxides Tessini Brongn. 

a. It is a piece of fine-grained, hard sand-stone, yellow-grey inside 
and light grey nearer the surface, whilst the surface itself is brown 
in some places. With a magnifying-glass some grains of glauconite 
and a few mica-scales may be distinguished in it. 

With muriatic acid applied to it, there is no effervescence; conse- 
quently it does not contain calcium-carbonate. There are no layers. 

The chief remnant occurring in this erratic-block is a mid-shell, a 
little more than 1 centimetre long, of a Paradoxides, which mid-shell 
is visible for the greater part. The cream-coloured shell is still almost 
entirely present. That this remnant originates from Paradoxides Tessini 
Brongn., could be easily determined by means of the description and 
the pictures which Linnarsson ') gave us of this kind. Prof. Mossre, 
to whom I had the honour of showing this erratic-block, when visit- 
ing Lund, thought my determination right. 

The glabella increases in breadth towards the front; quite near 
the front it is broadest. The front-edge is rounded off. On each side 
the glabella has two side-furrows, which in the middle run into those 
of the other side, which is also the case with Paradoxides Oelandicus. 
Of smaller furrows, which according to LinNaRsson are sometimes 
found in the latter, nothing is to be seen here. The edge before the 
glabella is very narrow in the middle and broadens towards the ends. 
This is characteristic of Paradoxides Tessini, whilst with Paradoxides 
Oelandicus the breadth of the edge before the glabella is rather con- 
siderable, and remains about the same towards the sides. 

We also find here a piece of a thorax-ring of a kind of Paradoxides, 
in which it may be seen that the pleurae first run straightway towards 
the outside and then turn to the back, forming an almost right angle. 
This also oceurs with Paradoxides Tessini, whereas with Paradoxides 
Oelandicus this turning to the back takes place gradually. 


1) Linnarsson, Om Faunan i Kalken med Conocoryphe exsulans (,Coronatus 
kalken”). Sveriges geologiska undersdkning. Series G. N° 35 pag. 6. Scene I fig 1—4, 
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Finally are found in this erratic-block a few small valves of horn- 
shelled Brachiopoda, among which is one of Lingula or Lingulella. 


b. Besides the piece treated of just now I found a piece of sand- 
stone with Paradoxides-remains, which shows no effervescence when 
hydrochloric acid is applied to it, and which consequently is gravel-stone. 

It is a flat piece, consisting of two parts of a different nature. One 
of them is formed by sandstone and does not present many layers. 
This sandstone greatly resembles the material of which consists the 
erratic-block treated of under a, but is a little bluish. Some small 
mica-scales and glauconite-grains are also present here. The other part 
shows many more layers and has a dark bluish-grey colour. Some- 
times the layers are as thin as paper, so that the material becomes 
slate-like. 

Just as in the other piece of stone, the Paradoxides-remains are 
cream-coloured here. They are, however, too fragmentary to enable 
us to draw the conclusion that they originate from Paradoxides Tessini. 
As up to this time, however, only sandstone with this kind of Para- 
doxides has been found in diluvial grounds, and the petrographical 
nature of one part of them bears a great resemblance to that of the 
previous piece, I think I may suppose this much, and I venture to 
range this erratic-block under this head. 

I think that both pieces originate from a layer-complex of gravel- 
stone with Paradoxides Tessini-remains, which complex consisted both 
of slate-like blue-grey parts and of thicker light-coloured layers. The 
last-mentioned erratic-block may originate from the former, whereas 
the one treated of under @ would be a piece of a thicker layer. 

If my supposition is not false, it may be easily explained from the 
difference in firmness and the difference in fitness for being trans- 
ported issuing from this, why in literature nothing is found about 
erratic-blocks that should bear resemblance to the last-mentioned 
piece, whilst two or three communications have been received about 
the finding of erratic-blocks that most probably are more like the 
piece treated of in the first place. 

The first communication we got from Rormer.*) It deals with a 
piece of gravel-stone that was found ina sand-pit of Nieder-Kunzendorf 
near Freiberg in Silesia. It seems to have been more exposed to 
the influence of the weather than the erratic-block found by me, the 
writer mentioned speaking of a ferrugious outer crust, while round 
my piece such a crust begins to form itself. 

Probably I must also range among this kind a piece of sandstone 


') Roemer, Zeitschr, der deutsch. geol. Gesellschaft. Bd 9. Jahrg. 1857 pageant. 
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with Paradoxides Tessini-remains that was found in the collection of 
Groningen erratic-blocks, given to the geological Institute at Lund by 
Mr. pe Sitter, L. L. D., then burgomaster of Groningen. It was 
described by Lunperrn*). I am sorry that we do not learn whether 
it is gravel-stone or lime-sandstone. I wrote to Prof. Mosmre, director 
of the Institute mentioned above, in order to ask after this, but he 
could not give me any information concerning the piece just then. 
I think, however, that it is gravel-stone, Lunpermn telling us that 
the colour is yorahvit”, while according to RormeEr’) lime-sandstone 
with Paradoxides Tessini is dark grey. 

While in the previous case it has not yet been with certainty 
determined which kind of sandstone one has to deal with, Remn.s*) 
has announced another gravel-stone with Paradoxides-remains having 
been found. This erratic-block differs from the piece I described under 
a in the fossils being coloured brown by manganite-superoxide. 
However, I think this of little importance, as it may be just as well 
a consequence of infiltration that occurred in diluvial grounds or 
even before that time. 

Gravel-stone with Paradoxides Tessini has up to this time not been 
met with as firm rock. Probably it occurs as such, or did so in 
former times, in the neighbourhood of Oeland; for on the Western 
coast of this isle is found, in several places, lime-sandstone with the 
same kind of trilobites. 


ITD, Upper-Cambrian Stones. 


5. Alum-slate with Agnostus pisiformis L. var. socialis Tullb. 

One time I was so fortunate as to find a piece of black slate, in 
which are scattered the grey head- and tailshields, preserved in relief, 
of a kind of Agnostus. They have a length and a breadth of 3 
millimetres at most. 

The head-shields are moderately vaulted. The dorsal furrows 
meet in front, and a tongue-shaped glabella is bounded by them. 
At the front-part of the glabella is on each side a lateral furrow. 
The two lateral furrows run into each other and in this way cut 
off a small part in front. At the foot of the elabella two small 
lobes are separated from the rest by means of two lateral furrows 
slanting backward. The central, largest part of the glabella shows 


1) Lunparen, Geologiska Féreningens i Stockholm Férhandlingar. 1874. Il N° 2 


pag. 44. 
2) Roemer, Lethaea erratica, pag. 29. 
3) Rement, Zeitschr. der deutsch. geol. Gesellschaft. Bd 35. Jahrg. 1883 pag. 871, 
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in the midst a wedge-shaped elevation. The cheeks are in front 
separated by a furrow running from the front of the glabella to 
the edge-furrow. 

The tail-shields are much more vaulted. This is especially the 
case with the rhachis, which broadens towards the back and stretches 
nearly as far as the edge. Consequently, the lateral parts of the 
pygidium, which are already narrow, become even more so towards 
the back part. They are not separated by a furrow, as it is the case 
with those of the head-shields. The pygidia have at the back-edge 
on either side a little cog pointing backward. ‘The rhachis of the 
pygidia is clearly divided into three parts. The back-part is the 
largest by far and is particularly swollen. The lateral furrows of 
one side do not meet those of the other, as they are separated by a 
wedge-shaped elevation passing on from the second part to the first 
and ending towards the back in a blunt point slanting upward. 

From the properties mentioned it may be easily seen why this 
kind of Agnostus was described by TuLLBrre’) as Agnostus pisifor- 
mis L. var. socialis. Pictures of it have been given by Broéeerr *) 
and PompnKncki *). 

Up to this time this erratic-block is the only piece of alum-slate 
with Agnostus pisiformis IL. var. socialis that was found in our 
diluvial grounds. In Germany they also seem to be very rare. Only 
Gortscnk *) mentions such a piece from Scuunau. This one also 
contains, however, remains of Olenus truncatus Briinn. As firm rock 
such alum-slate with this variety of trilobites oceurs in Sweden 
(Oeland and Bornholm included), in’ different places, as I learned 
from Prof. Mosrre, to whom I showed a piece of the erratic-block. 


Microbiology. — 4 Aecumalation erperiments with denitrifying 
bacteria”. By G. vax Ivmrson Jr. (Communicated by Prof. 
M. W. Briserincr). 


The great signification of the denitrifying bacteria for the circulation 
of nitrogen in organic life and the important bioechemisms to which 
they give rise, male the study of these organisms very attractive. 


1) Tuttgerc, Om Agnostus-arterna i de Kambriska aflagringarne vid Andrarum. 
Sveriges geologiska Undersdkning. Ser. C. N? 42 pag. 25. 

*) Bréecer, Die Silurischen Etagon 2 und 3 im Kristianiagebiet und auf Eker, 
Pag. 56, Taf. 1. fig. 10 abe. 

5) Pompeckt, Die Trilobiten-Fauna der Ost- und Westpreussischen Diluvialgeschiebe. 
Beitraige zur Naturkunde Preussens herausgegeben von der Physikalisch-Oekono- 
mischen Gesellschaft zu Koénigsberg. Pag. 15, Taf. IV, fig. 24ab. 

4) Gorrscne, Die Sedimentar-Geschiebe der Provinz Schleswig-Holstein, pag. 11, 
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In the first place it was necessary to subject their distribution in 
nature and their isolation to an investigation, because the literature 
thereon offers but very deficient data. The best way to attain this 
object seemed to try whether the method of “accumulation” gave 
in this case, as in so many others, any definite result, and that for the 
following reasons. 

The character of this way of experimenting is the cause, that many 
biological properties of the species there by accumulated may be 
predicted ; 

it renders it possible, in a simple way, directly and with certainty 
to isolate from nature a determined species; this is of special 
interest inasmuch the cultures of most bacteria, by being kept in 
the laboratoria, change their character to such a degree as to become 
irrecognisable, so, that the descriptions, found in bacteriological literature, 
according as they are made after newly isolated or long kept material, 
may be wholly different; 

it teaches us to recognise the sought- for species in the different 
varieties occurring in the material used for infection, as these varieties 
are bound to corresponding culture conditions; 

the identification and synonymy of the bacteria, which are always 
extremely difficult, even in case we possess good descriptions, made 
of freshly isolated cultures, are much facilitated by good “accumu- 
lation experiments’; 

these may, moreover, be controlled by anyone, and render the 
investigator independent from material isolated by others. 

For the arrangement of my experiments I have followed the 
example given by Dr. H. H. Gran'*) of Bergen in his researches in 
the Bacteriological Laboratory at Delft on denitrifying sea bacteria. 

By exclusively using nitrate as source of nitrogen in the culture 
liquid, which was contained in a cotton-plugged flask, so that the air 
could freely enter, he succeeded to restrict considerably the number 
of developing species of bacteria, when taking fresh sea-water for 
infection, bringing the denitrifying species to vigorous growth. He 
furthermore selected, as source of carbon the calciumsalts of organic 
acids, by whieh the prejudicial alkaline reaction, which appears in 
bouillon in consequence of the decomposition of the alkalinitrate, 
was avoided. Mostly caleciummalate was used, which is a very 
good bacterial food, and has moreover the advantage of solving only 
to 0,8°/, at 25° C., so that it can be added to an excess, whence, 
as the salt is oxidised, a new quantity is solved. 


1) Studien tiber Meereshacterién I, Bergens Museums Aarbog 1901 N° 10, 
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After 2 or 3 successive inoculations in the same liquid a constant 
bacterial mixture was obtained. 

I tried to apply these principles to the isolation of denitrifying 
land-bacteria, and so-doing I succeeded indeed, When using calcium- 
tartrate as source of carbon, to accumulate Bacillus vulpinus, hereafter 
to be discussed. 

It proved however to be a fundamental improvement wholly or 
partly to exclude the access of air as thereby the growth of the 
denitrifying bacteria is not in the least impeded, whilst a number of 
other aerobie bacteria are very much hindered in their development. 

Of the numerous methods of culture under exclusion of air I have 
followed the simplest, namely the “bottle method’, long since 
in use in the Bacteriological Laboratory at Delft for the examination 
of the sulphate reduction by microbes and the lactic-acid fermen- 
tation. For my experiments this method proved perfectly adapted, 
as the quantity of air which finds access, can thereby easily be 
regulated. An ordinary, narrow-mouthed stoppered bottle, with an 
exactly fitting stop, is quite or partly filled with the culture liquid, 
and after sterilisig or not, according to circumstances, the bottle is 
placed in the thermostat for culture. 


1. AMistorical. 


The reduction of nitrates by bacteria constantly begins with the 
formation of nitrite. This may be further converted in five different 
ways, V1Z.: 

dst. It may be reduced to ammonia. 

24, Tt may be converted into unknown, nonvolatile nitrogen 
compounds. 

3, Tf in the liquid acid is formed simultaneously, it may give 
rise to the development of nitrogen-oxygen compounds. 

4), It may be decomposed in alkaline solution under formation 
of nitrogen-oxygen compounds. 

5. The nitrite may, in alkaline solutions, give rise to the devel- 
opment of nitrogen without the production of nitrogen-oxygen com- 
pounds. This is denitrification proper, of which here is only question. 

Already in 1814 Davy’) states that during putrefaction of animal 
matter nitrogen as such is freed. “Here it is again seen,” says in 1860 
G. J. Munprr’), from whom I borrow this particular, “if one wishes 


1) Elemente der Agriculturchemie, Berlin 1814, 8. 309. 
2) De Scheikunde der Bouwbare Aarde, 1860, dl. 3, blz. 58, 
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truly to give the cuique suum in this part of science, one often must 
retrograde half a century.” 

Not before 1856 the problem was again taken into research. In 
that year Reiser’) pointed out, that at the putrefaction of dung and 
flesh free nitrogen is produced. Later investigators have not been able 
to observe -free nitrogen under these circumstances, in asmuch as 
no nitrate or nitrite are present, but the putrefaction of albuminous 
matter as such has still remained an open question from this point 
of view. 

It was PrLouzK’), who in 1857, for the first time, with certainty 
stated the disappearance of nitrate during the putrefaction of animal 
matter. 

BoussincavLt *) observed in 1858 the disappearance of salt-peter in 
the soil. He ascribed it “a une cause purement accidentelle, a une 
action reductrice, exercée par de la matiere végétale morte”. 

From the year 1873 date very interesting observations of SCHLOESING *) 
on nitrification. By studying the influence of oxygen on this process, 
he was led to the examination of denitrification. He found that nitri- 
fication in the soil was still very active, when it was held in a current 
of gas, which contained but 1,5 °/, oxygen. If he worked in a current 
of pure nitrogen, there not only occurred no nitrification, but even 
the nitrate, originally in the soil, disappeared entirely. He furthermore 
proved that at this decomposition nitrogen is formed. 

Experiments of Pasteur and the well known investigation of 
Scutorsing and Ménz on nitrification, induced Gayon and Dupsrtir °*) 
to ascribe denitrification to the action of micro-organisms. In 1882 they 
communicated their first results and these put the bacterial nature of 
the process out of all doubt. Their elaborate and excellent researches 
on this subject were published in 1886 *). 

Our compatriots Gintay and Axerson ‘) isolated, for the first time, in 
1892 a denitrifying ferment, and the prescription given by them for the 
artificial culture liquid has been followed by various later investigators. 

The attention of bacteriologists was again fixed on these ferments 


1) Expériences sur la putréfaction et sur la formation des fumiers. CG. R. 1856, 
T. 42, p. 53. 

2) Remarques de M. Penouze. C. R. 1857, T. 44, p. 119. 

3) Nouvelles observations sur le développement des hélianthus soumis & |’ action 
du salpétre donné comme engrais G.R. 1858, TAD. SOT, 

4) Etude sur la nitrification dans les sols, C.Re 1873, Ts 77, p. 203: 

5) Sur la fermentation des nitrates, C.R. 1882, T. 95, p. 644. 

6) Recherches sur la réduction des nitrates par les infiniments petits. Nancy. 1886. 

7) Recherches sur un mode de dénitrification et sur le schizamycete qui la 
produit. Arch. Neerl. T. 25, 1892, p. 341, 
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by interesting agricultural experiments of P. WacNer *) in 1895, which 
seemed to point .qut a danger produced by these bacteria for agriculture. 

His experiments gave direct cause to the research of Burrt and 
Srurzur?), who, in the same year, elaborately described two denitri- 
fying bacteria. 

From that time this group has been laboriously studied and at 
present a number of twenty denitrifying species have been described *). 

To these I for my own part might add some ten species more, 
but of these I will only discuss those, for which I can point out an 
accumulation experiment, which gives a constant result. 


2. General considerations. 


The hitherto isolated denitrifying bacteria are all aerobic. In 
liquids containing nitrate or nitrite, they can, however, grow vigor- 
ously with a very slight or without access of air, so that in this case 
they behave like anaerobic bacteria. They then transfer the oxygen 
of the nitrate or the nitrite to the organic compounds present in the 
culture liquid. Thence nitrogen is freed and the metals of the salts 
pass into carbonates or bi-carbonates, which process may be represented 
by the formulae: 

5C..+4KNO, + 2H,O = 4 KHCO, + 2N, + CO, 
3C..+4KNO, + H,O = 2 KHCO, + K,CO, + 2N, 

The correctness of this representation has been proved by the 
observations of Gayon and Dopwmr, Gintay and Asrrson, Preirrrr 
and LemMEerMann, Ampoia and ULPIAN, and also by my own researches. 

We see from this, that in a liquid, simultaneously with the nitrate, 
the rate of orgame substances decreases, and accordingly also the 
permaganate number. From a_ practical point of view this must 
necessarily be of signification for the explanation of the processes on 
which is based the biological purification of sewage and water ‘). 

My experiments have furthermore convinced me that denitrification 
is inseparably connected with the growth, for which traces of free 
oxygen are always necessary. 


1) Die geringe Ausniitzung des Stallmiststickstoffs und ihre Ursachen, Landw. 
Presse, 1895, S: 92: 

*) Ueber denitrifizierende Bakterien. Centvbl. f. Bakt. Abt. II, Bd. 1, 1895, S. 257. 

*) O. Lenmermann. Kritische Studién tiber Denitrifikationsvorgiinge. Jena. 1900. 
C. Hérucu. Vergleichende Untersuchungen tiber die Denitrifikationshakt. etc. 
Centrbl. f. Bakt., Abt. Il, Bd. 7, 1902, S. 245. 


*) Dr. Jenny Weverman. Biologische  stelsels tot reiniging van rioolvocht, enz. 
Vragen des Tyds. Febr. 1901, Sep., blz. 38. 
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In 1897 Wetssenserc ') pronounced the hypothesis, that, at the reduc- 
tion of nitrate to free nitrogen, nitrite constantly appears as inter- 
phase. I can perfectly well share this view, and that for the following 
reasons: 

1st. All denitrifying species which I have studied in the course of 
this research could, in as much as they produced free nitrogen from 
nitrate, do the same from. nitrite. 

2-¢. Like Burrt and Srurzer (l.c.) I have been able to isolate a 
species, which does convert nitrite into free nitrogen, ,.but leaves 
nitrate intact, so that from a mixture of nitrite with a little nitrate, 
all the nitrite is removed by this bacterium, whilst the nitrate remains 
unchanged. 

Here I must however observe, that at the conversion of nitrate into 
free nitrogen, not always nitrite can be detected in the culture. This 
fact has already been stated by Suwerin’) and Kinnemann *). It is 
however by no means in contradiction with WEIssENBERG’s hypothesis, 
for if the course of the second process: decomposition of nitrite, is 
quicker, or as quick as the first : reduction of nitrate, the nitrite-phase 
is no more to be demonstrated. 

KtnneMann observed this fact in a variety of B. stutzeri, which 
observation I have been able to confirm ; however, in my opinion, the 
cultural conditions played in this experiment a much more important 
part than the character of the variety. In bouillon with 0,1 °/, KNO,, 
I could often point out no nitrite, whilst here a strong development 
of gas took place. On the other hand, I obtained with 4 and 5 °/, 
KNO, only a slight gas development, but a strong reaction of nitrite. 

For the investigation of a colony on its denitrifying power, sterile 
test-tubes were filled with 10 a 15 Cem. of bouillon, as well with 
0,1°/, KNO, as with 0,1°/, KNO, and then inoculated. Denitrifying 
bacteria grow therein sufficiently, after 24 hours to produce a distinct 
turbidity, whilst, at the surface they form a scum-layer. Sometimes 
the scum is wanting, but is produced at shaking the test-tube. 

Besides were used solutions of calcium-salts of organic acids, decocts 
of pease-leaves with 2°/, cane-sugar, and decocts of potatoes, likewise 
with 0,1 °/, KNO, or KNO,. 

In this case a control experiment was made to decide, whether 
without addition of nitrate or nitrite, these solutions might cause 


1) Studien tiber Denitrification. Arch. f. Hygiene. 1897, Bd. 30, S. 274. 

2) Zur Frage tiber die Zersetzung von Salpetersauren Salzen durch Bakterien. 
Centrbl. f. Bakt. Abt. II, 1897, Bd. 3, 8. 504. 

3) Ueber denitrifizierende Mikro-organismen. Landw. Versuchs-Stat. 1898, Bd, 


50, S. 65. 
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development of gas, which proved never to be the case with denitri- 
fying bacteria. . | 

In order to obtain perfectly convincing results, to the said culture 
liquids 10°/, gelatin often was added and, when in the boiled solu- 
tion, at about 30° C., some of the culture had been suspended, it 
was poured into a test-tube and solidified. The developing gas then 
remains as bubbles, nearly at the place of its origin, in the gelatin. 
This method (“tube-culture”’) produces a sharp reaction on denitri- 
fication, especially when controlled by a parallel experiment, using 
the same culture gelatin, without nitrate or nitrite. 

This principle may also be used for a rough computation of the 
number of denitrifying germs in any material. So it was proved 
that cirea 2000 of these organisms occur in 1 gr. of garden soil, 
and circa 100 in 1 gr. of canal water. 

In these experiments the potassium-salts may be replaced by natrium- 
or magnesium-salts; calcium-nitrate, on the other hand, prevents even 
in dilute solution the growth of many bacteria. 

Before passing to the description of the different accumulation 
experiments, I have to make a general remark about their arrangement. 

Which species finally becomes most common in the used culture 
liquid depends on many circumstances, difficult to control, in parti- 
cular on the mutual numerical proportion of the individuals and the 
nature of the different species in the material originally used for the 
infection, and likewise on the condition of the microbes themselves 
in consequence of previous circumstances. 

This explains why, when using different materials of infection for 
the accumulation of one and the same species, it is sometimes necessary 
to modify the cultural conditions in accordance with the nature of that 
material. 

I insist on this circumstance in particular to explain the different 
accumulation experiments described under B. stutzeri’, on the one hand 
from water by using tartrate, on the other hand from soil by using 
malate. 


3. Accumulation of Bacterium stutzeri, LEHMANN and NEuMANN °). 


This interesting bacterlum was isolated in 1895 from straw by 
Burret and Srvurzer (1.c.), whilst in 1892 Brian *) had already shown 
the presence of denitrifying bacteria thereon. 


1) Lenvann u. Neumann. Bakteriologie. Mtinchen 1896, S. 237. 


*) De la présence dans la paille d’un ferment aérobie, réducteur des nitrates. 
C.R. 1892, T. 114, p. 681. 
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In 1898 Kiénnemann (l.c.) isolated the same species from soil and 
a variety from horse-dung and straw. 

By accumulation experiments, logically carried out, | have sueceeded 
in obtaining this bacillus from soil, canalwater, sewage-water and 
horse-dung. 

The following experiment always led practically to a pure culture 
from canalwater : 

A bottle of about 200 Cem. is partly filled with fresh canalwater 
with addition of 2°/, calcium-tartrate, 2°/, KNO, and 0,05°/, K,HPO, *), 
computed after the whole capacity. Then the bottle is filled up to 
the neck with canalwater and the stop is loosely put in, so that 
a little water is pressed from the bottle. In this way it is filled 
without a single bubble of air and, after shaking, putin a thermostat 
of 25° of 28°. The calcium-tartrate solves at this temperature for 
only 1°/,, so that this salt remains for a great part at the bottom. 

Commonly already after one day a feeble production of gas is to be 
observed, issuing from the non-solved calcium-tartrate at this bottom. 
The process gets into full course after three or four, sometimes only 
after five days. So much gas thereby is produced that a coarse, 
slimy seum originates at the surface and a great quantity of the 
liquid is pressed out of the bottle. The gas containing only 
nitrogen and carbondioxyd, the culture remains anaerobic. The liquid 
grows turbid by the growth of the bacteria and the fine, cristalline 
calcium-tartrate changes into coarsely granular calcium-carbonate. 
After a week, in consequence of the scum formation, the bottle is 
nearly half void, and after about 12 days the reaction is at an end, 
in as much, corresponding with the chosen quantity of tartrate, all 
nitrate has disappeared. 

If a vigorously growing culture is sown on broth gelatin, a mixture 
is obtained of colonies of various different species, from which 
B. stutzeri can easily be isolated, if we are once acquainted with if. 

From such a bottle some drops are inoculated into a bottle of 
about 50 ecem. capacity *), which, after sterilisation, is, filled htors*/, 
with the following sterile culture liquid: . 

Tap-water, 2°/, calcium-tartrate, 2°/, KNO, and 0,05 °/, KenEO? 

After inoculation the bottle is quite filled up with the same liquid 
in the above described way, and after the lapse of two or three 
days, the same phenomena appear as in the first bottle. 

If now, once more, of this transport a plate culture on broth 
gelatin is made, the great diminution in the number of species is 


1) The capacity of the bottle is not indifferent. 
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surprising. All liquefying colonies, and most fluorescents have disap- 
peared, whereas, among two common and some less frequently 
occurring species, B. stutzeri developes in great numbers and is easily 
recognised by the characteristic properties of its colonies. 

By repeating the said transport this bacterium may still be more 
multiplied, so that, after three or four successive inoculations, practic- 
ally a pure culture of this species is obtained. 

From soil of the garden of the Bacteriological Laboratory I regularly 
obtained the same bacterium, in the course of the winter of 1901—2 
by applying the “bottle method” with this liquid: 

Tap-water, 2 °/, calcium-malate, 1 °/, KNO, and 0,05 °/, K,HPO,,. 

In the spring, however, though there were constantly some colonies 
of the species, the number of its germs proved so small that they 
were replaced by other denitrifying bacteria, particularly B. denitro- 
fluorescens, of which more presently. 

A detailed description of 3. stutzeri is given by Burret and Srurzer 
(l.c.), as well as Kitnnemann (1. c.). It will therefore be sufficient 
here to give the chief characteristics by which this species is directly 
recognised. 

The bacterium is a short, thick rodlet with a peculiar vibrio-like 
motion. 

The colonies on gelatin are extremely characteristic (see Plate). After 
three or four days they have a diameter of about 0.5 mm. and after a 
week they attain 1 to 1.5 mm. When magnified they then resemble 
a rosette, or have an irregularly folded or crispate, greyish surface. 
The peculiar structure appears only distinctly, when the glass-dish 
which contains the plate culture, is reversed and the colony is seen 
through the bottom with about a 30-fold magnification. The most 
frequent shapes are represented in figures 1—4. 

But it may happen that the crispate character becomes still more 
conspicuous and then the image is as in fig. 5. 

Commonly it seems as if regularly arranged smaller colonies are 
situated in the larger ones, which may often be observed till in 
the outer border, and points to a peculiar periodicity of the mucus 
secretion in the interior of the colony. 

In the colonies moreover a fine deposit is observed, and sometimes 
very distinct crystals, which may also be found in the gelatin around. 

All these characteristics are particularly marked when the cultures 
have been recently isolated, but they may in the course of time get 
lost or become indistinct. Another property however remains always 
quite distinct, ie. the adhering to the gelatin. Young colonies can only 
be removed in one piece, and of the older always part remains behind. 
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Very characteristic also is the growth of this bacterium on a 
sterilised slice of potato, where the curled and folded structure of the 
colonies is quite distinct, in consequence of the large dimensions they 
attain. The colour changes thereby into flesh-red. Old cultures grow 
soft im consequence of a dissolving process the slimy substance. 

The compounds which can provide the carbon and _ nitrogen 
nutrition of this species were determined by means of the auxano- 
graphic method’), this giving in a simple way a measure for the 
difference in assimilability of the nutritive substances. 

With KNO, as source of nitrogen, a feeble growth was observed 
with glucose and maltose. Kalium-succinate, malate, malonate, citrate 
and calcium-tartrate, gave rise to a vigorous growth. No growth 
was obtained with cane sugur, milk sugar, mannite, galactose and 
oxalic acid. 

The auxanograms prove that tartrate belongs to the best assimil- 
able substances, which explains why its use in the accumulation 
experiment with canal water produces such good results. 

With kalium-citrate as source of carbon, NH, Cl, KNO,, KNO,, 
asparagin, kalium-asparaginate and pepton, could serve as source of 
nitrogen. 

B. stutzeri: produces no invertin, does not split indican and ureum 
but it secretes diastase, although in very slight quantity. This latter 
fact explains the possibility of denitrifying by this species in solutions 
containing, besides the salts, only amylum and KNO,. In broth no 
indol and no sulphureted hydrogen are produced. 

B. stutzeri produces much alkali; even the presence of glucose 
does not prevent the production of it in a plate of broth gelatin. 

Very remarkable is the behaviour of B. stutzeri towards free oxygen. 

If the arrangement of the moving individuals under the influence 
of the oxygen of the air’) is examined in the glassroom, we find an 
accumulation in a line at rather great distance from the meniscus. 
On the other hand, growth is only observed *) in the meniscus itself. 
Hence, in this respect the bacterium behaves quite in accordance with 
the aerobic spirilla. 

B. stutzeri is a very active denitrifying species; to broth could be 
added up to 4°/, KNO,, and up to 1°/, KNO,, without thereby preven- 
ting the development of gas. If in the before described way a “tube 


1) Beyerinck. L’auxanographie ou la méthode de Vhydrodiffusion dans la géla- 
tine appliquée aux recherches microbiologiques. Arch. Neerl. 1889, T. 23  p. 367. 
2) Eneetmann, Zur Biologie der Schizomyceten. Botanische Zeitung 1882, Bd. 40, 8. 320. 
3) Bewerick, Ueber Atmungsfiguren beweglicher Bakterién. Centr.bl. f. Bakt. 
1893, Bd. 14, 8. 827. 
14 
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culture’ in broth gelatin is made, with 0,1°/, KNO,, after two or 
three days the gas bubbles will appear over the whole length of the 
tube, and herein ‘this species differs from 2B. vulpinus, where the gas 
bubbles originate at some distance from the meniscus only. 

I will finally make mention of an instructive experiment I performed 
with B. stutzeri. Some garden soil was mixed with tapwater with 
0,05 °/, K,HPO,, and a thin layer of this mixture in an ERLENMEYER- 
flask exposed to a temperature of 25°C. Under these circumstances 
the production of nitrate becomes very marked after two weeks. 
If now the whole content of the Ertenmryrr flask is poured into a 
stoppered bottle, which thereby is quite filled, whilst B. stutzeri, is 
used for infection, soon a development of gas sets in and the nitrate 
disappears completely. Hence it follows that according as the air 
enters our culture liquid well or not, nitrification or denitrification 
may occur. This is quite in accordance with older experiences 
described by ScHLorsine (1. c.) in regard to the soil in general. 


4. Accumulation of Bacillus denitrojfluorescens n. sp. 


SEWERIN (1. c.) found in 1897 that B. pyocyaneus belongs to the 
denitrifying ferments. But the group of fluorescents proper was long 
fruitlessly examined as to their denitrifying power, first by LeHMann 
and NruMann and afterwards by Wuissenpere (1. c.). In 1898 Ktinnemann 
isolated for the first time a denitrifying bacterium, which liquefied 
gelatin and fluoresced. 

Though in my experiments I often obtained fine cultures of a 
similar species, I did not succeed in finding a satisfactory accumulation 
experiment for it. On the other hand I found such an experiment 
for a non-liquefying fluorescent Bacillus, which I named B. denitro- 
fluorescens. 

The culture liquid for the accumulation of this species is: 

Tap-water, 2 °/, calcium-citrate, 1°/, KNO, and 0,05 °/, K,HPO,,. 

In a bottle of 50 Cem. capacity, 1 to 2 gr. fresh garden soil is 
put; it is then quite filled up with the culture liquid, in the way 
described under 2. stutzeri. The culture is made at 25° C. 

When sowing on broth gelatin the 2"¢ or 3'4 transport, successively 
kept in the same culture medium, I always obtained cultures containing 
almost exclusively colonies of that species. 

In horse-dung, canal water and sewage water, I also observed this 
bacterium, but it is with more certainty to be isolated from soil. 

In exterior appearance of the colony this species differs in no 
respect from one of the most common fluorescents, characterised by 
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lacking, on the culture gelatin, the smoothly spreading border. In 
young broth gelatin cultures, the pigment fluoresces blue, and after 
some time a white precipitate forms in the gelatin. 

Examined auxanographically, KNO, as source of nitrogen proved 
to cause a feeble growth with mannite, a vigorous one with kalium- 
malate, citrate, malonate, succinate and tartrate, as well as with 
glucose and levulose. On the other hand no growth is seen with 
cane-sugar maltose, milk-sugar, and raffinose. 

In broth, with 2°/, glucose, this bacterium, like all fluorescents, 
produces acid. Broth with 2°/, cane-sugar, becomes however strongly 
alkaline, which is observed also in all other fluorescent secreting no 
invertin. 

This bacterium neither produces diastase, nor can it hydrolise indican 
or ureum. In broth it forms no sulphureted hydrogen and no indol. 

In its behaviour towards free oxygen it likewise corresponds with 
the fluorescents, i.e. with the cover-glass culture in the humid room, 
both motion and growth cause accumulation in the meniscus. 

This makes the bacterium strongly contrast with B. stutzeri and 
BL. vulpinus, whose motion figures show the spirillum type. 

As to the energy of its denitrifying power B. denitrofluorescens 
corresponds with 5. stutzeri. At the “tube experiment” with broth 
gelatin with 0,1 °/, KNO,, the bubbles form over the whole length 
of the tube, quite in the same way as with B. stutzeri. 


5. Accumulation of Bacillus vulpinus n. sp. 


Already in my introductory observations I remarked, that an 
accumulation experiment with full access of air, when using tartrate 
and nitrate, produced this species, but the accumulation obtained in 
this way was still very imperfect. By cultivating under partly 
exclusion of air, I succeeded in improving the experiment very much. I 
obtained this result by enclosing in the culture bottle with the liquid a 
determined volume of air, and reinoculating from bottle to bottle under 
the same conditions three or more times. It is true that thereby not 
all other species are totally removed, but this is no obstacle to the 
recognition of B. vulpimus, whose colonies are extremely charac- 
teristic, possessing a quite unique brown-red pigment. 

The experiment is as follows: 

Into a bottle of 50 Cem. 1 to 2 grams of fresh garden soil is put, 
and further it is filled up with the following culture liquid, whilst 
leaving on air bubble of 2 Cem: Tap-water, 2°’, Calcium-tartrate, 
One NO and 0.05 2/7 Ke HPO. 

a 
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Here likewise the culture is effected at 25°. 

With observation of the said proportion and operating as described 
under B. stutzeri, the different varieties of B. vulpinus can also be 
obtained from canal water. 

The denitrification sets in very slowly and the development of gas 
gets not by far the intensity perceived in the preceding species. 
Here, too, by the complete disappearance of all liquefying bacteria 
already at the first transport, the isolation of the wished for species 
is much facilitated. Although at sowing the crude cultures on broth 
gelatin some B. vulpinus colonies may already be perceived, they 
multiply so much in the transports, that plates therewith prepared, 
appear, so to say, quite covered with the large, flatly spread, trans- 
parent, fox-coloured colonies of this species. 

If for the accumulation other organic salts than tartrate are used, 
or a higher rate of nitrate than 0.2 °/,, not a single colony of B. 
vulpinus is detected, though it was certainly present in the infection 
material as it is universally, distributed in the soil. 

By their growth the colonies strongly remind of the flatly spread 
variety of B. fluorescens non liquefaciens, but of fluorescence nothing 
is seen. In shape and motility the bacterium corresponds with 
B. stutzeri. 

An interesting property of B. vulpinus is, that the brown pigment 
only develops under the influence of light. If simultaneously two 
cultures of this species are made on broth gelatin, and one, wrapped 
in black paper, is put in the dark, and the other in the light, for 
the rest in equal conditions, a great difference is perceptible. This 
becomes more obvious still, when making reinoculations or transports 
of either culture, likewise keeping these respectively in the dark and 
the light. So-doing a perfectly colourless culture can be obtained, 
but if this is again inoculated in the light, the brown colour returns. 
The pigment formation only takes place at growth, so that colonies, 
full-grown in the dark do not colour when exposed to light. 

B. vulpinus belongs to the group of real chromophores), i.e. the 
pigment is bound to the bacterial body, and the behaviour towards 
light is, in my opinion, another indication that in this group the 
pigment has a biological function. 

The auxanographic examination proved, that with nitrate for nitrogen 
nutrition, a feeble growth is obtained with kalium-malonate, a 
vigorous one with levulose, glucose, maltose, kalium-citrate, succinate 


') See Bevertcx, La biologie d'une bactérie pigmentaire. Arch. Néerl. 1892, 
Teh py 227 
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acetate and tartrate, whereas cane-sugar, milk-sugar, mannite and 
raffinose produce no growth at all. -Ammonium-chloride may also 
serve as source of nitrogen, when using tartrate for carbon nutrition. 

Pepton, asparagin, and kalium-asparaginate may simultaneously 
serve as C and N nutriment. 

The bacterium secretes neither invertin nor diastase and does not 
split indican or ureum. In broth it produces no sulphureted hydrogen 
but a little indol. 

In the “tube experiment” in broth gelatin with 0,1 °/, KNO,, 
bubbles of nitrogen are exclusively seen to form at a little distance 
from the meniscus, and moreover, the culture of this species not 
succeeding in a bottle wholly filled with a culture liquid containing 
nitrate, we must needs conclude, that 4. vulpinus wants considerable 
quantities of oxygen for the denitrification. 

As regards the other species, which form gas bubbles also in the 
depth of the tube, I have come to the conviction that they too, 
want traces of free oxygen to this end. 

Notwithstanding this different behaviour towards free oxygen, the 
motion figure, like that of b. stutzeri, shows the spirillum type. 


By modifying the nutrient liquids and temperatures I have succeeded, 
as observed above, in accumulating various other denitrifying bacteria, 
beside those described. Thus I obtained, at 37° C. with calcium-citrate 
and 0,2°/, KNO,, under exclusion of air, and using garden soil for 
material of infection, the spirillum-like B. indigoferus Voens*), which 
denitrifies only feebly, but is interesting by its indigo-like pigment. 
When using sewage water, I obtained a strongly denitrifying, liquefying, 
blue pigment bacterium, not yet described. 

Of all these experiments however, the result is not constant enough 
to be inserted here. 


6. Summary and conclusions. 


1st. The fundamental principle of my accumulation experiments 
was partly or completely to prevent the access of air. By this means 
I shave succeeded, by cultivating in solutions of organic salts and 
nitrate, only by repeated transports in the same liquid, in bringing 
many denitrifying bacteria to a more or less perfectly pure culture. 


1) Cuagssen. Ueber einen indigoblauen Farbstof erzeugenden Bacillus aus Wasser. 
Centrbl ff Bakt.- 1890, Bd- 7, S. 18. 

Voces. Ueber einige im Wasser vorkommende Pigmentbacterién, Centrbl. f. Bakt, 
1893, Bd. 14, S. 301. 
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Of these experiments three always gave constant results, and pro- 
duced respectively 2B. stutzeri Nuumann and Lexmann, 3B. denitro- 
fluorescens n. sp. and B. vulpinus n. sp. 

9nd, 2. stutzeri deserves attention on account of the unique structure 
of its colonies, as seen in Fig. 1—5 on our Pilate. 

34, B. denitrofluorescens is the first example of a denitrifying, non 
liquefying fluorescent. 

4%. B. vulpinus is a chromophorous pigment bacterium, whose 
pigment only forms at growth in the light. 

5th, B. stutzeri and B. vulpinus behave towards free oxygen like 
aerobic spirilla, B. denitrofluorescens behaves like an ordinary aerobic 
bacterium. 

6th. Like in soil and dung, in which it had also been found by 
other experimentators, I have established the general distribution of 
denitrifying bacteria in canal and sewage water. 

fel he denitrifying bacteria can, even with the slightest quantities 
of various organic substances, cause the disappearance of determined 
quantities of nitrate under development of free nitrogen. 

8th. In one and the same culture medium, where nitrification is 
produced during aeration, denitrification may be caused by exclusion 
of air, this holds good also in regard to the soil. 


At the end of this paper I want to express my sincere thanks to 
Professor Dr. M. W. Briyerinck for his kind, invaluable guidance 
and efficacious assistance, afforded me in ‘these researches. 


Delft, July 1902. 


Physics. — “An Hypothesis on the Nature of Solar Pronunences.” 
By Prof. W. H. Juxivs. 


The introduction of the principle of anomalous dispersion into 
solar physics makes it possible to form an idea of the Sun’s consti- 
tution from which necessarily follow ia. a great many peculiarities 
of prominences, which, until now, it has been impossible to deduct 
in a satisfactory manner from other physical laws. This I will 
show in the following pages. 

In my paper on “Solar Phenomena, etc.” read Febr. 24, 1900. 
I put forth the following hypothesis with respect to that part of the 
solar atmosphere, situated outside what is called the photosphere '): 


1) W. H. Jutius, Solar Phenomena, considered in connection with Anomalous 
Dispersion of Light, Proc. Roy. Acad. Amsterdam, II, p. 585. 


is 


“The various elements, whose presence in that atmosphere has 
been inferred from spectral observations, are much more largely 
diffused in it than has generally been assumed from the shape of 
the light phenomena; they may be present everywhere, up to great 
distances outside the photosphere, and yet be visible in few places 
only ; their proper radiation contributes relatively little to their 
visibility (with perhaps a few exceptions); the distances, at which 
the characteristic light of those substances is thought to be seen 
beyond the Sun’s limb, are mainly determined by their local differ- 
ences of density and their power to call forth anomalous dispersion.” 

How we were to imagine the condition of the matter inside the pho- 
tosphere, was not considered there. Our hypothesis on the origin 
of the light of the chromosphere was kept free from any special 
conceptions as to the nature of the photosphere. Only where the 
principle of anomalous dispersion was made use of also to explain 
spectral phenomena observed in sunspots '), we had to fall back upon 
A. Scumipt’s theory ’), according to which the Sun is an unlimited 
gasball, so that the apparent surface of the photosphere should not be 
considered to be the real boundary of a body, but to correspond to 
a “eritical sphere’, defined by the property that its radius equals 
the radius of curvature of horizontal rays, passing through a point 
of its surface. 

At present, however, in working out the problem of the nature 
of the chromosphere and the prominences, we likewise will take as a 
starting point the first of the three Theses, in which ScHMipT sums 
up the main points of his theory. Accordingly, we suppose the Sun 
to be an unlimited mass of gas, in which the density and luminosity 
(not considering local irregularities) gradually diminish from the 
centre outward. But our conception of the properties and composition 
of this gaseous body can in a certain respect be much simpler than 
would be the case, if we accepted the whole of Scumipr’s theory. 

Indeed, Scumipr explains both the edge of the Sun’s disk by the 
laws of regular refraction (or ray-curving) in a stratified medium, 
and the prominences by refraction in “Schlieren” *); but in order to 
account for the fact that the light from the prominences as well as 
that from the chromosphere, instead of being white, shows a bright 
line spectrum of varying appearance, he supposes the strongly radiat- 


AT iG, P., OO: 
2) A. Scumpr, Die Strahlenbrechung auf der Sonne. Ein geometrischer Beitrag 


zur Sonnenphysik. Stuttgart 1891. | ag 
3) A. Scumpr, Erklarung der Sonnenprotuberanzen als Wirkungen der Re raction 
in einer bochverdiinnten Atmosphire der Sonne. Sirs XXIULS. 97—109, Mai 1895, 
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ing mass of gases in its outer parts to be composed so as to emit 
almost exclusively hydrogen-, calcium-, heliumlight, whilst the radiations 
of sodium, magnesium, titanium, iron are supposed to originate in deeper 
layers, a.s.o.'). We, on the contrary, by the introduction of anomalous 
dispersion are permitted to suggest, that throughout the 
gaseous body, as well inside as outside the critical sphere, 
the various elements are altogether intrinsically mixed 
(granting that in the mixture the quantity of materials with greater 
specific gravity must grow with the depth). For wherever there 
are local differences of density in the mixture, caused by currents, 
whirls ete., the conditions for irregular ray-curving are present, and 
it is evident that specially those elements of the mixture, which 
possess an exceptionnaly high dispersing power for certain waves 
of the transmitted light, will be able to reveal their presence even 
at great distances from the disk, while other substances, though 
also present at the same places, remain invisible there. Thus a 
purely optical explanation may be given of the fact, that the different 
gases of the sun are seen separated, even though we suppose them 
to be thoroughly mixed. 

And surely this last supposition is the simpler by far; it even neces- 
sarily follows from the fundamental idea, that the Sun may be considered 
as a rotating, heat-radiating mass of gas, for in such a body the 
constituent parts must continually mix. 

A few months ago the main character of the motion that must go 
on in a sun, supposed to be gaseous, has been discussed by R. EMpen °). 
He applies to the Sun the same mathematical deductions, which had 
been devised by von HELMHo.tz for investigating the kind of motion 
which in our terrestrial atmosphere must result from the united 
influence of heating by the Sun and of the daily rotation *). Though 
EMDEN supposes the gaseous Sun to be limited by a well-defined 
surface, and so far accepts the prevailing views on the constitution 
of this celestial body, still his mathematical formulae are absolutely 
independent of the existence of a boundary surface, and so are fully 
applicable to a sun, such as we are considering here. 

Radiation causes the outer layers to cool down soonest: they 
sink inwards and are replaced by ascending hotter gases, so that, 


1) As appears from a paper in the Physik. Zeitschr. 3. S. 259—261: entitled 
»Ueber die Doppellinien im Spectrum der Chromophire” Scummpr adheres to this 
conception, even after having taken into consideration the possibility of explaining 
the light of the chromosphere by anomalous dispersion. 

*) R. Empen, Beitrége zur Sonnentheorie. Ann. d. Phys. (4) 7, p. 176—197. 

8) H. von Hetmuonrz, Gesammelte Abhandlungen I, p. 146, Ill p. 287—355. 
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if the Sun did not rotate, we could only expect radial convection 
currents. But the rotation of the sun completely changes this form 
of motion; the angular velocity of descending masses increases, of 
ascending masses diminishes; there will be found side by side gas- 
layers of different densities, and rotating at different speeds. 

It has been shown by von HeLmnortz, that during a certain time 
such gaslayers can flow side by side, sharply separated by a so-called 
surface of discontinuity (i.e. by a surface, on passing which the 
values of the velocity and the density change with a leap); but 
gradually the friction causes this surface to undulate; the waves 
advance with the more swiftly moving layer, they grow steeper, 
overhang and break, forming whirls; and, thus, by the mingling of 
the adjacent parts of the two layers a new layer is formed between 
them, the properties of which will be intermediate between the cor- 
responding properties of the original layers. 

From the conditions of the problem we may deduce the position 
of the surfaces of discontinuity. This has been performed by von 
HELMHOLTZ with regard to the air-currents in our atmosphere, and 
by Empen for the rotating layers of the Sun. He arrives at the con- 
clusion, that in the Sun the surfaces of discontinuity must in the 
main have the shape, figured in the accompanying sketch and reminding 
us of hyperboloids of revolution '). 
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1) Empen draws the intersections of the surfaces with the plane of the paper 
only inside the circle, representing the sun’s boundary. I have dotted this circle, 
with a view to indicate, that the border is only a seeming one; accordingly | 
prolonged the intersections outward. 
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In every annular layer, bounded by two consecutive surfaces of 
discontinuity, the moment of rotation of unit mass (2 = wr’) as 
well as the so-called potential temperature 7 are constant; but in a 
following layer, farther from the Sun’s axis, 2 hasa greater and da 
smaller value. Within every layer there exists a velocity potential, 
but at the separating surfaces the linear velocity changes discontinuously, 
the difference between the velocities on each side of one and the 
same separating surface increasing as that surface approaches the axis. 

The waves, that are formed in the separating surfaces, will proceed 
in the direction of the rotation, and when, after growing steeper and 
steeper, they break, the resulting vortices will have their core-lines 
perpendicular to the direction of motion of the waves, i.e. coinciding 
with the generatrices of the surfaces of discontinuity. So, the curves 
in our figure also give an idea of the position of the vortex-cores. 

From the theory follows, as we already mentioned, that at each 
definite surface of discontinuity the leap of the velocity is greater 
at a short than at a long distance from the Sun’s axis; therefore, 
the transition from a wave into a whirl must, as a rule, begin in 
those parts of that wave, which are nearer to the axis, and appear 
afterwards in the outer parts. 

Further it is clear that, because every whirling leads to mingling 
of the adjacent parts of two layers and to the formation of two new 
surfaces of discontinuity, there will never exist a complete surface, 
such as indicated by our sketch. Everywhere we shall meet with 
pieces of surfaces of discontinuity; only their main character and the 
average direction of the vortex-cores will correspond to the sketch. 
And in spite of the continual mixing of layers, which leads to 
equalization of differing rotational velocities, the motion still remains 
nearly stationary; for within each layer, temporarily enclosed between 
two surfaces of discontinuity, the convection currents carry cooled 
matter imwards and hot matter outwards, by which process the 
differences in rotational velocity are renewed. 

Forced as we are to admit, that such an uninterrupted mixing 
process is going on in the Sun, the advantage of explaining the 
chromosphere and the prominences by anomalous dispersion of white 
light, must appear to us very obvious. All other explanations, that 
I know of, must start from the hardly tenable supposition, that the 
different gases of the chromosphere are separately present in large 
quantities. 

Emprn has succeeded in deducing many properties of sun-spots 
from the supposition, that the spots show us the places, where huge 
whirls attain the Sun’s surface. It seems to me that EmpEN’s views 
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on sun-spots would become even much more acceptable, if the notion 
of a real surface of the Sun were given up and if the consequences 
of normal and anomalous refraction (better ray-curving) in those 
whirls were allowed for. But to this subject I desire to come back 
on another occasion. 

For the present we will confine our attention to those parts of 
the whirls, optically projecting beyond the edge of the Sun’s disk, 
and we propose the hypothesis, that the whole chromosphere 
with all its prominences is nothing but this system 
of waves and whirls, made visible within shorter or 
longer distances from the Sun’s edge by anomalous 
dispersion of light, coming from deeper layers. 

(Perhaps the structure of the corona, with its polar streamers, 
arches, ete., might tell us something about the course of the surfaces 
of discontinuity at very great distances outside the critical sphere; 
this point too, however, I will only hint at here). 

So we ascribe the chromosphere to the smaller vortices, to the 
continual rolling up of the surfaces of discontinuity ; in the prominences 
we see the whirling, in which the rarer, very large waves of the 
solar ocean dissipate. 

The particular structure of the chromosphere, suggesting the com- 
parison with a grass-field in vertical section, follows immediately from 
this hypothesis. Prominences likewise nearly always show a tissue of 
stripes, bands and filaments *). These, according to our view, indicate 
the position of the whirl-cores. In the whole region, where whirling 
is going on, the density will, of course, vary in a very irregular way ; 
we therefore may expect to find in the spectrum of that region as 
well the light on the ved as that on the violet side of the absorption 
lines, i. e. the chromospheric and flash lines must be double lines ”). 

Along the core of a vortex 

vd the density is a minimum. If, 
now, a vortex intersect the ap- 

iP 2 parent limb of the sun obliquely, 
i | as in Hig. 2, where pq represents 
| the core-line, the light coming 
Fig. 2. from a point a must differ from 

the light, coming from 4. Indeed, following in @ the Sun’s radius 


1) J. Fénvi S. J., Protuberanzen, beobachtet in den Jahren 1888, 1889 und 1890 
am Haynald—Observatorium, p. 5. (Kalocsa, 1902). 

2) W. H. Junius. On the Origin of Double Lines in the Spectrum of the Chromo- 
sphere, Due to Anomalous Dispersion of the Light from the Pho‘osphere. Proc. 
Roy. Acad. Amst. Vol. III, p. 198. 
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outward, we at first get into layers of increasing density, whereas, 
ascending from 6, we meet with layers of decreasing density. Conse- 
quently, in the spectrum of a the “violet-facing”’ components of the 
double lines must be prominent and in the spectrum of 0 the red- 
facing ones. If the slit be placed tangentially, through the points @ 
and 6, the two cases will be seen at a short distance on the same 
spectral lines. And when during a total eclipse of the Sun the 
chromosheric are itself functions as a slit (the prismatic camera being 
used), the same phenomenon may be met with on numerous places 
of the crescents. Many instances thereof are visible on the plates, 
obtained in Sumatra by the Dutch expedition for observing the total 
eclipse of May 18°" 1901. 

With large prominences the phenomenon sometimes appears very 
intensely. In the important work by Fry, mentioned before, we 
read for instance on p. 121, in the description of a carefully 
observed prominence, the following passage: 

_lm unteren Teile zeigte die Protuberanz am Anfange ihrer 
Entwickelung eine grosse Stérung in der H, Linie. Bei engem (tan- 
gentiell gestelltem) Spalte reichten zwei Spitzkegel tber denselben hinaus, 
der eine, grossere erstreckte sich gegen rot, der andere kleine gegen 
blau und stand etwas siidlicher. Die Grosse des ersteren betrug 9" im 
Gesichtsfelde ; auf Grund einer neuen Bestimmung der thatsachlichen 
Dispersion des Spektroskops ergibt sich daraus fiir diese Stelle der 
Protuberanz eine Bewegung von uns mit der Geschwindigkeit von 
240,4 Kim. in der Secunde. Die Verschiebung gegen blau betrug nach 
dem Augenmaasse etwa die Halfte der ersteren gegen rot. 

Die entgegengesetzten Bewegungen neben einander und die Kegel- 
formige Form des veranderten Lichtes wiirden unschwer die Deutung 
auf eine Wirbelbewegung am Grunde der Protuberanz gestatten. Aus 
der Ungleichheit der Kegel wiirde ein Vorschreiten des Wirbels von 
uns mit der Geschwindigkeit von 180 Klm. sich ergeben. Die Beobach- 
tung steht auch nicht allein da; eine ahnliche Erscheinung wurde 
von Youne am 3. Aug. 1872 (The Sun, p. 210) eine andere von 
THOLLON in Nizza (C. R. XC p. 87, XCI p. 487) beobachtet ; dhnliches 
wurde auch von mir bei anderen Gelegenheiten beobachtet.” 

Thus, interpreting the light on both sides of the hydrogen-line 
after DoppiEr’s principle, Fényi arrives at the very astonishing con- 
clusion, that the whirling mass of hydrogen moves at a speed of 
180 kilometers per second. Moreover, there is a much greater diffi- 
culty, not even mentioned by F&ényi, viz. that the coherent outbuds 
of the line impose upon him the necessity of supposing that velocity 
to be very different for the various parts of the whirl, adjacent 
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pieces of the prominence not even taking any part in the enormous 
motion along the line of sight. 

The above-given explanation of the phenomenon by anomalous 
dispersion solves all these mysteries. 

It occurs very seldom that prominences show a rapid sideward 
motion, i.e. a motion in the meridian of the Sun. Fényr mentions as 
an exceptional case a sideward velocity of 25 kilometers per sec’). 
As, on the other hand, velocities of 250 kilometers and more in 
the direction of the parallel (calculated after Doprier) are by no 
means a great exception, we meet with contradictions — as is admitted 
also by Fényr — from which it appears impossible to escape, unless 
we doubt the reality of the velocities. 

It is surprising and satisfactory to see how nearly all the pecu- 
liarities in the behaviour of prominences, as described by Youne, 
Fény1 and many others, appear quite intelligible as soon as we look 
at these phenomena from our point of view. 

Let us choose only a few more examples out of the vast material. 

Féinyr says (I. ¢. p. 115): Schon seit Jahren habe ich bemerkt, 
dass helle hervortretende Punkte in der Chromosphare, welche eine 
kleine Verschiebung gegen blau zeigen, der Ort sind, wo alsogleich 
der Aufstieg einer Flamme oder einer kleinen Protuberanz erfolgt.” 

Now the process of whirl-formation in a surface of discontinuity 
proceeds, as a rule, from the inner parts of the Sun outwards. In 
the axis of a whirl the density is a minimum. Consequently, at the 
moment the whirling reaches the apparent edge af the Sun, a mini- 
mum of density will be found just projecting beyond the edge. 
Here we have a place, where the density increases from the photo- 
sphere outward and where, therefore, the violet-facing component of 
the chromospheric double-line temporarily prevails: it seems as if a 
shifting towards the violet occurs. Shortly afterwards the more 
distant parts set a whirling and the prominence appears. 

In the description of a great prominence, observed by F'éxyr on 
the 18 of Aug. 1890, we read ia. the following particulars °): 

yin ganz besonderes Interesse verleihen dieser an und fiir sich 
schon grossartigen Erscheinung die EKigenbewegungen in der Gesichts- 
linie, die an derselben beobachtet wurden. Eine ungefahr zwischen 
40" und 50" Hdl liegende Schicht, (deren Lage in der beigegebenen 
Figur genau bezeichnet ist), zeigte eine heftige Bewegung gegen lie 
Erde zu. Das rote Licht des Hydrogeniums ergoss sich daselbst in 
verworrenen Formen iiber den Spaltrand gegen blau hinaus ohne 


1) Fény, 1. c. p. 114. 
2) Fényi, ]. c. p. 129. 
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indessen den Spalt ganz zu verlassen. Die Bewegung war durchaus 
local, die Umgebung zeigte keine Spur einer Bewegung. Die Geschwin- 
digkeit derselben war keine ungewohnlich grosse; ich erhielt aus 4 
mit dem Fadenmikrometer gemachten Messungen zwischen 11 h. 45 m. 
und 12 h. 15 m. verschiedene, zwischen 94 und 201 klm. schwan- 
kende Werthe. Was aber die Erscheinung zu einer besonders merk- 
wirdigen gestaltet ist der Umstand dass, wahrend diese in der Hohe 
vor sich gehende ganz locale Bewegung nicht einer Ausstr6mung 
zageschrieben werden kann, dieselbe trotzdem doch eine halbe Stunde 
lang beobachtet wurde! Nehmen wir als Mittelwerth der Geschwin- 
digkeit 150 klm. per Secunde an, so hatte dieser bewegte Teil 
der Protuberanz wahrend der zwischenzeit von 30 Minuten gegen 
270.000 klm. durchlaufen, also wohl auch den scheinbaren Ort 
andern miissen.”’ 

Of course this contradiction immediately vanishes if we only 
suppose, that in the part of the prominence, showing the persistent 
shift of the hydrogen light towards the blue, the density of the solar 
matter was increasing in the direction from the photosphere outwards. 
This supposition is quite in harmony, too, with the fact, that the 
picture of this prominence shows very important whirling be/ow the 
part in question and no disturbance worth mentioning above it. 

Observers have often been puzzled at the rapid disappearing of 
enormous prominences and at the perfect calm in the whole region, 
including the Sun’s surface, a short time after such a violent “erup- 
tion” had taken place. It was hardly conceivable that the ejected 
incandescent gases could loose their huge quantities of heat so rapidly, 
nor that the eruption had no further visible consequences. 

In our theory a large prominence is nothing but the visible token, 
that whirling is going on almost simultaneously over vast regions. 
The very important varieties of density in the whirling mass may, 
however, be annulled by displacements of much matter over relatively 
small distances, which process, of course, may go on without violent 
movements and yet be accomplished in a short time. So there is no 
reason whatever to expect, that a great prominence will leave the 
medium in a highly disturbed condition. 

Whosoever wishes to consider prominences as eruptions, must 
grant, that it is one of the most difficult problems to account both 
for the tremendous values of the ascending velocities sometimes observed 
and for the most capricious way, in which the speed often suddenly 
changes without any conceivable cause. The 20 of Sept. 1898 
Fényr witnessed a prominence ascending 500000 kilometers in a 
quarter of an hour, that is at an average velocity of more than 
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950 kilom. per sec. In another case, also observed by Fixyr (July 
15 1889), in the course of 10 minutes the ascending velocity 
passed through the values 72, 6, 65, 24, 154 kilometers per second; 
and with the prominence of Oct. 6, 1890, in 30 minutes’ time 
through the values 33,8, 79,8, 67,6, 72,7, 127,7 275,5, 242.3, 121, 
57,3 kilom. per sec. 

Considering the problem from the new point of view we see the 
difficulties disappear in consequence of the observation, that, properly 
speaking, we have not to do with velocities at all. We 
may speak of the velocity with which matter moves or with which 
a disturbance is transmitted by a medium; but neither of these cases 
is met with here. Wherever the whirling sets in, it results from local 
conditions and cannot be considered as directly transmitted from places, 
where whirling was going on a little earlier. Though it is true that, 
as a rule, the breaking of a wave begins in those parts of a surface 
of discontinuity, that are nearer to the Sun’s axis, and from there 
proceeds outwards, yet this does not involve that we should have a 
right to call this process a transmission of matter or of motion in 
the direction of the vortex-cores. And where there is no transmission, 
there is no velocity. 

When at the sea-shore a wide wave approaches and breaks, now 
here, then farther and farther, nobody will speak of the ,velocity” 
with which the foam or the whirling is moving along the coast. 
Every body knows, that the foam, the visible token of the whirling, 
is successively formed at different places. Such about is the case 
with the prominences, the visible spots in the breakers of the solar ocean. 


Chemistry. — Professor Lospry pr Bruyn communicates a paper 
by himself and Mr. J. W. Dito. “The boilingpoint-curve of 
the system: hydrazine + water’. 


In a previous report') Mr. Dito has communicated the results of 
determinations of the densities of mixtures of hydrazine and water ; 
the figures showed that a maximum density corresponds exactly (or 
nearly so) with the composition N, H,-H,O. At the end of that note 
it was stated that we would endeavour to determine the boiling- 
point-curve of the system: hydrazine -- water. 

We have lately been engaged with that determination; the result 
is given in the following table and annexed curve. 


1) Proc. of April 19, 1902, p. 838. 
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Amount of mixture Number mols. of N,H, on 100 mols. 
my Temp 
and barometer. liquid. | vapour. 
ee 
102.2 9.4 | 0.18 
300 erm. 755.5 | 104.6 14.2 
" 105.9 1.6 
: | 107.45 19 5 27 
” 109.15 3.9 
” 111.0 2 
” 114.95 34.0 13.8 
447.95 4A.7 25.0 
8 gr. 768.0 | 4148.6 42.9 30.3 
” | sake) 45.2 34.9 
” 119.8 50.3 AA .7 
38 er. 770.8 120.2 51.8 44.6 
” 120.35 53.3 48.75 
" 120.45 54.8 52 8 
” 120.5 56.0 53 5 
[120°5 58.5 58.5] 
771.1 120.45 62.5 
" 420/25 65.8 12, 
” ALORS 68.3 15D 
” ALORS 72.7 81 
” 119.25 73.6 83.7 
50 gr. ” t 118.8 76 


It should be observed beforehand that the figures obtained, parti- 
cularly those relating to the mixtures rich in hydrazine, cannot pos- 
sess that accuracy attainable with other mixtures. In the first place 
free hydrazine is a costly substance; working with a large quantity 
such as is required for the accurate determination of a boilingpoint 
curve, therefore, leads to not inconsiderable expenses. Moreover, free 
hydrazine and its mixtures with little water (also the hydrate N, H,. 
H,Q) are very hygroscopic and also easily oxidisable by the oxygen 
of the air. During the volumetric determination of the amount of 


(473) 


A vapour 
B liquid 


5 10 15 20 2% 30 35 40 45 50 55 60 65 70-75 80 85 90 95 100 
hydrazine in the liquid and condensed vapour, it was impossible to 
avoid contact with the atmosphere. The operation was carried out 
in such a manner that each time after distilling off a certain quan- 
tity (10—20 c.c. in the case of the greater concentrations), two por- 
tions (3—4 drops) of the condensed vapour and residue were simul- 
taneously collected in tared weighing bottles containing about 5 c¢.c. 
of water. On account of the many weighings a certain time neces- 
sarily elapsed between the taking of the samples and the titration 
and, considering that the bottles also contained a little vapour of 
hydrazine mixed with air, this must have excercised some influence. 
This explains why the agreement between the various duplicate 
determinations often left much to be desired; in one case a discre- 
paney occurred amounting to 2 mols. per 100. Finally, another 
source of error is found in the fact that on account of the many 
weighings and titrations, the determinations had to be done on dif- 
ferent days, so that the distillations were conducted under different 
barometric conditions. 

Notwithstanding this, the results allow of the construction of a curve, 
the regular course of which is a guarantee that the figures observed 
12 
Proceedings Royal Acad. Amsterdam, Vol. V. 
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express the entire phenoinenon with a certain amount of accuracy. 
As already stated, more correct results can only be obtained by 
repeating the experiments with larger quantities of hydrazine °*). 

Our experiments have led to the interesting result that hydrazine- 
hydrate does not at all represent a chemical compound N,H,.H,O with 
a constant boilingpoint of about 120°, as hitherto believed. This 
however is not surprising, particularly after Kyierscu’s experiments 
on the system sulphurtrioxide + water’). The tendency of SO, 
and H,O to enter into combination is greater than that of N, H, 
and H,O. As the boilingpoint curve of the system sulphurtrioxide 
-+ water shows a maximum not belonging to the compound H, SO, 
but to a mixture of 98,5 °/, of H,SO, and 1,5 °/, of H,O, it is not 
at all surprising that in the system hydrazine + water the maximum 
does not correspond with the composition N, H,.H,O. It is seen 
from these figures that a liquid boiling at 119°.8 and having the 
composition 50 mols. N,H, -+ 50 mols. of H,O yields a vapour 
containing about 42 mols. of N, H, and 58 mols. of water, while 
a vapour of about the composition N, H,.H,O is given off at 120°.4 
by a liquid containing about 54 mols. of N,H, and 46 mols. of water. 

From the course of the curve it appears that a maximum boiling- 
point of about 120°.5 corresponds with a liquid with about 58 mols. 
of N,H,. The experiment has shown that a mixture of about 58.5 
mols. of N, H, and 41.5 mols. of H, O has a constant boilingpoint 
of 120°1 at 760 m.m. In the table 120°.5 therefore corresponds 
with 771 m.m. 

The course of the first half of the curve plainly shows the pheno- 
menon observed by Curtius namely, that on boiling dilute solutions 
of hydrazine the distillate consists at first almost exclusively of water, 
although the boilingpoint has very sensibly increased. It may be 
assumed that the same thing happens in the reverse case of much 
hydrazine and little water; for reasons stated we have not been able 
to ascertain this. 

One of us (Dito) is already engaged with the determination of the 
viscosity of the system: hydrazine + water; while with the co-operation 
of Professor Ernst Conun experiments have already been started, 
several months ago, on the electrolytic conductivity of the same 
system and of solutions of salts in hydrazine *) 


1) Ber. 34, 4088 (1901). 
4 Curtius states that concentrated solutions of hydrazine attack glass when 
boiling at ordinary pressure. We did not notice any such action of even highly 


concentrated solutions on our glass fractional distilling apparatus and condensing tube, 
5) Recueil 15, 179, 
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Chemistry. — Professor Losry px Bruyn presents, also in the name 
of Mr. W. Arsurpa van EKeEnsrrin, a communication on 
4 Formaldehyd (methylene) derivatives of sugars and glucosides.” 


In a previous communication’) we have already stated that an 
aqueous solution of formaldehyde when evaporated with some of the 
sugars reacts on the same. This was shown by the great changes 
in the rotation. We then also remarked that attempts to isolate the 
crystalline compounds from the syrupy mass had not proved successful. 
These, moreover, are readily dissociated by evaporation in the pre- 
sence of much water, the pure sugars being left behind. ?) 

About the same time *) ToLiuns had prepared a crystallised methy- 
leneglucose by mixing a solution of glucose in formaldehyde with 
hydrochloric and acetic acids and setting the liquid aside for some 
months. He obtained a monoformal-derivative which still powerfully 
reduced Frniine’s liquid. Other sugars gave a negative result. 

On continuing our researches it appeared that substances, of an 
apparently different nature and more stable than those occurring in 
the said syrups, are formed when the dry sugars are melted with 
polymerised formaldehyde (trioxymethylene). The rotatory power 
then appears strongly modified and the reducing power decreased: 
this, however, reaches its normal figure on boiling with dilute acid. 
From this follows that during the reaction of the sugar with the 
formaldehyde, the aldehyde groups disappear. 

We now succeeded in isolating in the case of several sugars 
(and glucosides) crystallised compounds or such having a constant 
boiling point, by introducing the fused mass into sulphuric acid of 
various concentrations or phosphoric acid and then agitating the 
liquid with an organic solvent such as chloroform, which dissolves 
the diformal compounds. In some cases there are formed, simulta- 
neously, monoformal derivatives which are readily soluble in alcohol 
and water, but sparingly soluble in chloroform and so behave in this 
respect quite the reverse from the diformal derivatives. 

Both the di- and the mono-methylenesugars no longer react with 
Frnuine’s solution and behave indifferently toward phenylhydrazine ; 
the carbonyl groups have therefore disappeared during the action 
of the formaldehyde. After boiling with dilute acids, the reducing 
power returns. These substances must therefore in the first place 


1) Proc. 1900. 9. 

2) Rurr and Outenporrr, Ber. 32. 3236 (1899), have regenerated some sugars 
from different hydrazines by evaporation with solution of formaldehyde. 

8) Ber 82. 2585 (1900); his experiments had commenced some years previously. 
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be regarded as glucosides, derived from methylenglycol CH, (OH), °), 
which is unknown in the free state. Two of the alcoholic hydroxyl 
groups of the sugar-molecule have also taken part in the formation 
of the diformal-derivatives. A hydroxyl group ‘is no longer present 
in formalmethylenexyloside and -arabinoside, for acetic anhydride 
and benzoyl chloride do not act on these substances. As, according 
to the analysis, two mols. of water have been eliminated, the following 
constitutional formulae, for instance, may be drawn up for the said 
pentose derivatives. ; 


O 
HC—O\, VA 
HC CH, 
Vio boas 
een or Ad 
an wee 
A We ao. 7 
mo | 
CH, 


Diformalxylose (C, H,, O,) crystallises very neatly from benzene 
or light petroleum; melting point 56°—57°,[e@|p(2°/, solution in 
methylaleohol) = -- 25°,7; may be readily sublimed. 

Diformalarabinose is a somewhat oily, colorless liquid which may 
be distilled in vacuum without decomposition. Boiling point 155° 
at about 32 m.m. pressure; [@]p (2°/, solution in methylalcohol) 
= — 16°. 

With glucose a syrupy diformalderivative may be separated from a 
solid mono-compound by taking advantage of the said difference 
in solubility. Neither of these substances have any reducing 
power or react with phenylhydrazine. They are probably mixtures; 
the white substance, although crystalline, does not possess a definite 
melting pomt (140—150°) and on analysis gives no satisfactory figures, 
but it could not up to the present be resolved by recrystallisation 
into components. The diformal-derivative, left in contact with solvents 
for many months, remained syrupy. 

Both compounds still contain one or more free hydroxyl groups ; 


") The methyleneglucose obtained by Toxtens (1.c.) has still a strong reducing 
action; if appears to us that it should not be regarded as a glucoside (which 


Totnes does); apparently two alcoholic groups of the glucose have taken part 
in its formation, 
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the products of the reaction with acetic anhydride and benzoyl chloride 
could not as yet be obtained in a crystalline form. 

They are not liable to fermentation but do not prevent the fermen- 
tation of any free glucose, although they retard the same. 

The simultaneous formation of various isomeric mono- and diformal- 
glucosides may, as will be easily seen, explain the unsatisfactory result. 

Galactose yielded products comparable with those obtained from 
glucose. The indistinctly crystalline methylenegalactoside (monoformal 
derivative) seems, however, to be a pure substance as the melting 
point (203) remained unaltered; [e@]p (in 2°/, aqueous solution) = 
+ 124°.8. It is still being investigated. 

Fructose yields a well-crystallised formalmethylenefructoside ; when 
preparing the same a 50°/, sulphuric acid should be used. Melting 
point 92°; [a@]p (2°/, aqueous solution) = — 34°.9. 

d-Sorbose yields a derivative melting at 54° and [@] p (2°/, aqueous 
solution) = — 25°. Rhammose yields a product melting at 76° and 
[|p [0.4°/, aqueous solution) = — 18°; mannose also yields a crys- 
talline derivative. 


The (mono)methyleneglucosides also derive a certain importance 
from the analogy which they show, as regards their properties, with 
ordinary canesugar. In the same way as the latter has been formed 
from glucose and fructose, they are also formed, with the loss of 
two carbonyl groups, from two aldehydes from which one mol. of 
water has been eliminated. The reducing power is lost; towards 
phenylhydrazine they have become indifferent. On boiling with dilute 
acids, however, the components are regenerated. 


It cannot be a matter of astonishment that the methylglucosides 
are quite as capable as the hexites, the oxy-acids and the sugars to 
give condensation products with formaldehyde. They are formed in 
abundance by simply melting the powdered glucosides with dry 
trioxymethylene. 

In a properly crystallised state were obtained the formalderivatives 
of methylmannoside [m.p. 127°, [@]p = + 10.5], of 8-methyl-d-gluco- 
side m. p. 136°, inactive} and of «- and §-methyl-d-galactoside. 

The derivatives of a-methyl-d-glucoside and of amyl- and aethyl-d- 
elucoside are viscious liquids. 

It is worthy of notice that saccharose melted with trioxymethylene 
is decomposed with the formation of a mixture of formalderivatives 
of glucose and fructose, from which the latter was separated in a 
crystalline condition. 
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Chemistry. — / The intramolecular rearrangement in halogen-aceta- 
nilides and its velocity”. By Dr. J. J. Buanksma. (Communicated 
by Prof. Losry pe Bruyn). ; 

In a former paper‘) attention was called to the fact that the ready 
bromination, nitration, sulphonation ete. of phenol and aniline deri- 
vatives may be explained by assuming that the halogen atom or the 
groups NO, or SO,H_ first enter the side-chain and then pass into 
the nucleus by intramolecular migration. Although a great many 
compounds are now already known containing groups linked to N 
or O which, under the influence of certain agencies, shift towards 
the nucleus, it was in these cases up to the present not proved with 
absolute certainty that we are really déaling here with a rearrangement 
of atoms or groups in a molecule and not with a reaction in which 
several molecules take part, which according to some authors is not 
improbable’). In order to investigate this it became necessary to 
know the velocity of reaction. If the reaction took place mono- 
molecularly, we should be really dealing with an intramolecular 
displacement; a bimolecular reaction would point to a double decom- 
position between two molecules. 

As a suitable example for this research, Prof. Losry ps Bruyn 
pointed out to me the conversion of acetylchloroanilide into para- 
chloroacetanilide under the influence of hydrochloric acid, first 
discovered by Brnpur ? 


) 
Cl Mei ii ep ade 
CH, CON es — CH, CO NC el 


It is known that the chlorine in acetylchloroanilide may be determ- 
ined by adding potassiumiodide to its acetic acid solution and titra- 
ting the liberated iodine; p-chloroacetanilide does not react with K I: 

C,H, NCVCO CH, 4 2H b= Can NALCO CH yee Ole is 

The acetylchloroanilide was prepared according to the directions of 
CuaTtaway and Orton *) by shaking acetanilide with a solution of 
bleaching powder containing potassium bicarbonate. Within half a 
minute to a minute it will be noticed that the acetanilide has nearly 
entirely dissolved; after a few minutes the acetylchloroanilide sepa- 
rates in a crystalline state. CHarraway and,Orrton state that this 


1) Proc. 25 Jan. and 29 March 1902. 

*) ArmstRone, Journ. Chem. Soc. 7%. 1053. 
3) Ber. 19. 2273. Siossen, Ber. 28. 3265. 
*) Journ. Chem. Soc. 79. 278. 
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compound is unstable and is spontaneously converted into p-chloro- 
acetanilide. A closer investigation showed me that the cause of this 
must be attributed to the action of sunlight. After 14 days exposure 
to the light (May 14-28), the atmosphere being cloudy, this substance 
was entirely converted into p-chloroacetanilide while on a bright 
day in June the conversion was complete in a day. In the same 
manner it was shown that the analogous bromo-compound ©, H, N 
Br CO CH, had been entirely converted after 3—4 hours exposure 
to direct sunlight on an afternoon in June and in 70 hours by exposure 
to incandescent gaslight; in diffuse daylight the conversion was 
complete after a few days, while both the chlorine and the bromine 
compound, could be preserved unaltered in the dark. 

We therefore see that Br and Cl linked to N, shift to the nucleus 
under the influence of light. On consulting the literature it was 
found that Bamprrcer') had already shown that phenylnitramine is 
converted by sunlight into o- and p-nitraniline, while he had also 
found that nitrosophenylhydroxylamine is very rapidly decomposed 
by direct sunlight and sometimes even explodes. The reaction takes 
here a more complicated course, the first stage of the reaction is 
probably the migration of the NO group to the nucleus. 

Recently KyipscHeer *) has shown that azoxybenzene is converted 
by direct sunlight into 0-oxyazobenzene. 

We therefore see that under the influence of sunlight Br, Cl, NO,, 
NO and O attached to N migrate from the side-chain to the nucleus 
and change place with an atom of hydrogen ’). 

In the previous communication (l.c.) attention was called to the 
analogy of the CH,-group with NH, and OH. Now however, we 
notice a difference. Whereas sunlight promotes the entering of atoms 
or groups into the nucleus of the NH,-derivatives, it causes the for- 
mation of Br and Cl compounds in the side-chain of the CH,-derivatives, 
for instance in the bromination or chlorination of toluene *). 

We may briefly refer to the experiments of Srpek *) and Errara °) 
who have proved that on chlorinating parabromotoluene p-bromo- 


1) Berichte 27, 364, 1554, 34, 66. 

2) Proc. 31 May 1902. . 

3) No experiments showing the effect of light have, as yet, been made with 
phenol derivatives containing atoms or groups attached to the oxygen. It is probable 
that sunlight will in this case also excercise an influence on the migration of atoms 
or groups of the side-chain to the nucleus. This should be borne in mind when 
preparing these compounds. 

4) Scuramm, Ber. 18, 608. 

®) Monatsch. f. Chem. 11, 431. 

6) Gazz. Chim. Ital. 17, 202, 
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benzylbromide is formed in addition to p-bromobenzylchloride ; in 
this case the bromine leaves the nucleus and is introduced into the 
side-chain '). This question merits further investigation. 


After several preliminary experiments which showed that the 
interchange of Cl and H is much promoted by the catalytical action 
of acids, I determined the velocity of reaction in the following manner. 
3—4 evams of the acetylchloroanilide were dissolved in 100 grams 
of glacial acetic acid (100°/,), 10 cc. of hydrochloric acid containing 
2,9127 grams of HCl were added and finally the liquid was diluted 
with water to 500 ce. This solution was put into a black bottle 
and kept in a thermostat at 25°. As soon as the temperature had 
reached 25° 50 ec. were removed with a pipette and delivered into 
100 ce. of water to stop the reaction. Excess of solution of potassium- 
iodide was added and the liberated iodine titrated with sodium 
thiosulphate (0,150 N). The following results were obtained. 


t in hours. eo) Nao. k. 
0 49.3 
Pye 42 0.160 

1 35.6 0.162 

dae 30.25 0.163 

2 25.75 0.162 

one 21.8 0.163 

3 18.5 0.160 

+ 13.8 0.160 

6 7.3 0.160 

8 4.8 0.162 
. Lem | 
By applying the formula for the monomolecular reaction /: = l ets 


values are found for 4 which may be regarded as constants. 

This proves that the reaction is really monomolecular and that we 
are dealing with an actual intramolecular rearrangement of atoms. 

If instead of 10 ce., 20 ce. of hydrochloric acid were added the 
value for 4 was found to be 0.610; (the average result of eight obser- 
vations); by using double the quantity of acid the velocity has there- 
fore increased nearly four times. If instead of hydrochloric acid 
sulphuric acid of the same concentration was used, the conversion 
was very slow and a good constant was not obtained (32.8 cc. of 
Na, 5,0, at first, 29 cc. after 24 hours). 

In glacial acetic acid (99—100 °/,) the reaction takes place much 


1) Cf. Hanzscu, Ber. 30, 2334, Toon and Ecker, Ber. 26, 1104. 
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more rapidly so that addition of very little hydrochloric acid suffices 
for the complete conversion. 

The substance was again dissolved in glacial acetic acid and 3 ce. 
of a solution of dry hydrogenchloride in glacial acetic acid were 
added. The quantity of HCl thus introduced into 500 ce. of the 
solution amounted to only 0.0135 gram or not quite ’/,,, part of the 
quantity present in the experiment with aqueous acetic acid. 

The progressive change of the reaction was as follows: 


¢ in hours Cees Nao: 

0 30.3 

a 294 
1 28 

1 24 

2 22.6 
21/, 19.8 

3 17.2 
ahaa 14.2 
4 12.4 
4), 10.5 

On calculating £ according to the formula aoa — it will 


be seen that it keeps on increasing; this shows that the amount of 
the catalyser increases. On repeating the experiment it was found 
that, after the reaction, more hydrochloric acid existed (weighed as 
Ag Cl) than corresponded with the quantity added. 

A graphic representation of the aboye figures plainly shows that 
we are dealing here with a reaction the velocity of which has been 
accelerated by an increase of the catalyser'). In the experiment with 
20 per cent acetic acid the small increase of the relatively large 
amount of HCl is not perceptible. 

Even when we do not add hydrochloric acid but set the acetic 
acid solution aside in the dark we meet with the same type of 
progressive change of the reaction. 10 ¢.c. of a solution in glacial 
acetic acid were titrated from day to day and took : 

13 9-67 3,7-2,6, 1.5 and 1 ce Na, 5; O, 
which figures again reveal the character of a reaction accelerated 
by a catalyser. It moreover shows that it is not the glacial acetic 
acid which starts and continues the reaction, but that the conversion 
is due to the catalyser formed from the product itself; in the first 


1) Osrwatp, Lehrb. d. allgem. Chem. Bd. I, T. II, 266. 
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case it ought to be possible to calculate a constant by means of the 
formula employed for monomolecular reactions. 

We are, therefore, dealing here with a case quite analogous to 
that of the spontaneous decomposition of alkyl sulphuric acid and 
nitrocellulose mentioned by Ostwap; it is known that this may be 
prevented by adding a little kK, CO, or CaCoO,, 

The reaction in the presence of alcohol takes place in a similar 
manner; on warming on the waterbath it may according to CHaTTaway 
and Orton become so violent that the alcohol begins to boil. This 
may be prevented by adding a trace of Na,CO, which fact has been 
noticed by ArMsTRONG (I. ¢.).. 

We therefore, see: 

1. That the conversion of acetylchloroacetanilide into p-chloro- 
acetanilide proceeds like a monomolecular reaction and that it repre- 
sents a true intramolecular rearrangement of atoms. It may therefore 
be compared to the case of the transformation of the bromo-amides 
under the influence of alkalis studied by van Dam and ABrrson ?). 

2. That Br, Cl, NO,, NO, and O attached to N change place, under 
the influence of sunlight, with an H-atom present in the nucleus. 

3. That the conversion of acetylchloroacetanilide in alcoholic or 
acetic acid solution is caused by the formation of a catalyser which 
causes the reaction to proceed at an increasing rate (particularly in 
sunlight); this may be prevented by adding a trace of sodium carbonate 
or acetate as this removes the catalyser. 

The investigation will be continued in various directions. 


Chemistry. — “Galvanic cells and the phase rule.’ By Dr. W. 
Reinders of Breda. (Communicated by Prof. H. W. Baxnuts 
RoozrBoom). 


Nernst *) and, more recently, Bancrorr*) have tried to establish a 
relation between galvanic cells, consisting of a combination of two 
metals surrounded by electrolytes in communication with each other, 
and the phase rule. Neither of them, however has paid sufficient 
attention to the fact that: When the phase A is in equilibrium with 
B and also with C, then B must be also in equilibrium with C. 
They regard the liquid electrolyte, in contact with the metals, as 
one homogeneous phase, whilst in reality two phases exist which are 


1) Recueil 19. 318 (1900). 
*) Theor. Chem. le Aufl. p. 560, 3e Aufl. p. 660. 
5) J. of phys. Ch, If 427 (1898), 
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not in equilibrium with each other; in fact various means are 
employed to prevent them from forming a homogeneous mixture. 

The following contains a new effort to study the galvanic cell 
from the point of view of phase rule. 

Those cells have been considered, which consist of a combination 
of 2 metallic electrodes, each surrounded by an electrolyte, containing 
the cation of the metal and connected with each other either directly 
or by means of an electrolyte. 

Equilibrium may exist between both the electrodes and the sur- 
rounding electrolyte and when that equilibrium is reached, there 
exists at the plane of separation a certain potential difference, which 
is the measure of the energy required to transfer an equivalent of 
the metal from the one phase into the other. 

Bancrort is therefore in error in regarding the E.F. as an in- 
dependent variable, as a further condition of equilibrium. He Says : 
“In addition to the ordinary conditions of equilibrium there is also 
the electromotive force.” 

The variables would then be the x components, temperature, pressure 
and the potential difference and from this it would follow that for 
an invariant system 2-+ 3 phases were required. 

This is not the case, for x is completely defined when n phases 
are present in a system of 2 components at a given temperature and 
pressure (for instance by the formula of Nernsr when = 2 or 3). 

There exists, however, no equilibrium between the two electrolytes 
in the cell. They will tend to form a homogeneous mixture in 
which case the composition is changed and the equilibrium with the 
electrode disturbed. 

Therefore, there can be no question of a real equilibrium in the 
whole of the cell so long as both electrodes cannot be in equilibrium 
with the same electrolyte and the EMF becomes zero. An apparent 
equilibrium may, however, be got by preventing as much as possible 
the diffusion of the two electrolytes. 

Considering the cell as a combination of two systems consisting 
of metal and electrolyte, the equilibrium of the separate systems should 
be discussed before alluding to that existing in the cell. 


The equilibrium between the metalle electrode and the surrounding 
electrolyte and the potential difference at thew plane of separation. 


A. The electrode consists of a single metal and the surrounding 
electrolyte also contains cations of that metal alone. 

When the electrolyte is a fused salt of the metal, we have a system 
of 2 components in 2 phases which at a given temperature and press- 
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ure is completely defined. If the electrolyte is a solution of a salt of 
the metal, there will be 38: components and, therefore, the concentration 
must also be given. The potential difference is determined by the for- 


Jt Biol js piesil ; 
mula of Nernst: 7 ——/— in which P= the solution tension of 
n Pp 
the metal, »—the osmotic pressure of the cation and n= the 


valency of the metal. 


B. The electrolyte consists of two different metallic salts M,Z and 
M,Z and in the electrode both metals of these salts may be present. 

Assuming that the electrolyte forms one homogeneous phase, the 
following distinction may be made in the equilibria of the electrode 
and electrolyte. 


I. At the given temperature there is no reaction between the two metals ; 
they form therefore neither a compound nov a liquid or solid 
solution. 


Starting from the electrolyte, containing only the salt 17,7 (fused 
or in solution), there is a series of electrolytes with an increasing 
amount of J/,Z, which can only be in equilibrium with Jf, and 
another series, starting from J/,Z with increasing quantities of 17, Z, 
which are only in equilibrium with MW. 

Where these two series meet, we have an electrolyte, which is 
in equilibrium with both J/, and M/,. When there is no solvent 
and we are consequently dealing with a fused salt mixture, there 
is only one electrolyte which satisfies this equilibrium. We then 
have 3 phases: electrolyte, J/, and MM, and 3 components J, M, 
and the acid group Z The equilibrium at a given ¢ and p is, there- 
fore, completely defined. 

If, however, a solvent, and consequently a fourth component is 
also present, then, according to the quantity of this solvent, there will 
be a series of electrolytes which satisfy the conditions of equilibrium. 

To follow the change in the potential difference, we may imagine, 
that a part of the ions 7, in the electrolyte containing M,Z, has 
been replaced by J/,, but in such a way, that the total concentra- 
tion of the ions M/, + VW, remains constant. The potential difference 
between 7, and the electrolyte will increase, because in the equation 

Laan 
ne a l oF P, becomes smaller and consequently a, becomes greater. 

The same applies to 2,, the potential difference between the metal 
M, and an electrolyte containing only J/, cations, when part of these 
ions is replaced by ions M,. 
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icsgat In fig. 1 AD and BD are the lines giving 

rT a graphic representation of the change of a as 
‘ function of the ratio of the ions J/, and 

B M, at a constant total concentration of the 

cations. A poimt on AD, therefore, gives 

the concentration of the J/, and JZ, ions in 


a an electrolyte, which is in equilibrium with 
M, and the potential difference at the plane 
, //. of separation between this electrolyte and the 
electrode. BD does the same for J/,. Both 

>. : ae. 
M,-ions. lines are logarithmic curves. AD, therefore, 


asymptotically approaches the ordinate 17,8, until it is intersected in 
D by the line BD. 

In D the electrolyte is in equilibrium with the two metals J/, and 
M,. To the left of it, M, is precipitated by M,, to its right, If, by 
M.,. The condition of equilibrium in D is 2,=2, 


1 Ue 1 Na 
therefore log a log SG 
ny Pi n 2 P2 


ee ey ait 
or 23 es irs 
Pi P2 


and, for metals of the same valency P7: pep ee pa 

In words: in this equilibrium the ratio of the concentrations of the 
cations is equal to the ratio of the solution tensions of the metals. 

Owing to the great difference in the solution tensions, ), must 
in most cases be very small and consequently the possibility of the 
second metal existing in contact with ‘the mixed electrolyte, is limited 
to very minute concentrations of the first metallic salt; whereas the 
first metal may be in equilibrium with almost all the electrolytes, 
whatever the proportions of the two salts may be. The point D 
is, therefore, situated nearest to the less noble metal and almost 


coincides with B. 

Dannuen ') has investigated an instance of this equilibrium, namely 
29HI+ 2 Ag=2 Agl+H,. The solution, which is in equilibrium 
with both Ag and H, under 1 atm. pressure, is saturated with Agl 
(¢ = 0,567X10-8) and 0,043 normal in HI. 

Il. The two metals form a homogeneous liquid or solid solution. 

This is the case with the liquid amalgams and other fused metals, 
with Zn—Ag *), Sb—Sn *) and other alloys. 

1) Z. f. Phys. Ch. 88, 415. 


2) Heycock en Nevitie. J. Chem. Soc. 1897, 415. 
3) Heycock en Nevinie. J. Chem. Soc. 330, 387; van Buert, Z. f. phys. Ch. 


8, 357 en Reivers Z. f. anorg. Ch. 25, 113. 


( 186 ) 


Starting with the one pure metal and a solution, containing only 
the first metallic salt, it is found that on addition of the second 
metallic salt a small portion of the second metal will be separated 
and dissolved in the first one until the metallic phase is again in 
equilibrium with the electrolyte. 

This equilibrium requires that 2, —= 2, or for dilute solutions: 

La P, nee Ee 
ny Pi Ne Pr. 2 


ny P. No P, 
or also a == 
Py P, 


in which P, and P, are the partial solution tensions of the two 
metals in the homogeneous metal phase. P, and P, ave not constant 
here, but vary with the composition of the electrode. 

This formula was obtained by Nernst’) and verified by Oae *) 
by means of the example Hg + AgNO, @ HgNO, + Ag. 

The electrode now contains both metals, as may also happen in 
the case of non-homogeneous mixtures (D in fig. 1). The difference, 
however, is that there the metals form 2 phases and here only one. 
If the electrolyte is a mixture of fused salts or a solution in which 
the total concentration of the two cations is constant, then, at a 
constant temperature and pressure, the system will still be monovariant 


ny ng n Ng 
and the relation WP,:VP, or Vp, :Vp, may still be variable. Once 


ny ng 
however, the relation Vp, :Vp,, that is the composition of the electro- 
n n 
lyte, having been given, VP. : VP, or the composition of the metal 
phase, is also determined and consequently also a. 

At each temperature a series of two such coexisting phases are 
possible. The potential, difference continuously changes with their 
composition. 

In order to trace the general course of this --line it must first be 
ascertained how P, and P, depend on the composition of the electrode. 

If, in the metal phase, there are 2 atoms of M, and 1—wv atoms 
of M, and x is small, the lowering of the solution tension may be 
taken as proportional to the number of dissolved molecules of the 
second metal, which is analogous to the lowering of the vapour 
pressure in liquid mixtures. If we call the solution tension of the 
pure metal M, P,, then P, = P;(1—2). 


For small concentrations P, is proportional to the concentration 


1) Z. fiir phys. Gh. 22, 539, 
*) Z. fiir phys. Ch. 27, 285. 
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of the second metal, as has already been proved by the investigations 
of Mryrr'), RicHarp and Lewis’) and Oac ’*). Therefore P, = Ke. 
The factor K is unknown. For 7=1 it becomes however Pa. 
For small values of « however this is not necessarily the case, for 
it is to be expected that its value will be influenced by the nature 
of the first metal. 
The condition of equilibrium then becomes: 


Ne as Pads) 
i Ve VR. 
By ny 
Vi) MPA 2) 
and for n,=n, ce ys 
Py Py 1—e 


In words: The ratio of the ions in the electrolyte is to that of 
the atoms in the metal as A’: Py. 

When the ratio A: Py is very great, p,:p, will also be great, even 
when x has but a small value, that is to say that the electrolyte will 
contain almost exclusively cations of the baser metal even when 
the concentration of that metal in the electrode is small. 

In calculating the potential difference, the concentration of these 

fe [oe 


ions (p,) may, therefore, be taken as constant. 2 —=—1 is then 
Ny Pe 
a logarithmic function of « and, for small values of v, will increase 
: eee Oe eda 
rapidly with it. | —-=—-— }. 
du n, & 


The graphic representation of this function is a curve rising rapidly 
from the potential of the nobler metal at a small distance from the 
maxis. As x inereases, K approaches to the value 7, becoming 
equal to P; when «1. The. curve, therefore, bends sharply and 
after a small further rise reaches to the value of the potential of JM, in 
a solution of pure J/,Z. 


: Ray P ; 
The ratio of the ions in the coexisting electrolyte —_—— - increases 
‘ PivPs 


from 0 to nearly 1 for quite small values of «. The curve, which 
represents a as a function of this ratio, runs, therefore, at a slight 
incline towards the ordinate representing these baser metal, finally 
approaching it almost asymptotically. 


1) Z. f. phys. Ch. 7, 477. 
?) ” ” ” ” 28, A 
Dy Sh oes 
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The same results are obtained by considering the equation 
ll, P; A—«) 
ee. 


a. When the two metals form homogeneous mixtures in all pro- 
portions, the curves will therefore possess the 


4 


Fig. 2. 
general form shown in figure 2. 


of B The points on these curves, which are 
situated on the same~<horizontal line, are co- 
existing phases. The ordinate of the points 
gives the potential difference at the plane of 
separation. 

Although it is not impossible, a maximum 


or minimum will rarely occur, unless the 


> 


ue solution tensions of the two components 
Maree differ very little. 
PtP, 6. If the metals are not homogeneously 


miscible in every proportion, and the series of mixtures is therefore 
discontinuous, the two metallic phases, which are in equilibrium with 
each other (the end points of the break), will also be in equilibrium 
with the same electrolyte. The potential in this electrolyte must be 
the same for both metallic phases, for if such were not the case, a 
current might be generated and the equilibrium would be disturbed. 

According to whether the potential difference in this non-variant 
equilibrium is greater than those of the pure metals in solutions of 
their salts or intermediate between them, the figures 3 or 4 are 
obtained. 


Fig. 3. Fig. 4. 


Ps 
—— i Ol: = oe Ps 
PitPs ei eR Pi tp 
2 
C and D ave the two metallic phases in equilibrium with each 
other. / is the coexisting electrolyte. 
The case of fig. 3 becomes identical with that of fig. Lif Cand D 
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coincide to the right and the left with the a-axis, that is when the 
metals do not mix. 

An example of the case of fig. 4 is found in my investigation 1) 
of the equilibrium between fused lead, zine and their chiorides. At 
D1 oeicn@ 1000 or Pp, tier ot ine 2) 97 of %nt3 *)cof Pb: 
H= 99,9 °/, of ZnCl,, 0,1°/, of PbCl, and if zy, is taken as 0 then 
Seep — Use Volt andi, — 0,283. Volt: 

A second example is found in the cadmium amalgams, investigated 
by Jazcrer*) and Bux’). Further researches are those of Mryrr and 
Ricuarps and Lewis on the dilute amalgams, those of Linprck *) and 
those of HerscukowitscH*), who met with the case represented by fig. 4 
in his investigation of Cd—Sn, Cd—Pb, Zn—Sn, Zn—Bi, Cu—Ag. 

In all these cases the concentration of the nobler metal in the 
electrolyte is very small; to a large extent the curve AHB almost 
coincides with W,B. 


Il. The two metals form a compound. 


If the compound is present in a pure condition there will only 
be 2 phases and at least 3 components. Even without solvent the 
system is still monovariant at constant temperature and pressure. As 
in case I, if one of the pure metals forms the electrode, a series of 
solutions exists with varying proportions of the salts M,Z and 
M,Z, which may be in equilibrium with this compound. The 
limit of this series is reached when the solutions are also in equili- 
brium with a second metallic phase (one of the pure components, a 
liquid or solid solution or a second compound). 

In order to make use of Nernst’s formuia to calculate the potential 
difference, it is necessary to assume that the electrode forms ions of 
the same composition as the compound, for instance of AuAl,, Zn,Ag, 
ete., and to substitute the concentration of these ions in the formula. 
The solution pressure is then a definite constant for this compound, 
as it is for every pure metal: 


therefore nxn——l 


1) Z. f. anorg. Ch. 25 126. 
2) Wied. Ann. 65 106. 
3) Inang. Dissert., Amsterdam 1901. 
4) Wied. Ann. 35 311. 
5) Z. f. phys. Ch. 27 123. 
sf) 
Proceedings Royal Acad. Amsterdam. Vol. V. 
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If the formula of the compound is M,¢ M,) , then owing to disso- 
ciation, ions M, and M, will occur along with ions M,* M/,’ and 
between these an equilibrium will exist expressed by the equation: 


Pi Pe a 


When the total concentration of the ions remains constant, k—p, 
may be substituted for p, and the equation becomes 


Pi? (A sa 8 — Tye: 


The maximum value of p,, is reached when the first differential 
quotient with respect to p, = 0, that is, when 


LY ON Me (meg 8 weno DC 8 Mind Aa) 
or C(e =p.) = 0m, 
or Pye Die Gws 


Pi, therefore reaches a maximum and a a minimum where the 
ratio of the ions W/, and J, in the electrolyte 
is equal to that of the metals in the compound. 


Fig 5. 


a. If the compound can be in equilibrium 
with an electrolyte in which the ratio of the 
cathions is the same as that of the metals in 
the compound and if in addition to the com- 
pound only the metals in a pure condition 
are capable of existence, then the a-curve 
will have the form indicated in fig. 5. 

The points on the line AG give the compositions of electrolytes in 
equilibrium with pure M, and the corresponding potential differences. 
With the electrolyte G both M, and the compound are in equilibrium. 
So long as both metal phases are present, the potential difference remains 
constant. Should MW, have entirely disappeared, so that the electrode 
consists of the pure compound (composition = D), the electrolyte may 
vary from G to AK while the potential difference first falls to Hand 
then again rises to K. In K there is again a non-variant equilibrium 
between the compound, pure J/, and the electrolyte K and so long 
as these phases exist the potential difference remains constant. But 
when the compound has disappeared, it falls to B, while the 
electrolyte changes from K to pure M,Z. 

From an electrolyte having a composition situated between G and K 
the compound M,M, is precipitated by M, and also by M 


2° 
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Owing to the small rise of the line AG, the first case is sure to 
occur but rarely, as the line GHA then stands a chance of not being 
again intersected by AG and this case will pass into that of 6 (see below). 

H may be situated higher or lower than A. 

Fig. 6. If, in addition to the compound, two solid 
solutions are possible (J/, in which a little 
M, and M, in which alittle J, is dissolved), 
the a-curve takes the course indicated in fig. 6, 
which differs from fig. 5 in this, that in presence 
of the electrolytes A to G pure J, is replaced 
by an electrode of varying composition, repre- 
sented by the line AC, and in presence of the 
electrolytes B to K metallic phases B to F’occur. 

The line BF may either rise or fall *). 

An example of this case is probably the system Hg, Ag, NO,, examined 
by Ogg (1c.) for dilute solutions of Ag in Hg. 

b. If the compound cannot exist in presence of an electrolyte in 
which the ratio of the cations is the same 
as that of the atoms in the compound and if 
we consider the case in which in addition to 
the compound two solid solutions are possible, 
we get fig. 7. 

Metallic phases from A to C are in equili- 
brium with electrolytes from A to G. From 
C to D the electrode consists of a mixture 
of the two phases C' (a solution of M, in M,) 
and D (the compound). The potential difference 
is constant. 

As therefore, the compound is not in equilibrium with an electrolyte 
having the same ionic ratio, it will, in contact with such an electrolyte, 
dissolve with separation of J/,, and tend towards the equilibrium 
G, D, C. If, before attaining this, D has totally dissolved, a metallic 
phase on the line AC’ and an electrolyte on the line AG will remain. 

From D to E the pure compound is in equilibrium with an elec- 
trolyte of varying composition, situated on the line GK. The potential 
difference rises. The metallic phase / and the compound Fare in 
equilibrium with the electrolyte A. As long as these three are present, 
the potential difference is constant. If, however, the electrode reaches 
a composition to the right of /’, the compound will have disappeared 


Fics 7. 


1) In fig. 6 to read K instead of # and ’ instead fon 
13" 
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and there will be equilibrium of the metallic phases /’ to B with 
the electrolytes AK to B. 2 rises or falls (as in fig. 3). 

It may be expected here as in II, that the line AGKB will toa 
large extent run close to the a-axis of MM, and that in consequence 
the concentration in J/,-ions in G and K will be very small. 

When no solid mixtures of the two metals are possible AC and 
LF coincide with the z-axis. / then lies above B. 

If there is more than one compound, the sudden change of potential 
DE is repeated for such compound. Herscukowrrscn (l.c.) has noticed 
these sudden rises with Zn,Cu, Zn,Ag, Zn Sb,, Cu,Sn, Ag,Sn and 
has regarded them as evidence of the existence of these compounds. 

We should, however, be careful when drawing such conclusions 
as to the composition of alloys from measurements of potential dif- 
ference, for an alloy, obtained by melting together the two components 
and rapidly cooling the mass, is a badly defined substance and often 
contains more than two phases which are not at all in equilibrium. 
When they are brought into contact with an electrolyte consisting of 
a salt of the less noble metal, the unstable compounds in the alloy 
may be converted into the more stable ones and this reaction, which 
is caused by a short circuited element (unstable compound, electrolyte, 
stable compound), continues until only the two phases, which are 
really in equilibrium, remain. During this period the EI/F observed is 
not necessarily constant. 


The constant cells. 


As already stated, there is no equilibrium between the two elec- 
trolytes of a cell; they tend to form a homogeneous mixture by 
diffusion. The potential difference between two electrolytes is, howe- 
ver, generally very small and when the diffusion is small, it will 
change very little. As, moreover, the HM F of a cell consists of 
the sum of the potential differences between the two electrolytes and 
between electrolytes and the electrodes, an apparent equilibrium and 
consequently a constant HM may be secured by making the dif- 
fusion as small as possible. 

To attain this it is necessary that there should be equilibrium 
between the electrodes and their electrolytes. But, 
cell, that equilibrium must not be modified when the ¢ 


to flow and an interchange between the ph 
sequence, 


in a constant 
urrent is allowed 


ases takes place in con- 
At constant ¢ and p the system must be invariant. 


If the electrode consists of a single metal, the concentration of the 
ions of the metal in the electrolyte must be kept constant. In case 
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the electrolyte consists of a solution of the metallic salt, the presence 
of this salt in a third phase of constant composition, such as a solid 
hydrate, is required. These conditions are satisfied in the original 
form of the Clark cell, which contains on one side Zn and a saturated 
solution of ZnSO,, 7H,O and on the other side mereury and a 
saturated solution of Hg, SO,. 

If the electrode consists of two metals forming only one phase 
(liquid solution, solid solution or compound), the current will neces- 
sarily cause a change in the equilibrium, because the ratio of the 
metals in the electrolyte is generally different from that in the elec- 
trode. The equilibrium will only then become invariant when a 
second metallic phase appears. 

If there is no solvent, and the electrolyte therefore consists of a 
mixture of the two fused metallic salts, its composition is completely 
defined by the presence of 3 phases of the 3 components (V/,, 4, 
and the common acid radicle). If, however, there is also a fourth 
component in the form of a solvent, a fourth phase must be present 
to make the equilibrium invariant such as the crystals of one of the 
two salts. The choice between the two salts is not an arbitrary one, 
but is regulated by the required relation of the concentration of the 
cations and the solubility of the two salts. 

From this it follows, that on passing the current, only that metal, 
the salt of which is present in a second constant phase, can dissolve 
or deposit on the electrode (which consists of a mixture of the two 
metal phases). The ratio of the quantities of the two metallic phases 
must be regulated accordingly. 

An example, from among the commonly used normal elements 
is the Weston cell in which the Cd-electrode consists of a mixture 
of a liquid phase (Hg with 5°/, Cd) and a solid one (Hg with 14 °/, 
Cd)*) while the surrounding electrolyte consists of a solution of 


8 
Cd SO, and traces of Hg, SO,, saturated with Cd SO, a H,0. 


The Clark cell in which a zinc amalgam with 10—15°/, of zine 
is used, is clearly a similar combination. 


1) Byl. le. 
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Astronomy. — “On the yearly periodicity of the rates of the 
Standardclock of the observatory at Leyden, Houwt No. 17.” 
Second part. By Dr. E. F. van DE SANDE, BAKHUYZEN. 


HI. The period 1862—1874. 


9. As was mentioned, several investigations about the rate of the 
clock Honwi 17 during this period have been made by Kaiser. 
They have been partly published. These published investigations are 
relative to the period 1862 May—1864 August '). 

Afterwards, in the autumn of 1870, Kaiser undertook a new 
investigation founded on the period 1862—18707). In 1872 this 
investigation was continued and extended over the last year and a 
half *). Kaisrr was engaged in this investigation, the results of which 
were intended for the 3" Volume of the Annals of the observatory, 
till the last months of his life. It was unfinished, however, at his death. 

The results which Katser had obtained did not wholly satisfy him. 
Several singular irregularities had shown themselves; moreover he 
was aware of the fact that the barometer-readings, one of the foun- 
dations of the investigation, might still be affected by rather consider- 
able systematic errors, even after they had been corrected as well 
as possible. These barometer-readings had been derived by him from 
observations repeated three times every day on an old defective mer- 
cury barometer oi Burt: hanging in his study (during a year and a 
half on an Aneroid-barometer). The correction of this barometer 
was derived from simultaneous readings of the barometer in the 
transit-room. It appeared to be variable with the height of the 
barometer and increased considerably in the course of the years ; 
moreover the temperature of the barometer was quite uncertain. 

For these reasons H. G. van pw Sanpr Baknuyzen, when in 1873 he 
planned the continuation of the investigation of the clock, deemed it 
necessary, first of all to procure better data about the atmospheric 
pressure to which the clock had been exposed *). He intended to derive 
these by the help of the regular barometer-readings made at the 
meteorological Institute at Utrecht. 

In the first place the constant differences between the barometer- 
readings at Utrecht and those at Leyden (the barometer in the transit- 
room) had to be derived. From extensive calculations, which have 


1) F. Katser 1. c. 

*) Vide: Verslag van den staat der sterrenwacht te Leiden. 1870—71 pp. 15 and 16. 
%) Vide: Verslag van den staat der sterrenwacht te Leiden. 1871—72 pp. 14 and 15, 
4) Vide: Verslag van den staat der sterrenwacht te Leiden 1872—73 p. 4. 


C105. 4 


been continued afterwards, it finally appeared that, when the neces- 
sary corrections ') and the reduction for difference in altitude had 
been applied, the mean barometer-readings at both places are in 
perfect agreement *). 

After the completion of this preparatory work H. G. VAN DE SaNnDE 
BakuuyzEN has been prevented by want of time from further inves- 
tigations of the rates of the clock Honwi 17. 

10. When last year the investigation of the clock in the period 
1862—74, was resumed by me, I have soon given up the attempt to 
derive trustworthy corrections for the barometer of Burrr and I too 
have used the readings at Utrecht. It appeared that in this way we 
can get a precision sufficient for our purpose, at least for the mean 
monthly barometer-readings. 

I had at my disposal readings of the barometer at Utrecht for 
20", 2 and 10". From these I derived mean barometerreadings 
reduced to 0° for the whole of our period *). In addition to these, 
however, we have readings of the barometer at Leyden for the last 
months. For, to begin with July 1873, the barometer in the transit- 
room has been regularly read five times a day. From these I could 
derive, in the same way as I had done for the time after 1877 mean 
barometerreadings, which afterwards I reduced to 0:. The comparison 
of the monthly means obtained in the two ways stands as follows : 


L. — U. L. — U. 
1873 July + 0.3 Mm. 1873 Dec. + 0.3 Mm. 
Aug. 0.0 1874 Jan. — 0.2 
Sept. — 0.2 Febr. + 0.2 
Oct. — 0.2 March + 0.3 
Nov. — 0.1 April + 01 


The differences thus appear to be very small. They would have 
turned out still smaller perhaps, if we had not neglected the hundredth 
parts of the millimeters in all the computations. The mean value 


amounts only to + 0,05 Mm. 


1) About the errors of the barorneter at Utrecht see: J. D. vAN DER Praats, 
,Over den barometer van het K. Nederl. Meteor. Inst.” (Meteor. Jaarboek voor 1888). 
At Leyden the barometer-readings were reduced to those of the standard-barometer 


of Fuess. 
2) See also: Annalen der Sternwarte in Leiden. Vol. VI pp. CXIV—CXVI. 
3) By taking the means of the readings at 10°, 20", 9", 10" and giving half 
weight to both the extreme values I obtained the daily means from midnight to 


midnight. 
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11. For the derivation of the temperature of the clock I had the 
following data at my disposal. 

From 1862 to’ 1866 May a thermometer hanging at the pier of 
the clock was read at 830" in the morning. ~ 

Beginning from that time two thermometers suspended in the clock 
case were regularly read, but from 1866 June to 1873 June these 
readings were only made at 8" 30” in the morning. Since 1873 July 
both thermometers were read five times a day. 

From July 1873 it was possible therefore fo take daily means of 
the temperature according to the upper thermometer in the clock 
case in the same way as was done for the time after 1877. 

For former periods I had to find corrections in order to reduce to 
daily means of the latter thermometer. 

For the purpose of finding these corrections I compared : 

1s. For the years 1871, 1872 and 1873 the readings at 8" 307 in 
the morning of the upper thermometer in the clock case with those of 
the thermometer at the clockpier ; 

2d, for the years 1873-——75 the readings at 8" in the morning 
of the upper thermometer in the clock case with their daily means. 

From the two comparisons I found the following monthly means 
of the differences 4, = clock case — pier and A, = daily means — 
readings at 8", everything being expressed in degrees Raver. 
The index-corrections have been taken into account. 


Ls TiS cS A, 
Jan. + 0.21 + 0.22 July + 0.01 + 0.36 
Febr. add 19 Aug. Lg AL 
March 14 44 Sept. 16 46 
April 15 48 Oct. .20 .26 
May .06 38 Nov. 16 29 
June 03 AT Dec. 16 04 


For all the months I adopted for A, the general mean + 0,13. 
For A, I adopted 
October—February + 0.20 
March—September + 0.43 


With the aid of these values and of the index-errors determined 
at regular intervals the necessary reductions were applied. 

Lastly I compared the temperatures according to the upper and 
lower thermometer, as has been done for the subsequent period, 
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the difference in the two cases being that, for the period now under 
discussion, the clock was only enclosed in a single case. I will set 
down only the results which I found for the means of the 5 daily 
readings in the years 1873—76. 


u.—l. u.—l. 
Jan. + 0.32 July + 044 
Febr. + 0.34 Aug. + 0.40 
March + 0.38 Sept. + 0.54 
April + 0.42 Oct. + 0.30 
May + 0.44 Nov. + 0.31 
June + 0.44 Dec. + 0.31 


These differences are corrected for index-errors. 


12. With a few exceptions I used for the time before 1872 the 
same time-determinations from which Kaiser had formed his monthly 
means of the rates. Some corrections however could be applied. 
The clock had been set going in June 1861 but I left out the first 
year and placed the beginning of my investigation at 1862 May, as 
Kaiser had done. It ends April 1874, a short time before the occur- 
rence of the perturbation. 

The observed rates were first reduced to 760 Mm. at 0° and to 
+10? R. For the coefficient 6 I again took + 0.0140 (Kaiser in 
his last investigation found + 0+.0134) and for ¢ I adopted the value 
—0:.0174 which is the mean result of Kaisrr’s last investigation, 
allowance being made for the fact that I now reduced the barometer- 
readings to O°. 

In the following table all the columns have the same meaning as 
the corresponding ones in the table for the period 1877—1898. 


DR. Bar | Temp. | 
1862 May = 0.322 15005) | a2e7 
June 0.390 58.2 13.0 
July 0.408 60.3 13.8 
Aug. 0 424 60.6 14.5 
Sept. 0.328 62.9 137 0 
Oct. 0.346 59.4 10.6 
Nov. 0.245 60.0 6.2 
Dec. 0.192 61.6 5.0 
1863 Jan. 0 301 56.9 4.8 
Febr. 0.144 69.4 5.2 
March 0 246 58 4 6.4 
April 0.237 61 0 8.8 
May O13 61.7 10.8 
June 0.388 59) 13° 6 
Tuly 0),.247 64.3 14.2 
Aug 0.445 60.4 lied 
Sept 0.404 58.2 41.8 
Oct. 0.442 58.8 10.3 
Nov. 0.237 63.9 6.4 
Dec — 0.277 63.4 6.0 
1864 Jan. + 0.032 68.8 0.8 
Febr. — 0.165 59 8 2.2 
March 0 305 54.0 5.4 
April 0.424 63.9 6.9 
May 0 208 61.4 Oe 
June 0.342 60.2 12.7 
July 0.375 ) 62.0 13.9 
Aug. 0 347 63.2 to 
Sept. 0.401 61.2 42.5 
Oct. 0.369 59.0 Sh 
Nov. ().268 58.8 4G 
Dee. OANG3 63.8 4.2 


Det dew, fe | Dae 
— 0 968" | = 0.900" | Ip 
0.313 333 | — 19 
0.346 350° | — 36 
0.354 ie ee) 
0.317 290 | +. 9% 
0.398 294 | + 20 
0.314 980 | + 34 
0.301 ogi | + 33 
0.348 344 | — 30 
0.352 365 of See 
0.987 314 0 
0.972 306 | + 8 
0.293 om | 1260 
0.394 344 | — 30 
0.934 938 | + 76 
0.397 314 0 
0.348 39100, SBg 
0.420 386. | — 72 
0.355 304 | — 40 
0.390 370 | — 56 
0.254 7 | 467 
0.298 34; 4b 
0.306 333 | — 48 
0.230 264 | 4 54 
0.296 o57 | 4.59 
0.298 31g | + 9 
0.335 339 | = 43 
0.336 393i) bieeg 
0.374 347 | <2 49 
0) 378 344 0 
0.345 314 | + 35 
(0.369) 370 I 48 


[is Senet SO at ea eee Se SS Se Ee Se ae a es 
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1865 


1866 


1867 


Bar. | Temp. 


Reda 


Obsa 

D. R. | | Deer: dk, ie eer 
Jan, ivan WHO. 0 ey Od hk od fe. | dap, | an 
Febr. 0.20 | 59.5 | 44 0.358 su | — 5 
March 0.964 | 57.9 | 2.7 0.362 380 | — 47 
April 0.278 | 65.2 | 8.6 0.375 409 3 
May 0.300 | 61.4 | 12.3 0.365 306 | — 12 
June 0.352. | 65.3 126 0.381 401 4) AA 
july 0.464 | 61.2 | 15.4 0.387 so. |b 5 
Aug. 0.487 | 59.0 14.0 0.403 300 | +44 
Sept. 0.389 | 68.2 141 0.433 06 Niet od 
Oct. 0.485 | 53.3 9.5 0.400 366 | + 46 
Nov 0.376 | 60.4 6.5 0. 438 407 | +44 
Dec 0.937 | 68.6 4A 0.460 460 | 47 
Jan, 0.366 | 58.7 5.4 0.433 49 | — 2 
Febr. 0.473 | 544 4. 0.487 500 | — 69 
March 0.495. | 543 4.8 0.435 U6Q| 395 
April 0.39% | 602 84 0.425 9 |e O4 
May 034 | @.7 | 9:2 0.385 416 | + 95 
June 0479 | 60.2 | 149 0.397 a7 | 4.296 
July 0.477. | 59.9 144 0.405 409 | + 35 
Aug 0.536 | 56.6 13.3 0.431 Ag | 97 
Sept 0.599 | 56.7 12.5 0.509 482 | — 36 
Oct. 0 392 | 64.9 9.4 0.477 443 | 4+ 38 
Nov 0.4% | 58.6 | 7A 0.451 420 | + 26 
Dec. 0.351 | 60.6 5.2 0.443 403 | +93 
Jan Oa76u Ih 0.9. | + 2.2 0.413 409 | + 36 
Febr. 0.985 | 64.4 5.5 0.425 18 ake 
March 0.407 | 56.2 3.8 0.462 4g9 | — © 
April 0.457 | 55 9 7.8 0.438 47a | — 29 
May 0.396 | 59.8 10.4 0.386 “7 | +95 
June 0.43 | 63.4 13.0 4.409 yoo | +44 
July 0.497 | 59.4 13.3 0.427 Peas ee 
Aug. 0.505 | 62.2 14h 0.459 446 | — 40 
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b: | Bar, | Temp. ier 1 ope 1 | Oss 

1867 Sept. | — 04g | 7637 |-+ 13.2 | —0.480 | — 0.453 | — 19 
Oct. 0.455 59 4 8.9 0.466 432 0 

ner 0.312 | 659 6.4 0.458 47 | 

Dec. 0.266 622 oy 4 0.417 397 + 30 
1868 Jan. 0.288 58.9 Ph Al* 0.440 406 + 19 
Febr. 0.298 64.6 49 0.451 464 —— | 
March 0.302 60.6 5.8 0.383 M0 + 11 
April 0.344 60.4 7.4 0.395 429 — 10 

May 0.359 62.6 4, ) Oe3ail 382 + 35 
June 0.396 | 65.6 44.0 0. 404 165 eas 
July 0.493 62.4 16 5 0.4414 4A8 - 5 
Aug. 0.592 60.0 16.4 0.486 473 — 62 
Sept. 0.510 59.3 lee, 0 444 4A7 — 8 

Oct. 0.381 60 3 8.4 0.413 379 + 28 

Nov. 0.263 61.7 5.6 0.364 Bao + 71 

Dec. 0.421 52.4 59 0.386 356 + 36 
4269 Jan. OR237 63.7 2.9 0.413 409 — 9 
Febr. 0.269 60 9 Deed 0.357 370 + 28 
March ORS18 56.4 al 0 378 405 — 9 
April 0.336 62.4 8.8 0.391 425 — 31 

May 0.383 Dine 9.9 0.346 377 + 14 
June 0.358 63.0 lei) 0.383 403 — 14 

July 0.445 64.2 14.4 0 397 40) —— 14 
Aug. 0.420 64.2 1133 (0) 0.4146 403 AS 
Sept. 0.456 58.0 12.8 0.379 S52) + 31 

Oct. 0.409 | 61.3 9.2 0.444 47 | — 26 
Nov. 0.340 58.6 6.0 0.390 359 + 20 

Dec. 0.340) 565 | 29 0.494 404 | — 97 
1870 Jan. 0.202 62.17 3.4 0.360 356 + 19 
Febr. 0.132 | 60.0 0.9 [0.290] 344 | +99 
March 0.280 61.6 3.9 0.408 435 — 63 
April 0 226 65.4 eal 0) aE ail Y) 


DR. Bar. | Temp | py | pwr | O-S: 

1870 May = 0 299 |763.4 | + 9.9 |-= 0-349! |! — 0.380. | =. 40 
June QO. 302 63,,0 125 0,363 ice Mal ee 
July 0.457 | 614 14.9 0.387 301 #498 
Aug. 0.536 | 58.5 14.4 0.438 a5 58 
Sept. 0.34 | 644 Al 4 0.379 Boo pret 14 
Oct. 0475 | 547 8 9 0.420 386 | — 21 
Nov 0.388 | 36.3 5.9 0.407 316 Meee A2 
Der 0/217 1" 59.5 1.8 [0.353] S66 es 
4871 Jan. 0.167 | 58.9 0.4 0 32% 320 8 42 
Febr. Oy a ee 25 0.293 B06. Mies 
March 0.198 | 62.7 6.0 0.306 383, 7} ae98 
April 0.348 | 57.6 12 0.363 B07 iiei36 
May 0.250 | 63.2 9.4 0.314 300) a8 
fare 0.301 | 58.9 11.6 0.348 shoe = 8 
July 0.458 | 58.7 14.0 0.370 374 14 
Aug. 0.7 | 62.9 15.0 0.381 SCS rrie= «8 
Sept. 0.475 | 59.3 12.8 0.416 389 | — 29 
Oct. 0.357 | 617 7.6 0.423 Bog") 20 
Nov. 0.309 | 60.9 oe 0,432 AN AA 
Dec 0.178 | 64.5 oA 0.378 38 ee 
4872 Jan. 0.285 | 54.6 3.6 0.320 316 | + 44 
Febr. 0.273, | 59.8 4.5 0.366 B79 Vie = 19) 
March 0.294 | 57.4 5.9 0.329 356 | + 4 
April 0.317 58.7 8.2 0.330 364 — 4 
May 0.344 | 59.5 9.6 0.344 Sie Eee ls 
June 0.385 | 60.4 1301 0.337 Soaks 
July 0.400 | 607 15.5 0.314 318 | + 42 
Aug. 0.430 | 60.4 14.6 0.356 ea eee Yl 
Sept. 0.464 | 57.6 A314 0.376 349 | +41 
One 0.430 | 55.8 8.8 0.392 358.) 2 
Noe, 0.417 | 55.3 6.9 0.405 374 | — 44 
Dec O,8771) 252.3 Sul 0.354% 334 | + 26 


pr tar | tom hy | ott | one 

1873 Jan. + 0:804 1757-6. | 24.6 |p oO, Bomially 210, Soe eto 
Febr. 0.208 | 63.6 2.3 0.392 Nee eae 
March 0.010) 5750 aes 0.304 331 | + 99 
April 0.263 | 59.8 75 0.304 338 | 4 99 

May 0.310 | 60.4 8.7 0.334 B65 es 
June 0.337 60.9 3192.9 0 303 323 + 37 
ie 0.405 |. 61.2 14.8 0.338 342 | 4+ 48 
Dias, 0.429 | 60.7 14.6 0.359 346 | 4 414 
eonh. 0.406 | 605 | 45 0.387 360 0 

Ger 0.496 | 58.0 | 9.7 0.403 560 Les 
Nov, 0.932; | 59.9 |) 5.9 0 412 381 | — 2 

Dee 0.193 | 69.2 | 5.0 0. 409 389 | -- 29 
A874 Jan. 0.28809 63:0. by a8 0 394 390 | — 30 
Febr. 0.180 | 63.8 3.6 0.344 357 | <3 
March 0.1468 | 658 55 | 0.397 S55 gee 
hes 0.275 -| 59.0 8.5 0.287 301 | + 39 


Betore I undertook the further investigation of the reduced rates I *) 
I tried to find out the relation of the rates below 0° to those 
above that temperature. It appeared that a systematic deviation of 
the former is far less evident than it was in the period 1877—98. In 
fact such a deviation shows itself clearly only in the two months 
1870 February and December. Finally I excluded the days with tem- 
peratures below 0° only for these months and for 1864 December ?). 

The modified reduced rates I, together with the corresponding tem- 
peratures, are as follows: 


Temp. Red? Dek. [. 
1864 December + 2.4 — 08.390 
1870 February + 1.9 — 0.331 
December + 3.6 — 0 .386 


1) In comparing my values of the reduced rates I for the two first years with 
those occurring in Karser’s papers, allowance must be made for the fact that my 
values apply for a pressure of 760 Mm. at 0°, whereas those of Karser may be 
assumed to apply for a barometer-height of 760 Mm. at + 10°. 

*) During 8 other months the deviations were small and variable in sign. 
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13. In the first place I have investigated in how far the non-pe- 
riodic part of the rate, the constant a, has varied during the period 
under consideration. 

For this purpose I have combined the monthly means to yearly 
means. They are as follows, the years beginning with May. 


1862 — 0%.316 1868 — 0.400 
1863 309 1869 384 
1864 390 1870 368 
1865 421 1871 367 
1866 436 1872 300 
1867 428 1873 398 


It is seen that the negative rate has somewhat increased in the 
beginning and somewhat decreased afterwards and that it remained 
nearly constant during the last four years. 

With these values and the corresponding ones for years beginning 
with August, November and February, I drew, in the same way as 
was done for the period formerly considered, a curve representing 
in a first approximation the change of a with the time. 


14. In the second place the influence of the temperature was 
investigated. I tried to find out: 

4st. In how far, if we assume a linear influence of the temper- 
ature, the adopted temperature-coefficient applies for the whole of 
the period ; 

9nd. whether there is any term varying as the square of the 
temperature. 

For the first investigation the several years were kept separate. 
They were assumed to begin with February. 

I used 1st. the deviations of the monthly means from their yearly 
mean, 2", the deviations of these same monthly means from the 
values of a taken from the curve. In the third and fourth place 
the computations were repeated using, not the monthly means them- 
selves, but the mean value for the first month combined with the last, 
that for the second combined with the last but one, etc., By this device 
the influence of the “supplementary term” must be nearly completely 


eliminated at the outset. . 
In this way I found for the correction of the adopted coefficient 


_-0.0174, the following four series of values; they are expressed 
in tenthousandth parts of a second. 


I ll Il IV 
1863.00 jeu) HE Se cae eS 
1864 << E98 TEC TO eee 0 
4863: © Bkovele ) Stalidhed SiC. eee 
{8660 © “Seale eee aie Aceon eee ie 
1867 Sei 0 ee Pee et 
1868"... B65! = 0346 FERN oe Rees 
1860 - = Nr ad ee er 
18704. | —— BBIb ES 96), ees ees 
187do" PLS OGY Gea yee ener 
1872.0 bs 205 sas fii eat 
ASTS S38, ae AO nO Meee 


The results of the four computations are nearly accordant. The 
value of the temperature coefficient appears to have varied far less 
than it did subsequently. A small fluctuation however, of the same 
nature as that which existed afterwards, appears to have occurred. 
It might be allowable to assume, in accordance with the second com- 
putation, which in my opinion is to be preferred : 


18683—66 Ac=+ 9 c= —0:.0165 
1867—714 == 19 — 0.0193 
1872-73 + 26 == (i O148 


From all the years together we should find 
1863-73 Aiea == = 00S 

The investigation about the existence of a quadratic term I only 
executed for the mean of the 11 years. 

For this purpose I used the deviations according to the second and 
fourth computation. 

If 4c, and ¢, represent the correction of the coefficient of t—t, and 
the coefficient of (t—t,), tf; being the mean temperature (= + 8°.6 R.), 
we have, expressing both in tenthousandth parts of the second as unit, 


EG Ce 
2°¢ Comp. + 0.5 — 0.92 
rene — 6.2 — 0.48 


At least for the mean of the 11 years, therefore, a quadratic term 
must be quite insensible. 


15. It seemed unnecessary to apply corrections to the reduced 
rates I on account of the temperature coefficient, before proceeding to 
the investigation of the supplementary term. For the mean value of 
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this coefficient agrees all but absolutely with the value originally 
adopted and its fluctuations are certainly inconsiderable. 
I made use of the deviations of the monthly means from the values 
of a taken from the curve and I made the years begin with May. 
For the sake of brevity I will only give the mean results for 4 
groups, each of three years. In the last column the general means 
are set down. 


62—64 | 65—67 | 68—70 | 71—73 1862 —1873 
Wiehinacoss + 76| + 44) + 46| + 29 + 48 
June )..:.: + 4) +29) + 9] +30 + 18 
til yepenrsiae +12); +20; — 9} +419 + 10 
Reena atk Pie Oh es iene — 99 
September.| — 26 | — 45/ — 14] — 32 — 29 
October...} — 52] —17} — 40| — 45 — 38 
November.| — 10} —18| — 4] — 55 — 22 
December.| — 30| — 8| —17| — 20 — 19 
January.... — 9| +44] +14; + 1 + 5 
February .| — 2| —22| +51| — 8 + 5 
March....J +1418) + 6] +13] + 39 + 19 
Nall sooo +46; +13] +13] + 52 + 31 


In each of the 4 partial results the supplementary inequality is quite 
evident. Its amplitude is of the same order of magnitude as in the 
period 1877—98. ‘There appears to he no reason for assuming any 
change in this amplitude during the 12 years 1862—74. _I therefore 
tried to represent the general means by a formula and it appeared 
that a pretty satisfactory representation may be obtained by a 


simple sine: 


T— Apr. 23 


Ag = + 98.0841 cos 2 a68 


The sinusoid corresponding to this formula, together with the 
points given. by the observation is represented in Fig. 4. 
The differences between the observation and the curve, in thou- 


sandth parts of the second, are as follows : re 


Proceedings Royal Acad. Amsterdam. Vol. V. 
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May + 17 Sept. — 2 Jan. + 9 
vie va Oct. — 4 Febr:”—*3 
July + 6 Nov. + 9 March — 8 
Aug. — 9 Dec. + 1 April — 3 


The fact that the supplementary term can be represented by a 
simple sinusoid and that a half-yearly inequality is not shown, agrees 
with the result found a moment ago, that no term varying as the 
square of the temperature is indicated’). Properly speaking the two 
results are equivalent. 


16. Finally I have again tried to clear the monthly means of the 
rates, as well as possible, of all periodic terms. In doing this I have 
applied no further corrections for the influence of the temperature 
because the variation of its coefficient — the results of the years 
1871 and 1873 are just those differing most considerably — did not 
seem as yet sufficiently demonstrated. 

No other reductions were applied, therefore, but those for the 
supplementary term according to the formula found above. 

The rates corrected in this way (= term a) have been inserted, in 
the table already given, in the column Red. D. R. II. 

These values of the term a have been represented as well as 
possible by a simple curve reproduced in Fig. 5. 

In this figure the results of the observation are also shown, not 
for every month separately, but for the mean of any three consecu- 
tive months’). 

I have tried to draw this curve about as simply as that for the 
period 1878—98. The outstanding differences O—C (C = curve) 
are contained in the last column of the table. 

These differences lead to the following mean amounts, which we 
might consider as the mean errors of a monthly mean : 


1862—1867 M. EF. = + 03.0309 
1868—1874 .0273 


) The remark made at the end of § 7, p. 23 (90) does not make sufficient 
allowance for the fact that, as long as no physical explanation has been given for 
the “supplementary term’, a variability of this term might be deemed no more 
probable than the variability in the course of time of a term varying as the square 
of the temperature. 


*) On page 24 (91) I forgot to remark that the same was done in Fig. 3, which 
represents the period 1878—1898, 
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whereas, if we had neglected the consideration of the supplementary 
term, we should have found: 


1862—1867 M. E. = + 0:.0382 
1868—1874 0377 


which values are considerably greater. 
IV. The period 1899—1902. 


17. Since the time, 1898 December, that the clock Honwi 17 
has been mounted in the niche of the pier of the 10-inch-refractor, 
its rates are kept under constant control by computations which are 
made, immediately after the time-determinations, by Mr. Hamersma, 
computer at the observatory. He computes moreover mean values 
of the rate at the end of every month, which are at once inserted 
in graphical representations. The following investigation was founded 
on these results only slightly modified. 

The modification is the consequence of a small correction of the 
barometer-readings caused by the fact that the temperature of the 
clock is no longer the same as that of the barometer in the transit- 
room. The barometer-readings were reduced therefore to what they 
would have been at the former temperature’). As my investigation, 
which includes no more than three years, must be considered as a 
preliminary one, it seemed useless to replace the original mean rea- 
dings by the mean values according to the barograph-diagrams. More- 
over the constant correction of the barometer used was neglected. 

As before the temperatures were determined from the readings of 
the upper one of the two thermometers suspended in the clock case. 
The former thermometers had been replaced however by two other 
ones having centigrade scales. 

Besides the temperature in the niche below the clockease has 
been determined for the period of a year by means of a thermo- 
eraph of Ricuarp. It appeared that, even there, no trace of a daily 
period in the temperature is noticeable. 

In general the changes in the temperature have now become much 
slower and much more regular. At the same time the temperature 
+n winter time does not nearly sink to so low a point as formerly ; 
this is shown even in the monthly means In the years now under con- 
sideration the temperature in the clock case never sunk below + 2° C. 

As was done for the other periods, I have computed the differences 


1) The reduction amounted to 0.4 Mm. in maximo, 


14% 
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between the upper and lower thermometer for this period after the clock 
had been mounted in the niche. The monthly means of these differences, 
resulting from the five hours of observation ale from the three years 
1899—1901, are as follows: 


January + 0.02 July +. 0.24 
February + 0.01 August + 0.17 
March + 0.01 September + 0.06 
April + 0.02 October + 0.02 
May + 0.05 November + 0.01 
June + 0.15 December + 0.02 


The differences are now expressed in degrees Celsius. The index- 
errors of these thermometers are insensible. 


18. The observed daily rates were originally reduced to 760 Mm. 
and -+- 10°C. by means of the coefficients : 
b = + 08.0140 
c= — 0 .0170 
In the following table, however, the Red. D. R. I. have been 
computed, not with this value of the temperature coefficient, which 
had originally been derived from only the first months, but with the 
value 
€ = — 08.0220 


which accords better with the observations. The meaning of the 
two last columns of the table will be explained hereafter. 

The four months immediately following the mounting and the 
regulation of the clock, during which the rate proved to be still some- 
what variable, have been left out of consideration and have. not 
been inserted in the table. 


DR. | Boe | Hoe. | DRT | p.RI b. Ril 

— 0°17 | —0'469 

1899 May 0446. | 769: Ais Moret) een ee 6 
June 0.432 | 65.7 15.0 OS0Q 5) i) A gles ag 
July 0.192 | 65.4 18.4 OLOSORP EM 640s pene 
Aug. 0.228 | 66.0 48.7 01120) =) eG ates 
Sept. 0.353 | 59.4 | 416.0 0,208 Ji 44) a Ae 
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DR: Bar. Temp. 

41899 Oct. — 0.160) 4) 76720, | 4. 41.7 

Nov. 0.4156 67.4 11.6 

Dec 0.048 ow TE 

1900 Jan. 0.097 59.6 Did 

Febr. 0.458 52.8 5.4 

March 0.058 led 65 

April 0.065 62,2 8.4 

May 0.153 62.2 sa 

June Uoerh ie ollesyi 16.4 

July 0.258 63.8 18.3 

Aug 0.328 62.8 18.2 

Sept 0.952 | 67.4 16.5 

Oct 0.278 G1e9 13.6 

Nov. 0.255 58.4 10.2 

Dec — 0,199 61.2 8.8 

4901 Jan. + 0.05 63.2 5.2 

Febr. + 0.023 61.4 DA 

March — 0.098 Dil ah 6.7 
April 0.405 ao 7 9.6 | 
May 0.104 65.4 12.6 | 

June 0.216 64.3 16.0 

July 0.266 64.5 49.3 

Aug. 0.286 65.5 19.2 

Sept. 0.315 61.7 16.2 

Oct. 0.266 61.7 Alain 

Nov 0.120 64.0 OMT 

Dec 0.185 56.5 7.9 

4902 Jan. 0.070 62.8 es 

Febr. 0.034 59.6 4.6 

March 0.107 sat’) 7.8 

April 0.085 | 61.6 10.0 


Reda Redd Redd 
Daher. | De iyelb. antl 
= 0,187 | 0.160 
eS pelea s| oh 
(oss ease Astle = 6 
Oey te as kee 46 
Ore) 0 | 99 
Ve oS ee 
OMS4) |= v 9901 798 
Ostet =u fo 243 
Og) a0 es 90 
OA30i ley 40 gles 
D ADe st: Wet yeeeshe) Ey he 
Dekel at es) 
DOME) = AP ees og 
OPO ies oy ee AO 
05209 of) anergy ahleent 48 
0.172) tee | 4) 97 
O.008 |e. BT | ee 59 
6.00 uM | 8 
ies oe lce ie 
Orton 4a" Maan eimtys 
UTE d Kgl aly fl io gaa 
Orem 695. =. 146 
Cor lee wet eee te 
Pe ee ee 
05203 sites UP Guiinea 
Tae eae Le fe 
G.4g3 || gon ae “99 
G06 eee CBA ea 
New ee ae ee 
Grier eee sop Mdcog 
Coo Sloe. 4 
C407 oe a a8 
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19. The reduced daily rates I of this table show at once and 
with evidence the presence of the supplementary term; for the rest 
the rate of the clock in the present period appears to be a very 
recular one. If, first of all, we combine the monthly means into 3 
yearly means, from May to April, we find: 

1899 — 0.5158 
1900 . 156 
1901 .157 

There is no trace of a progressive change in the rate and for the 
further investigation of the influence of the temperature we may 
simply use the deviations from the general mean = — 0.°157. 

If in the first place we assume that the influence of the temperature 
is a linear one, we find 

1st from the monthly means, 

2nd from the means for two months combined in such a way that 
the supplementary term is nearly completely eliminated, respectively : 

e = — 050224 
and = — 0.0220 
which values are practically identical with that used for the deter- 
mination of the reduced daily rates I. 

In the second place let us assume the existence of a term varying 
as the square of the temperature. In this assumption we find, 
proceeding in the same way as before, for the total influence of the 
temperature: *) 

— 0.80253 (t—10°) + 0.500074 (¢—10°)? 
and — 0. 0247 (t—10°) + 0. 00069 (#—10°)? 
respectively. We thus find for this period a quadratic term of appre- 
ciable value. The difference between the two formulae is small; 
I will definitively adopt the former. 


20. It thus becomes necessary to use a quadratic formula in order 
to clear the rates completely from the direct influence of the tem- 
perature, as is required for the determination of the supplementary 
inequality. We may, however, as well ¢ake the influence of the tem- 
perature fo be proportional to its first power and then consider the 
remaining periodic part of the rate as “supplementary inequality”. 

I have followed both ways. In the following table I have inserted, 
first, the values found for the supplementary term in the first way, 
giving the results of the three years separately, as well as in the 
mean. These mean values are pretty well represented by the following 
simple sine-formula : 


‘) The mean temperature of the 3 years was + 11°.6 C. 
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T—May 3 
nan 

The last column of the table contains the differences between the 
observation and the computation. Everything has been expressed in 
thousandth parts of the second. 


Ag= + 0.0465 cos 29 


1899 1900 1901 Mean 0.—C. 
1 RN ae erences + 52 + 26 + 55 + 44 — 2 
JMC. cere - + 65 + 30 + 19 + 38 + 3 
UN Soge8 bp: + 58 + 17 + 12 + 29 + 14 
August ..... + 22 — 40 6 24 — 14 — 5 
September ..| — 45 — 54 — 42 — 41 — 16 
October:...... — 48 — 54 — A — 48 — 4 
November...| — 52 — 59 — 14 — 4 + 4 
December...| — 25 — 8 — Al — 2 + 10 
January ....| — 44 + 37 — 7 — 5 + 10 
February ...| — 20 -++ 36 — 17 0 — 9 
March ..4: > — 2 + 15 + 32 + 15 — 16 
INGA yas ore + 31 + 58 + 62 + 50 + 6 


The mean monthly results of the observations, together with the 
sinusoid by which they are represented, have been reproduced in 
fig. 6. 

In the second place we give, in the column O of the following 
table, the values of the supplementary inequality which we find in 
the mean, if we assume — 0*.0220 (¢-—10°) for the influence of the 
temperature. These values are represented by a curve reproduced in 
fig. 7. The column O.—C. of the table contains the deviations from 
this curve. 


0. O0.—C. 0. 0.—C. 
May +28 —12 Nov, 2-255 0 
June + 32 — 6 Dee. — 21 +2 
July +48 + 18 Jan. + 8 +7 
Aug. + 1 0 Febr. + 22 +5 
Sept. — 51 —11 March +20 —8 
Oct. —63 + 2 April +41 +5 


As might have been expected, the curve shows clearly a half- 
yearly inequality. 
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21. Finally I have reduced the monthly means of the rates both, 
by the linear temperatureformula with the curve of fig. 7, and by 
the quadratic formula with the sinusoid of fig. 6. The rates, thus 
reduced, have been inserted in the columns Red. D. R. II and Red. 
D. R. III of the general table. 

These columns do not contain the reduced rates themselves, but 
their mean values, together with the deviations from the latter. 

These deviations lead to a mean error of a monthly mean 
if we adopt the linear formula (Red. D. R. II), and 

Mh == == OF O7Is: 


if we adopt the quadratic formula (Red. D. R. IID. 

The two methods of reduction thus lead to nearly the same degree 
of agreement and a decision about the preference to be given to one 
of the two cannot, therefore, be derived from the monthly rates. 

If no reduction for the supplementary inequality had been applied, 
we should have found in the two eases : 


M. E. = + 08.0422 
re = 0.0398. 


The increase of the M. E. is still considerably greater than it is 
for the other periods. The quadratic formula now leads to slightly 
better results than the linear one; the difference is small, however. 


V. Amplitude of the oscillations of the pendulum in the 
period 1878—1888. 


22. As has been mentioned before, H. G. van pp Sanpp BaKuvyzen 
caused a small mirror to be attached to the pendulum in 1877 ay 
for the purpose of determining accurately the amplitude of the oscil- 
lation by the aid of the reflected image of a metallic wire placed 
before a flame of petroleum. The image was projected on a divided 
scale by means of a lens. 1 Mm. in the scale nearly corresponds to 
Q.'5 in the total amplitude; the reading could be made accurate to 
tenths of the millimeter. In this way a determination of the amplitude 
was made, generally 4 times a day, from 1878 April to 1899. 

The determinations of the years 1878, 79 and 80 were elaborately 
studied by H. G. van pe Sanpe Baxnuyzen. The influence of the 
temperature, of the atmospheric pressure and also that of the position 
of the driving weight were thoroughly investigated. Having the inten- 


1) See: Verslag van den staat der sterrenwacht te Leiden 1876—77 pag. 12 
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tion of prosecuting this investigation he did not yet publish his 
results. 


23. It seemed possible that the investigation of these amplitude- 
observations might contribute to the discovery of an explanation 
of the supplementary term found in the rates. I intended therefore 
to inquire whether the corrected amplitudes too would still show a 
yearly inequality. 

As H. G. VAN Dr SanpDE BakHuyzEN gave leave to take advantage 
of his results for the present paper, his corrected amplitudes could 
be compared at once with each other for the period 1878—80. 
Furthermore I tried to execute a somewhat provisional investigation 
for the eight following years. For these years the monthly means 
of the amplitude found in a first approximation ') were corrected for 
the influence of the atmospheric-pressure, as found by H. G. van 
DE SANDE Bakuuyzen. A _ correction for the temperature was not 
so easily applied, because it appeared that its influence has conside- 
rably increased in the course of the years. Finally I proceeded simply 
in this way, that I derived the value of the amplitude for + 8° R. 
for every spring and every autumn by interpolations between monthly 
means corrected for the barometer-reading. 

The results have been brought together in the following table : 


Spring 


Autumn. AS. 
red. 


Spring. 


AST Sime mod 1 38 22 39.71 + 1.49 


1879 38.68 38.76 37.66 — 1.10 
1880 38 84 40.06 39.50 — 0.56 
1881 4A 27 40.48 40.47 — 0.01 


1882 oo), nD) 39.18 39 Mie + 0.04 
1883 38.66 30.42 39.67 + 0.25 
1884 eas) 30.70 29722 — 1.48 
1885 29 520) 30.55 28 .35 — 2.20 


4886 31.90 32.30 32.33 + 0.03 


1887 32.71 31.86 31.68 — 0.48 


1888 31.04 


1) As many observations are wanting the corresponding values had to be assumed, 


( 214 ) 


These results are expressed i millimeters of the scale and they 
represent the total amplitude on that scale diminished by 320 Mm. 

The 24 and‘:the 4 column contain the results obtained for the 
spring and the autumn; the 3°¢ contains the means of two consecutive 
results for the spring; the 5‘ the differences autumn — spring 
obtained by substracting the numbers of the 3'¢ column from those 
in the 4%, The differences prove to be very small; their mean 
amounts only to — 0,38 Mm. or, if we exclude 1878 on account of 
a possible displacement of the lens, — 0.58 Mm., 7.e. —O’2 or 
—0(.’3 respectively, whereas the effect of 1° R. is 0.’6 in the beginning 
and about 1’ afterwards. Besides, the sign of the mean difference is 
the reverse of what we should have found, when the amplitude of 
the pendulum lags behind the temperature. Thus already this superficial 
investigation seems to show, that there is no term in the amplitude 
analogous to the supplementary term in the rates. 


VI. Comparison of the results. 


24. If we consider the results obtained in the preceding pages in their 
mutual relation, we are struck in the first place by the fact that the 
clock Honwt 17, which at present has been going for more than 
forty years, far from showing the defects of old age, has increased on 
the contrary in regularity of rate in the course of the years. We 
have seen that both in the period 1862—1874 and in that of 1878— 
1898 the greatest regularity was only reached after some years. It 
may be pointed out now that this regularity has also increased from 
period to period. 

For we found for the mean deviation of the monthly means from 
a simple curve (1st and 2"¢ period) or from a constant value (34 
period) the numbers : 

1862—1874 + 03.0291 
1879—1896 0237 


1899—1902 0215 


The diminution of the mean deviation is considerable and where- 
as in the 3'¢ period the amelioration in the clock’s position may have 
contributed towards this diminution, the difference between the first and 
the second is very striking. We have to consider in this connection 
that, for the two former periods, a whole year at the beginning has 
been left out of consideration, whereas for the third the 5th month 
has already been taken into account. 

The only point in which the second period is at a disadvantage 
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as compared to the first is that the influence of the temperature has 
been more variable. 

This however is mainly the case only for the last years, when, evi- 
dently, the cleaning of the clock had been already too long deferred. 

If we reduce the temperature-coefficient found for the third period 
to what it becomes for 1° R. instead of for 1° C., if further we reduce the 
mean coefficient of the first period to the value which would have 
been found, had not the barometer-reading been reduced to 0°, and 
if, lastly, we add the value found for the middle part of the second 
period *), leaving the quadratic terms out of consideration throughout, 
we find: 


1862—1874 c = — 0:.0196 
1885—1891 == 00269 
1899—1902 — 0.0275 


Between the 2.4 and the 34 period the pendulum has not been 
taken to pieces and only a small stain of rust has been removed 
from the suspension-spring. 


25. Let us now consider the results obtained for the supplemen- 
tary inequality. Setting aside a half-yearly inequality, sometimes 
shown, which is connected with the precise form of the influence 
of the temperature, we find in all the periods a supplementary yearly 
inequality in the rates which can be nearly represented by a simple 
sinusoid having its maxima about May 1 and November I, the semi- 
amplitude of which amounts to: 


1862—1874 + 0:.0341 


1878—1886 0455 
1887—1896 0254 
1899—1902 0465 


In the latter part of the period 1878—1898 the amplitude of the 
supplementary inequality seems to have appreciably diminished so 
that in the years 1897—1898 it is hardly sensible. For the rest 
the amplitude of the inequality appears to have had nearly the same 
amount under any circumstances. 

The question now arises: 

What explanation can be offered of this inequality ? If we consider 
only the monthly rates, we may mathematically represent it as a 
lagging behind of about half a month of the influence of the tem- 
perature. This cannot be the true physical explanation, however, 


1) See also the va'ues of ¢ for the 24 period on p. 20 (87). 
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because it appears from the rates during short periods, that abrupt 
changes in the temperature are reflected almost immediately. Not- 
withstanding this, I deemed it possible, at first, that the true expla- 
nation might be found in such a cause, by assuming that part of the 
effect of the temperature on the rate — perhaps by the intervention 
of the elasticity of the suspension-spring, — is only felt after along 
time. In this case however, we ought to find another and smaller 
temperature-coefficient from swift changes in temperature than from 
the comparison of summer- and winterrates: In reality, however, it 
seems, that the coefficients obtained in the two ways agree in the 
main, at least as far as can be judged now, before the completion 
of a more elaborate investigation by Mr. Wuxrper. 

Besides a change in the elasticity of the suspension-spring, lagging 
behind the yearly change of temperature, has become improbable since 
we found no trace of it in the amplitudes of the oscillations. 

Another possible explanation might be found in the hypothesis that 
the temperature of the different parts of the pendulum is permanently 
unequal and that the distribution of temperature varies systematically 
with the season, in such a way that it is not identical in the spring 
and the autumn. The influence of a small inequality of the tempera- 
ture is considerable. For if the temperature of the pendulum-rod changes 
only by so much as 0°.1 R., whereas that of the mercury remains 
constant, the daily rate changes by 0s.065. 

The differences between the readings of the upper and lower 
thermometer in the clock-case must throw light on this distribution 
of the temperature. The information however must be defective 
1s. on account of the small accuracy of the thermometers, 2°¢ because 
we do not know the relation existing between the temperature of the 
steel and the mercury of the pendulum and that of the surrounding air. 
If we consult the mean values of these differences of tem- 
perature for the three periods, we see that in the two former the 
difference: Upper temperature—Lower temperature has been really 
found + 0°.1 R. greater in April and May than in October and 
November. This would produce a difference in the rate agreeing in 
sign with that which is really found. In the 34 period, however, 
spring and autumn agree nearly perfectly. 

It seems to me still very uncertain, therefore, whether the cause 
of the phenomenon in question may be found in this distribution of 
the temperature. The fact that, whereas the clock was in very diffe- 
rent circumstances, the inequality of the rate was very nearly constant 
and also the fact that it seems to have diminished in the second period, 
seem, even a@ priori, contrary to such a hypothesis. 
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And so as yet I feel unable to give a sufficient explanation of the 
inequality which has been found. 


EXPLANATION OF THE FIGURES. 


Supplementary inequality 1878—1886. 

. - 1887—1896. 
» 3. Non-periodic part of the daily rate for + 8°.7 R. 1878—1898. 
» 4, Supplementary inequality 1862—1874. 
» 5D. Non-periodic part of the daily rate for + 10° R. 1862—1874. 
» 6. Supplementary inequality 1899—1902. 


» 7. The same inequality if the influence of the temperature is assumed to 
be linear. 


In the Fig. 1, 2,4, 6,7 the letters D., J. etc. stand for: December 1, January 1, etc. 
In the Fig. 3 and 5 the numbers: 78, 62 etc. stand for: 1878 June 15, 1862 
June 15 ete. 


In Fig. 5 for 79 read 69. 


RR ALT MM: 


p. 47. Behind the title of the communication of Prof. J. W. van 
Wut is omitted: 


(Communicated in the meeting of April 19, 1902). 


(August 8, 1902). 


KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN 
TE AMSTERDAM. 


PROCEEDINGS OF THE MEETING 


of Saturday September 27, 1902. 


OCH 


(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 
Afdeeling van Zaterdag 27 September 1902, Dl. XI). 


GO ASE AU AS AS) ES 


A. H. Sirkxs: “On the advantage of metal-etching by means of the electric current”. (Com- 
municated by Prof. J. L. C. Scuroeper van DER Kok), p. 219, (with one plate). 

J. D. van per Waars: “On the conditions fur the occurrence of 2 minimum critical temperature 
for a ternary system’, p. 225. 

W. H. Kersom: “Reduction of observation equations contaiaing more than one measured 
quantity”. (Communicated by Prof. If. Kamertincu Onngs), p. 236. 

E. H. M. Beekman: “On the behayiour of disthene and of sillimanite at high temperature”. 
(Communicated by Prof. J. L. C. ScurokpEr vAN DER Ko1ix), p. 240, (with one plate). 

L. If. Srertsema: “Measurements on the magnetic rotation of the plane of polarisation in 
liquefi‘d gases-under atmospheric pressure. II. Measurements with methylchloride”. (Communi- 
euted by Prof. H. Kameriincu Onngs), p, 243. (with one plate). 

H. Waca and C. U. Winn: “Diffraction of Roéntgen-Rays”, (2nd Communication), p. 247, 
(with one plate). 

H. A. Lorenrz: “The fundamental equations for electromagnetic phenomena in pondecrable 
bodies, deduced from the theory of clectrons”, p. 254. 

E. F. van pve Sanne Banxuvyzen: “Preliminary investigation of the rate of the standard- 
clock of the observatory at Leyden, Hohwii Nr. 17 after it was mounted in the niche of the 
great picr’’, p. 267. 


The following papers were read: 


Physics. — “On the advantage of metal-etching by means of the 
electric current’. By Mr. A. H. Sirs. (Communicated by 
Prof. J. L. C. ScHroEDER vAN DER KOLK). 


(Communicated in the meeting of June 28, 1902). 


Side by side with the tension- and bending-tests to which metals 
and their alloys are submitted, with the object to find out, whether 
the material answers to the requirements, Prof. BEHRENS gives, as a 
new method: a miscroscopic examination, which is deservedly made 
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use of on a large scale. In a special work on the subject: “Das 
mikroskopische Gefiige der Metalle und Legierungen,” this method 
and the practical use made of it, is treated exhaustively. The main 
substance of it is this: 

A piece of the material, which is to be submitted to microscopic 
examination is filed, till it is perfectly smooth, different numbers of 
carborundum-powder being used for the grinding, after which it is 
polished with tin-oxide or chrome-oxide, if a perfectly smooth slide 
is required; then, by means of the annealing colours, the ground plane 
will show a design, sharp-outlined. Since most metals and alloys 
have crystal-formations at their fractures, the annealing colours will 
produce a very strongly marked outline between the crystals and 
the ground-mass, because it is a known fact, that two substances, 
submitted to the same temperature, but of different formation (the 
crystals- and the surrounding mother-water) will not take the same 
tempering-colours. Next by making scratches on the surface, with 
needles of known hardness (analogous with the known hardness-scale 
of Mons) the hardness of the material may be fixed. 

A similar design, not so minutely detailed however, may be called 
forth by the corroding influence of acids, bases or salt-solutions, 
which the erystals and the encompassing matter are not equally 
proof against. For this purpose the rubbing and polishing need not 
be done so carefully. 

This method however has also its difficulties, which may often be 
very troublesome. As is always the case, when an acid operates 
upon a metal, also in this etching-process gas will be developed. 
The microscopically small gas-bubbles which are formed on the 
slide will locally prevent the corroding process of the acid and be 
the cause of little holes and dots that have nothing to do with the 
design and may easily lead to faulty conclusions. The very long 
time the grinding and polishing sometimes takes (I state here the 
grinding of different species of iron and babbits) will keep many 
from applying this method. 

No satisfactory results, in some cases, being obtained dy this method, 
although the material showed distinct crystals at its fracture. Prof. 
SCHROEDER VAN DER KoLxk was struck by the idea, whether it would not.be 
possible to etch metal-planes in another way than by corroding 
through acids. It is a known fact that a metal in a galvanic cell 
will corrode at its negative pole. I need only state the equally known 
fact, that the zine of a bichromate cell, after the electric current is 
set working, shows a magnificent structure. To forestall the objec- 
tion, that the chromic-acid of the cell has been predominating here 
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in the etching-process, I will just remark that a slight experiment, 
i. e., by putting the zine into the fluid, without letting the cell give 
a current, was sufficient to prove that the etch-design obtained in 
the first case, stood out in much stronger relief than had been the 
case, when exclusively applying acids. 

As in any electrolytical process anions are formed which together 
with the metal of the electrode may produce dissoluble salts, 
it was important to find out what disturbing influence this would 
have, and combine with it an examination into the practicability 
of this etching method and see whether it could replace the 
one of Prof. Brurens, in case the results might be unsatisfactory. 
The corroding influence of acids having to be avoided as much as. 
possible, preference has been given to use the electric current of a 
battery instead of producing it within the apparatus itself, as happens 
in any cell. The apparatus was constructed as simply as possible 
and is exactly the same as that used for ordinary electrolytical 
experiments. 

The object that was to be etched was used as anode (the place 
where the electric current enters), whereas a piece of copper-plate 
serves as cathode. The electric current was furnished by an accu- 
mulator-battery, having a terminal voltage of 4 volts. In etching alloys 
of copper, it proved recommendable, every time to connect two appa- 
ratuses in series or in some other way to diminish the potential 
difference, on account of the highly fleecy deposit on the cathode. As 
electrolyte, water was used to which for every 100 cm* + 6 drops 
of diluted sulphuric-acid had been added, in the first place better to 
conduct the electric current; in the second place, as much as possible, 
to prevent the formation of base metal-deposits *). Of course a controll- 
ing experiment was taken by hanging a second piece of the alloy, per- 
fectly alike, in a fluid of which the percentage of acid was the same, 
in order to be able to eliminate etching by the acid. I have prefer- 
red to begin experimenting with copper-tin- and copper-zinc-alloys on 
account of the sometimes beautiful results obtained by the rubbing 
and polishing method. 

In most cases I melted myself the alloys to be sure of the absence 
of foreign substances, which may cause very great changes in structure. 

The metal-slides were hung to a piece of copper-wire, but precau- 
tions were taken that there was no contact between the wire and 
the electrolyte, to be sure that the metal-plate, which had to be etched, 
did its work as electrode. For half an hour the electrolysis went 


1) In alloys containing lead (babbits, type-metal, etc.) the sulphuric-acid on 
account of the indissolubleness of the sulphate of lead was replaced by nitric-acid. 
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on so as to produce a sharply outlined design on the brass- and 
bronze-slides. 

That to no other cause any difference might be attributed, all slides 
were finished off in exactly the same way as had been done for the 
acid-etchings of Prof Brurens; the etching standing out much stronger, 
this soon proved to be entirely superfluous and so the slides were 
filed only with a smooth-file. The first experiment was taken with a small 
piece of cast-brass, which proved to be composed of 58.5 °/, of copper, 
40.5 °/, of zinc, also traces of lead and of tin being found. For half 
an hour it was submitted to electrolysis, the density of the current 
being + 2 amp. p. dM’. The result of this experiment is reproduced in 
fig. 1. The indented structure is very distinctly visible, there being 
in the slide besides a marked difference in colour between the crystal- 
formation and the encompassing ground-mass. Bright yellow, the crystals. 
stand out from the enclosing mother-water. 

When a second experiment was taken the same alloy was submitted to 
electrolysis for 12 hours. Under the anode a glass-cup filled with 
glycerine and with oxide of magnesium was placed to catch up the 
crystals that might be hollowed out by electrolysis and which will be 
caused to sink by their weight, for as was to be expected (a thing which 
was proved by the experiment) the crystals having a higher percentage 
of copper than the mother-water (in which zinc prevails) will be better 
proof against electrochemical influence and so in the end get isolated 
and detached. The residue left in the glass-cup was washed out with 
alcohol it being found that without this precaution the crystals, that 
had got detached, easily corroded, leaving nothing behind but a green 
powder; they were then dried in ether; the residue proved to contain 
1.78 mG. metal-crystals. Although these crystals had not got loose 
entirely intact, they were distinctly angular in form and showed facets. 
Being submitted to electrolysis (I wish to thank Mr. Vrrmaxs for 
his assistance in this) these crystals were found to contain 1.19 mG. 
of copper, equal to a copper-percentage of 66.8°/,. Traces of lead were 
found on the anode and proved to be PbO, but the quantity was 
too small to permit weighing. 

The second design is of a piece of plate-brass, of which the ground 
slide is in my possession. Etching and colouring after perfect grinding 
and polishing, had yielded no result. The result of half an hour’s 
electrolysis with a current of the same density as with the first expe- 
riment, and the same fluid as electrolyte, is shown in the adjoined photo- 
gram. Also the effect of the mechanic treatment can be distinctly noticed. 
Everywhere in the slide twin-crystals are to be found, which as 
Prof. Benrens explains in his work, are apt to be formed in conse- 
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quence of the mechanic treatment to which the material has been 
submitted. This slide was the first which was no longer ground 
with carborundum-powder, but only filed. 

The ordinary bronze for coining (see fig. 3) equally shows a struc- 
ture in which the mechanic operation is visible, both in its erystal- 
formation and in the position and direction of the crystals, where 
the more or less flattened parts meet. 

From a piece of cast-bronze of a connecting rod a thinnest possible 
sheet was filed and polished; after heating, stuck on a slide-glass 
and submitted to etching by electrolysis. A beautifully executed, 
right-angled lace-work remained, very typical for bronze structures. 
The encompassing matter of high tin-percentage had been etched 
away; the crystals, rich in copper, had remained. From a piece of 
heavily wrought phosphor-bronze, which had remained unaffected by 
colouring, I have obtained a slide with such a strong relief, that 
I have not succeeded in taking a photography of it. Also here even 
the bare eye could see the right-angled structure. The arrangement 
of the crystals was like that of tiles on a roof. 

On account of the great practical use made of white-metal in the tech- 
nical branches, I have experimented also with that. After half an hour 
also here, intact cubes of alloy of tin and antimony outlined themselves; 
also here it was possible to go on etching very deep and without 
much difficulty to detach the cubes, entirely intact from the alloy. 
The little time left to me for the moment, necessitates my putting 
off the analysis of those cubes till later. 

Whereas at the beginning only copper-tin and copper-zine alloys 
were etched, now also iron has been experimented with. The fact, 
that it is fine-grained, that the etched facets easily oxidize, that base- 
metal-deposits’) are apt to be formed, all that naturally causes 
difficulties. The use made of salt-solutions, as electrolyte, to diminish 
the internal resistance, has yielded no result worth mentioning 
I have submitted to etching a piece of an iron-bar rolled square. 
After a few hours the fibrous structure was distinctly visible 
with the bare eye, both lengthways along the fibres and crosswise, 
vertically on them. With some difficulty I succeeded in isolating 
iron-slivers, which, if only collected in sufficient quantity, might be 
analysed quantitatively. A socle of a gaspipe sawed through, showed 
cubes in the profile: all the crystals having grouped themselves 
in the rolling-direction. A piece of a steel angle-iron having 
been submitted to the bending-test, yielded no other result as 


1) For on account of the corroding influence of acids on iron and steel a very 
small quantity of sulphuric-acid can be experimented with. 
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yet, but the one that also here, just as with the piece of bar-iron, 
the direction of the fibres could be seen with the bare eye, as well 
asa very distinct difference between the drawn and the compressed fibre. 

As to the structure and formation of the carbide crystals nothing 
could be fixed at this first experiment, I do not doubt however, 
but also here the results will be satisfactory. 

Worth mentioning still is the etching of a cylinder-shaped piece of 
cast-steel, which was submitted to electrolysis for 36 hours. Although 
outwardly no etched design could be seen, a porous coat of + */, inch 
of some iron-carbide appeared to be have been formed, which, coming 
in contact with the air, was apt to oxidize, could be cut with a knife, 
and in the incision glittered like metal. When analysed the iron-per- 
centage proved to be 91'/, °/,: 

The great results, obtained also here, are a stimulus to me, to 
investigate this matter later more thoroughly. 


Those experiments suggested to Prof. ScHROEDER VAN DER KOLK the 
idea, whether crystals of minerals treated in this way, would show 
a design. Considering the results, obtained with copper-alloys, a piece 
of a copper-ore was used for the first experiment. After an hour, 
also this material showed a distinct etch-design, which is probably 
connected with a erystal formation. Not to be led away from my 
subject, I will only just mention the phenomenon. 


Before concluding, I will resume the advantages, gained by the 
way indice ted. 


1s'ly, Results having been obtained, where the ordinary grinding- 
polishing- and etch-methods had _ failed. 


2"tly, ‘The obtained preparations show a far more detailed design, 
Which stands out in much stronger relief than the ordinary etch-slide. 

sly, Tt is not necessary to finish off the slides half so carefully, 
as the tempering-method requires. 


4u'y. From different alloys crystals or fragmentary crystals have 
been detached which permit of analysis and show remarkable 
differences with the average percentage of the alloys. 


The good resulis are a sufficient recommendation for practical 
purposes, time may still be saved by connecting many apparatuses 
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in series, so as to be able to etch different slides at the same time. 

To my opinion it will be possible with careful treatment (regulating 
the power of the current and using different acids) in this way, from 
all cast-metals and alloys, to detach the crystals, thus making it 
possible to find out the quality and formation of the materials. 

After I had concluded these preliminary experiments, it came to 
my knowledge that the electric current had already been used as an 
etching medium in the work called “Contribution a l’étude des 
Alliages” edited by the Société d’ Encouragement de I’ Industrie Nationale, 
Mr. Cuarpy describes a method, successfully made use of by him 
and which according to the added photograms, shows great resemblance 
with our method. He namely used an ordinary Danreut-cell to 
furnish the electric current and in it replaced zine by the alloy, 
that has to be etched, made a short circuit of the cell and obtained 
an etched design after having submitted the previously polished plane 
for half an hour to electrolysis. 

To my opinion however there are great objections here. For to 
obtain a somewhat powerful current it is necessary to reduce the 
inward resistance to a minimum, either by using larger electrodes or 
by considerably increasing the acid-percentage of the electrolyte. 
Especially with the etching of iron and steel the high percentage of 
acid will be an unsurmountable obstacle. A second objection is the 
impossibility, on account of that acid, to go on etching deep enough 
to detach crystals, for the angles and ribs which will be laid open 
by the etching-process will very soon dissolve again. 

Before I conclude, I will here openly thank Prof. ScHrorpEr vAN 
per Kok for his readiness in furnishing me all I wanted, to render 
this investigation possible. 


The Hague, June 1902. 


Physics. — “On the conditions for the occurrence of a minimum 
critical temperature for a ternary system.” By Prof. J. D. 


VAN DER WAALS. 


Already in my “Molecular theory” I have derived the condition 
on which a binary system presents a minimum critical temperature 
(Cont. I, p. 20). Starting from the form of the equation of state I 
have assumed there, we namely find: 


8 ay 


ile oe 
24x 
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where 7. represents the temperature, for which the maximum and 
the minimum of the isothermal coincide. Discussing the conditions 
of coexistence we have pointed out that the critical phenomena for 
a binary system, though they are different from those which occur 
for a simple substance, yet in the case that the value of 7”, defined 
by the above equation is a minimum, differ so slightly from those 
for a simple substance that this equation has a sufficient degree of 
approximation for the determination of the critical phenomena as we 
may realize them experimentally. Also for,_a ternary system the 
critical phenomena will differ from those for a simple substance, 
and we may expect that the difference will even be more consider- 
able than in the case of a binary system. Yet also for a ternary 
system this difference will not be so great, that the conditions for 


: me » Axy 3 : : 
the existence of a minimum value of = will differ sensibly from 
ry 
the conditions for the existence of the minimum critical temperature 
as it may be realized experimentally. 
In order to find this condition for a binary system I have investig- 


: - Ay ; 4 
ated in what cireumstanees — taken as a function of 2, can assume 
ap 
a minimum value, and so I have discussed the equation: 


Analogous to this we should have to discuss the following equa- 
{ions in order to find this condition for a ternary system: 


and 


At present however I will follow another way, which leads us 
more easily to our aim and which yields the results in such a 
manner that they may he better surveyed. 

If we write for a binary system: 

a, (1—e)? + 2a,, # (1—2) + a, 2? 
b, (l—ay’ a 2 b1, cl (1—z) 2 b, we is 
then the solution of the equation: 
(a,—20,) 1-2)? + 2 (@,,—28,,) # (L—a) + (@,—24,) a? = 0 


i, 
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ae eg 
yields that value of 2, for which — assumes the given value A. So 
x 


we find: 
x a,,—A b,, 


= — ——___+/Y 


—w ad. A b, (a, 


(4,. A Die): ss (a,—a b,) (a,—A b,) 
d b,)? i 


If? 
Ga 4 bys) ae (@,—A b,) (a,—4 b,) = 0, 


’ WG, : ‘ 
the quantity erg complex. This cannot be the case if the value 
—=— ely 


. a a Le . . 
of 2 lies between - and —. It can only occur if 2 is chosen either 


Dy )5 


a a 
smaller than = and = or greater than both these values. 
1 9 
If 4 is chosen such that 


(G,—-).5.) (.—7.6,) == GD OS Oe. oe pei ( 
then this equation will yield the minimum value of 2. If we put in 
this equation either: 


/ Nee a ae ees 
b, 2 
then the first member will be negative. If we put: 
jeans 
by, 
then the sign of the first member will be the same as that of 


ae, aie. 
(a, 4b,)(a,—2b,). The second member is positive, if a is smaller 


ne 


a a, } 
than 5 and also smaller than oe Consequently a value of A must 


ar - 


: : : ; : ay ee 
exist for which (1) = 0 and for which therefore 5, assumes & mini- 


Deg 
: : Qs a, CM Gen uals 
mum value. This value lies between and —:; or if —<— 
a b, Crean 
ay» a, 
between — and —. 
) ) 
12 2 
Sia ys a Gy , 
In the case that — is both greater than = and than 5 the first 
) ) 
14 1 2 


member of equation (1) changes its sign in the same way, and the 
value of 2 for which the first member vanishes, lies also between 


a a AOL, U6, a Cate Aa ate 
+ and -— or if eae between - and —. So for a minimum 
2 


) 
1 12 Ms 2 12 
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If 2 has the valué of %m also the following two equations hold: 


value of 4 we have 2%» > and for a maximum value 4,< 


a Ayg—Amd,, 
it a,—Anb, 3 
and 
le Qa—Amr4 
hea ae a,—Anb, 
As must be positive because 2 must lie between O and 1, 


= tl, 
the sign of a,,—4..b,, is opposite to that of @,—2nb, and a,—A,b,. This 
agrees with what we have deduced concerning the relative value of 


Gio 
am and —. 
12 


We should have obtained the same results, if we had written the 
relation a, = 2b, in the following form: 


(a, —/b,)(1 —#) = (a, Ab, 2a}? 
a, —hb, 


(aj, 401,)° ny’ 
(a,—Ab,) iy 
In the ease that a,—Ab, is positive namely this equation cannot 
be satisfied if the coefficient of # is positive; so if 
(a, —Ab,) (a,—Ab,) — (a,,—20,,)? > 0. 
If the coefficient of z* is zero, then this equation can only be 


cl we (2, —46,) cane 


satisfied if we put: 
(a, —2b,) 1—2) + (a,,—2b,,) = 0. 

On the other hand in the case that 4,—2b, is negative this equation 
cannot be satisfied if the coefficient of «? is negative. This however 
also yields: 

(G, Ab, \ (Gab. (eb Os 
If therefore we have the equation: 
(a,—40,) (a, —Ab,) ae (2,,—45,,)° > 0 
then the value of 2 must be either less than the minimum value of 


Ay : 

— or more than the maximum value. 

ris 

We must however distinguish between a minimum value of 2 


& 


and a minimum value of 2 


which occurs at positive value of 


i 


corresponding to a negative value of The former, which really 


ge 
of : Qigtay a, a, 

exists, requires that ai both smaller than = and than re The 
12 1 2 
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latter cannot of course be realized. Solving the equation 
(a, —4b,) (a, —Ab,) — (a,,—Ab,,)? = 0 
we find: 
— (a,b,+-4,b,—2a,, by) V (a,b, —a,b,)? +4(a, Dye =) MG, b, 2 Pata) 
2(b,),—D, ,) A 
This equation ean be satisfied iy a in value of A if 


bb, é a] 4 é i) 6 se) 0 
4b, Oa Ores Or NU. ee Os 
: ; ps ere a 
This equation is certainly satisfied if a is both smaller than — 


19 at 


A= 


Qs, . ° . . 
and than me but it may also be satisfied in other cases. Let us 


Is 


a a ct a 
assuine that = > and =>. If we then have: 
) 


1 ie 12 2 


Mi,  \(% Gs ahi Gidaea\” 
Da b, b, on Lures d, b, 


a minimum value of 42 occurs indeed, but in this ease it corresponds, 


av 
according to our previous observations, to a negative value of rege 
; —— 


We arrive at the same result starting from the equation of Cont. IT p. 20. 


Gr 
For a ternary system we have, putting ~’ =): 
Dvy 
(a, —4b, (1—a—y)? + (a, —2b,) a? + (a, —1,)y? + 2(a,, —b, ,)a(1-a-y) + 
+ 2(a,;—2b,,)e(1 —#—y)+2(a,,—),,)ay = 0. 
We imay represent this by the sum of three squares : 


[(a, AU, il ee) 4 (a, 240, »)e a6 (44, —40, s)y]? 


(a,—4Ab,) 
t (a,,—40,,)° (4.4, MGs— 4b, 5) 
( CoB) SIRE ek eek a3 40, - 
E G3 ae ») Ab, TY )— a, Ab, 
i (a ab.) (ty, 4bys)? 
a a a, —Ab, 
(a ery (ah, 2)(t,3—A, 5) : 
al (a 13 ous Ab, ,)" ue e4 =i, = 0 
2 i —-— —_-+-_+_--___—-\|— J), 
+ y (a, 9) a, aol 1 ia ay eli ab,,)" 
a, — 4b, 


In the case that a,—Ab,>0 and (4,—2),) (4,—b,) > (a,,—4),,)’, 
this equation cannot be satisfied if the coefficient of 7° is positive. 
If this coefticient decreases to zero, then the equation is satisfied by 
only one set of values for w and y, namely by those values for 
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which both the other squares are equal to zero. If the coefficient 

of y* is negative, then a locus exists (a conic section) which indicates 

ac a; 5 a . 

all mixtures for which 2——” has the same value. If this locus is 

ay 
reduced to one point, as is the case if the coefficient of y? vanishes, 
then 2 is for that point a minimum, respectively a maximum. The 
minimum value of 4 satisfies therefore the equation: 

{(a, —4b,)(4, —25,)—(4,,—4,, : G20 G— 10) — (04, 2043) ae 

— {(a, 2, )(@,,— 40, ,) (4.70, 5)(4,, 205); S 0, 

or | a, —Ab, , a,,—A4b,,, 4,,—A),, 
a,,—Ab a, —Aab —Aab 

a,,—Ab,, A,,—Ab,s » a, —Ab, | 


129 2 M9, 5 Aes 23 =O eee (2) 


For the determination of 2 and y we have moreover the equation : 
(a, —46,)(1—a—y) + (a,,—Ab, ,)@ + (4,;—Ab, s)y = 0 
and the equation, which follows from the other square when it is 
equated to zero. 

Another way in which we might have reduced the equation 
Ary —Abxy = 9 to the sum of three squares, would have yielded the 
following two equations for the determination of w and y. 

(4,,—46,,)(1—a — y)+(a, =aADs )a + (a3 —2b,5)y = 0 
and (a,,—Ab, ,)(1—a#—y)-+ (4,,—4b,,)a+(a, —Ab, )y = 0. 

Kliminating 1—r—y, « and y from these three equations in which 
they occur linearly, we find again equation (2). 

In order to calculate « and y we may derive the following rela- 
tions from these three equations. 


l—w—y a wv y 


A,,—4b,,5 %,—Ab,, ays , a, —Adb, 


a, —ab, , a,,—Ab,, 
or 


G3 db,5 ’ a,,—Ab,, 


l—w-y x y 
a, —Ab, , a,,—Ab,, 


a,,—4b,,, a, —Ab, | la, ADS oy Oye AD 


and 
1—w—y Ros v y 


a,,—4b,,, a, —Ab, | G10 dd 


13 BoC} 


Qiga 4a, 9 Ags Ads, 


agg aD as oar G3 — 20.95 a, ce VD a, — 40: ’ Gies 40 
In order that 2 have a minimum value for positive values of L,Y 


and 1—wx—y the following relations must hold: 
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a,—ab, >90 
a,—ab, > 0 
a,—Ab, > 0 


(a,-—40,) (a, —4d,) cd (a,,—Ab,,)” a 0 
(a, —40,) (a; —ab,) ip (a4,;—40, 5)’ = 0 
(a,—Ab,) (a, —A4b,) — (a,;—Ab,,)? > 0 
(4,,—2, ,) (4,;—4,,) — (4,—40,) (@,:—40,5) > 9 
(4,,—46,,) (455 —4b,;) ia (a,—4b,) (4,3 —40,5) = 0 
(4,;—Ab, ,) (4.3 40,3) — (4, —4b,) (4,,—A6,,) > 9, 
and 4, must satisfy equation (2). 

The first set of three inequalities indicates, that this value of 2 
must be lower than that of the components. The second set indicates 
that it must be lower than the minimum value of 4 for each of the 
pairs of components of which the ternary system consists. The third 
set must be fulfilled in order that 2, y and 1—x—y be positive. 


a a a a 
Let us assume —2<—2<—* and suppose that the values of —, 
De b,, b: b, 
ay as 4 O53 6 aye . 
i and — are higher than that of —* without deciding anything 
2 3 23 


: noted aa a, 
about the relation between the values of the quantities 575 and--. 
1 2 3 


According to our assumption the expression 
(4,,—4 b,,) (4,3— A b,5) ion (a,—4 b,) (4,4 bys) 


: = a1. . . G3 
is negative for 2—=— and also for 4= 
) 
12 13 


and it is positive for 


a= and for a= “This is perhaps best illustrated by a graphical 


23 1 
representation. 


_ a he 
Here the points 12 and 13 represent the values of —? and— and 
13 13 


the parabolic curve passing through these points the value of 
(4,,—4 b,5) (a,3—4 bys) 
In the same way the points 23 and 1 represent the value of 


a, a : 
“38 and of — and the parabolic curve passing through these points 
23 b, 
the value of 
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(ts hb Vie wed ba), 

These parabolae intersect between the points 13 and 23 and on 
the right side of the point of intersection the first mentioned parabola 
lies higher than the second mentioned; the expression under conside- 
ration is there therefore positive. 

The graphical representation of the expression 

(a,,—A4 b,,) (453 —53) — (4,—4 0.) (4,,;—2 9,;) 


has the following shape: 


from which we see in the same way that these parabolae intersect 
between the points 13 and 23 and that this expression is positive for 
higher values of 4. 
The third expression : 
(4,,—A b, 5) (4,;—4 5,3) — (a,—2 b,) (a,,—4 bys) 


a 


a a a 
Bi Bi) 8 3 
Aig oo 1: and — and, when equated to 


is positive for 2 equal to 5 
12 13 23 3 
zero, it will in general not yield a real root; at least not between 
12 and 3. 
The graphical representation of this third expression has the 
following form: 


where the parabola passing through the points 13 and 23 lies every- 
where higher than the other one. The first mentioned parabola would, 
if there should exist roots, descend below the second one between the 
points 13 and 23, and so the two roots would lie between those points. 
But in this case also the third expression is positive above a certain 


a 
* 8 . . 
value of 4 below ~*. Or both parabolae might also intersect on the 
23 
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left side of 12 and on the right side of 1. Also in this case this expression 
is positive and even within broader limits. 

In the case that a value of 2 for which the left hand member of 
equation (2) vanishes, is higher than the value discussed for these 
three expressions, a minimum value of 4 will exist, which represents 
a really occurring minimum critical temperature. Let us write equation 
(2) in the following form: 

{(4,—46,) (a,—4 b,) ses (4,,—4 ba) (c, —20,) (a,—4 b;) Sc (4,,—4 b,5)°} chi 
(4,52 b; 5) (5 A b,5) (a, A b,) (a,,—4 bs) = 0. 


The first member is negative if we choose for the value of 2 either 
the minimum value of 4 for the pair 1 and 2, or for the pair 1 and 
3. We will denote these minimum values bye (An);, and (An),5- 

On the other hand the first member is positive if we choose for Za 
value for which the expression, the square of which must be taken, 
vanishes, — this holds however only in the case that the value or 
this last root is lower than that of the quantities (An),, and (Am),;- In 
this case the equation (2) has a root which satisfies all the requirements 
for a minimum value of 2 at positive values of 1—a—y, w and y. 

As an instance we choose the following numeric values: 


biesd..G, bali Pek Pee hs Ore eee da) yaa g hea 


Be ao, Stas 7h) 88.8, 2.846, 9.9108 
b, b, 3 Fe Dis os 
a,==4.8, a,=4.48, a,—3.372, (ea tee, Wee. tia) 2a, 0-802 


From this we find: 


(Pay = 8988 Pc 
CRA ene 
(A5).4 == Bie bee ey cece 
A value for 2< 2.933.... makes therefore the three following 


expressions positive : 
(a,—A b,) (a,—4 b,) — (a,,—A4 8,,)? 
(a, —A b,) (4,—A 65) — (4,3—4 843)’ 
and (a,—4 b,) (4,.—4 b,) — (43: —4 95)’ 
For the value of 2 for which the quantity : 
(4,,—4 by.) (4,,—4 bys) ha) (a,—4 b,) (a1,3—4 by) 
is positive we find: 2 > 2.884.... 
For the value for which the expression 
(a,,—4,5) (443 —4.65;) — (4,4 b,) (43, —445,) 
is positive we find: 4 > 2.855 and the last of the given expressions 


Z on, eg ab gs (ls 
is positive within the limits o ray Lae 3 
12 3 


( 234 ) 


The value of 2 for which the equation (2) vanishes, lies therefore 
between 2.884... and 2.933, and the shape of this equation 
shows that it virial lie nearer to 2.933 than to 2.884. We find in 
fact Am = 2.9252 . 

With the aid of this value of 2, we may calculate the values of 
“ — and ——~— from the equations of p. 230. But if the degree 
l—#—y l—w-y 
of approximation with which 2, is determined is not high, the 
coordinates of the point to which 4, relates, are only known inac- 
curately. 

These coordinates however may be calculated directly by means 
of the following equations: 


a,(l-w-y) +a, .w4-a, 4 _4,(1-a- y) baw +a _4;(1-a- “Y)+4,,¢+4, ee 
b,(1-a-y) +0, 045,59 b,.(1 oe -) +b, w tbs sy ~ by 3(1-a- -y)+ b+ bsy 


We obtain these equations when we determine the centre of the 
ellipse 


Cay = A doy 


and when we eliminate the quantity 4 from the equations /”; = 0 
and jf”, = 0. So we find: 


(Grae t,,)1—#—y) + (4,.—4% ) y ae (4154) Lie 


~ Ob) d—#@—-). + Cab 9 + Ohad yy 

_ (4, —4,,) d—a—y) + (1495) ¥ + (Gis—4s) Y 

~ 1b ,5) Ay) + Or. —bas) ¥ + Ors — 8s) 9 
Introducing the condition, that the centre lies on the ellipse itself 


we get the given equations. 


b, +, aes +, b 


equations may be satisfied approximately, then the locus of the centres 
is greatly simplified and may be written as follows: 


(C= 6,,) (ae) (,,—4@,) 0+ (a, Sirs ay ia 


In -the case that 6,, = 


b,—b, 
_ 3) en 
b, -— b, 


It is therefore a straight line, at least in approximation. With the 
given numeric values we find: 
0 ),61—#— ea 0,2 28a+-0,2076y 1,1(.1_—ex—y) + 0,70762+0,328y 
0,2 ger 0,6 


or 
0,7 (1~w—y) - 1,5476 e + 0,2948 y = 0. 


With this simplification the determination of the coordinates comes 
therefore to the same as the determination of the point of intersection 


of a conic section, e.g. 


a,(1—w—y) Ht a, ay (l—w«—y)+a,a+a,,y 


b,(1-—#@ —y) + b,,% +0, 54 b(1—e#—y)+ b,w+b,,y 
with a given straight line. 
In this case we find: 


a s il 

1l-—-«—y igh 2» 

y 1 

and hae : -- a 


In fact the given numeric values for «a, and a, were chosen such 
that we might find simple values for the coordinates. 

Because of the asymmetry round the mixture with minimum 
critical temperature we might of course have expected that the centre 
of the ellipses which vary with the temperature, would change its place. 

For the theory of binary systems it was necessary to introduce 
the quantity «@,,, whose value we are not yet able to deduce from 
the properties of the components. From the calculation of (An),, by 
means of the equation 


(a, —Ab,) (a, —Ab,) — (a,,—4b,,)? = 9 


follows, that for substances with a minimum critical temperature 
this quantity cannot be equal to Va,q, but that it must be less. If 


it were equal to Vina, the equation would yield a value 2= 0. 


a it, 
Moreover it would follow from a,a, = a,,? that - ; a would be 


1 )s 


2 
Cy; j ; 
greater than —*., as b,b, in any case will be probably less than 6,,’. 
12 
For the application of our theory on a ternary system therefore, 


also knowledge ‘of the quantities @,,, @,, and a@,,, 1s required, which 
however must be assumed to be known from the knowledge of 
binary systems. 
The theory of the ternary systems therefore does not require any 
new data, above those of the theory of binary systems. 
16 
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Physics. — W. H. Knssom. “Reduction of observation equations 
containing more than one measured quantity.” (Supplement 
N°. 4 to, the Communications of the Physical Laboratory at 
Leiden by Prof. H. Kamernincn ONNES). . 


(Communicated in the meeting of May 31, 1902). 


§ 1. The most widely read text books on the theory of probabi- 
lities and the method of least squares treat of the reduction of observation- 
equations each of them containing one variable. 

In physical measurements, however, we obtain equations between 
different quantities each of which must be considered as liable to 
an accidental error. This, for instance, occurs when we have measured 
the pressure of a gas or a liquid at different volumes and temperatures, 
and we want to deduce from the observations the equation which 
represents the most probable relation between these quantities inves- 
tigated. As in the literature on this subject I have not found a general 
solution for such a case, it may be useful to give it here. *) 


1) Literature on this subject: 

Cuas. H. Kummer. Reduction of observation equations which contain more than 
one observed quantity. The Analyst. July, 1879 (Vol. VI, N° 4). 

I have not been able to find this volume of the periodical in Holland. 

Merriman. The Determination, by the Method of Least Squares, of the relation 
between two variables, connected by the equation Y= AX-+ B, both variables 
being liable to errors of observation, U. S. Coast and Geodetic Survey, Report 
1890, p. 687. A Textbook on the Method of Least Squares, § 107. 

Here an elegant solution of the problem is given for the case in which a 
linear relation exists between the two measured quantities. 

Jutes Anprape. Sur la Méthode des moindres carrés. C. R. t. 122, p. 1400, 1896, 

The author gives a solution for the case when: 

LEG, OF OMyate. 2 Gj) NG 
in which ¢j and Ni represent measured quantities, and a, b, c.... are to be 
determined. 

Ravensnear. The use of the Method of Least Squares in Physics. Nature, 
March 21, 1901, p. 489. 

The author, apparently not acquainted with the literature mentioned above, points 
out that in treating equations between several measured quantities, we must make 
allowance for the fact that each of these quantities has an error of observation, 
and he gives a graphic solution for the case in which a linear relation exists 
between two quantities, some supposition regarding the accuracy of the measure- 
ments of each of those quantities being assumed, 

K. Pearson. On Lines and Planes of Closest Fit to Systems of Points in Space. 
Phil. mag. (6) Vol. 2, p. 559, Nov. 1901. 

The author gives an elaborate essay on the lines and planes (if necessary in a 
higher-dimensional space) which are such that the sum of the squares of the 
perpendicular distances between a number of points not situated in a straight line 
or a plane, and those lines or planes becomes as small as possible. 
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§ 2. Suppose, we have measured some series of the quantities 
L,M,N...., between which the following relation exists: 

PF eSNG Lhnttied ORO ARM ilo Ve Wieden dbs BFL) 
where X, Y, Z.... are unknown quantities which we want to calculate. 
We assume that the number of equations between the observed 
quantities is larger than the number of unknown quantities, so that 
we want to calculate the most probable values of X, Y, Z.... by 
means of the method of least squares. 

Let L,,.1/,, V,.... be a set of values belonging together, as yielded 
by the observations, 


l,,m,,n,.... the errors made in these observations, 

Mh, Mins My,.... the mean errors in those measurements L,, 
M,, N,...., which we assume to be known 
before hand, 

X,, Y,,Z,..-- a set of-approximate values for X, Y,Z.... 
Esk ee oe the corrections to be calculated, which must 


be applied to those approximate values. 
Each measurement gives then according to (1) an equation: 


Uh USL) Bs one oes eee ae oY ee Oi ar Y, .y-Z, 0 2.--=,- (2) 


where : 
OF 
L,=(— 
OL ee ee OS, 
Bh aa Guna Cem) Aarti 
OF 
X, — sete 
ONe)| (esis el Mean 
XG XG des Nonets 
Te (Ma GRIN 4s .tuk a arate Ag seLigiane > o)e 
Yet v,y,z.... must be chosen so that ’) 
Ih fe m,? n,? : ty 
pe pes Se es 1a * eee As a INO, « .. 2, (3) 
mI, : Mn, i My) 


If now the coefficients Y, Y,Z...., are known, what errors, /,, 7,, 7, . 
correspond to the observed quantities 1,, J/,,.V,...? It is evident 
that various sets of quantities 1, J/,.V.... may have given rise to 
the same sets of quantities Z,, 1/,,.V,...., and that those values of 
L, M,N and hence of J,,m,,, are the most probable for which 


2 2 2 
he m 


++ —*_.... isa minimum, 
Ming Mn, 


m,? 


1) Kontrauscu, Lehrbuch der praktischen Physik, p. 16 considers the equations: 
Ue ANd Cy PypSy i) 2272) 

“where 7,s...., and often w are instrumental readings” and yet he determines 

(see p. 11) A, B, C so that the sum of the squares of errors in wis as small as possible. 
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while we have the relation: 


Dl, + Mm, + Nyn, +... = 1, = constant. 
We then obtain /;, 7. 1,7 ., from 

l 
: aii KT 0 

mI, 

m 
= + kK. MM, ==) 

Mm, 

EAS 8 rege ea 

: Ss 
ny 
where : 
K= Ny 


he Dm? + Mmm, 2 + Nm, aay) 

With this (8) becomes 
ny 2s 

>) isaminimum . (4) 

Demi? + mn? + Nm, ce 
If we define the weight of the observation equation by : 
1 
is 2 2 2 2 ce he (5) 
Lym, 241M, Mm? + N, Digs aia 

then (4) is reduced to 


9a 


= 9, 4,° 18 a Minimum, 
and the equations for the determination of x, y, 2 ...: become: 


Cy) erie we ee. Ss \ iehne 


or: 
[pAX]o + [gy X Vy + [gXZ]z....+ [gXF]=0 
[y¥X]2+ [9 VY V+ [go VZ]z....4[9¥YF]=0} . (6) 
[pZX]u + [y¥SVy + [yZZ]z....4 [gZF] = 0 


ih We MeL tee Ce ML. EME ayy ee MCE Tues SITDNEK DS UICR Arh yo ack 


where, according to the usual notation: 
[go XX] = I; X,? + Gk? Seieeesys + gn x 
[GX NG eo Xa, iy ae + gn Xn Y, 
if m stands for the number of observations. 
We hence arrive at this very simple result, that from the equations 
Xeo+Vyt+ZAe+.... F=0 
Xe Vogt ZZ os Eo") 
reduced to the linear form, the normal equations are deduced in the 
same way as when the quantities 7’, F,.... are directly derived 
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from the observations, if we accord the weight determined by equation 
(5) to each, of those observation equations °). 

This treatment of the equations with several observed quantities 
agrees with the solution for two measured quantities given by ANDRADE. 
For the case that a linear relation exists between two measured quan- 
tities this one is simpler than Mxrriman’s solution. 

§ 3. In the following way it is easily shown that the mean error 
in the result is also found according to the usual rules, as applied 
to equations with one measured quantity. From the normal equations 
(6) we find 


ge, Foo et a Pee ag Fy’. 
Here w is expressed as a function of the measured quantities 
AT ] AT 
Ne. Lae AT IN, 35% 


The mean error in x is obtained from: 


1) For the equations, which ScHatkwisk used (Comm. Nr. 70, Continued, Pro- 
ceedings June 1901; Thesis for the Doctorate, p. 115) viz. 


PV,,—1.07323 = Bg,,(d—0.93177) + Cs,,(d?—0.868), 


1 
where P and Veg 5 have been measured, BS, and Cs, are to be calculated 


according to the method of least squares, we find from (5) the weiyht of each 
observation equation: 

ee 1 

3 Sp) a 2 2 { 2 si 22 2 

i ee ole eer Vege Bs,,d-1- aU 6,5 4 |” dy 

if By and py respectively represent the mean relative error in the pressure- and 
1 1 5 . 

density measurement, and py the mean relative error for a measurement to which 


1 : 
the weight 1 is assigned. If we put Re Pig a 0 (= ———), then if: 


10000 
a2 e 1 
d SEZ 6.2394 ° g eS 9.93 , 
d= 53,985.) og == : . 
j 2.56 


The terms with @ will have little influence in the value for g, as long as d does 
not become very large, as appears a priori from the fact that the coefficients 
BSy and C3 are small. (Comp. Scuatkwux’s Thesis for the Doctorate JO, JEN3y. 
where he gives: BS,» = 0.000667}, Cs, = 0.00000099%). In this case errors of 
observation in d@ will have little influence on the second member, and this second 
member may be considered as precisely known. As the values of PV. differ com- 
paratively little for the different densities at which the observations are made, an 
equal weight has been assigned to each observation equation. This is the more 
justified if we consider that he was able to measure the higher pressures with 
greater precision than the lower, as in the former in adding the measured lengths 
of each column of mercury the accidental errors partly neutralise each other. 
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This form is the same as that obtained in equations with one 

measured quantity’), so that here also the weight of the result is 

found from the coefficients, which occur in the solution for.z, 7,2... - 

if the quantities |y.X./,] ete. in the normal equations are left unde- 
termined. 


Mineralogy. — “On the behaviour of disthene and of sillimanite at 
high temperature.” By EK. H. M. Begxman. (Communicated by 
Prof. SCHROEDER VAN DER KOLK). 


In nature occur three varieties of aluminium-silicate (Al, Si O,) 
i.e. disthene, andalusite and sillimanite. Sillimanite and andalusite 
are orthorombic; disthene however triclinic. So the two first show 
parallel, the last oblique extinction. 

According to the experiments made by VmrNApDsky *), disthene is 
said to turn into sillimanite, at about 1350 degrees; the same tem- 
perature is said to turn also andalusite into sillimanite. As a proof 
that they had actually become sillimanite, he urged that, whereas 
before being heated, their hardness and specific gravity differed, 
they now showed the same. Moreover the extinction of disthene 
had become parallel. 

The results to which he came are these: 


re, Sac nabs neaave 
Sillimanite ee id. 
Disthene ore ae 
Andalusite 2 85 3.165 


Directed by Prof. Schrorper van pER Koxk, I experimented, as 
stated by VmRNADsKy, and came to the following results, as to their 
specific gravity: 


1) See for instance Merrman, Method of least Squares, p. p. 83 and 84. 
*) See Bulletin de la Société Min, de France (1889 et 1890), 
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; S.G. before 5S. G. 

Namie: heating jafter heating. 

hee ; Be452 SHAD. 

Sillimanite 3 4164 3459 

a 3.59 3.240 

Disthene | 356 3.936 

! 3.158 3.149 

e 33 A4 

Andalusite 3 158 3450 


To determine the specific gravity, I made, as much as possible, 
use of the floating method. The fluids I used were methyl-iodide 
(spec. gr. 351) and acetylenetetrabromide (spec. grav. 2.84). The 
instrument I used to fix these spec. grav. was the “Westphal-balance’’, 
except when the fluids were too light, in which case I made use of 
a xylolareometer. 

Consequently the results, as shown above, are pretty much the 
same, as those of VERNADSKY. 

The extinction of disthene, after the heating, had become parallel 
also, however before the melting temperature of copper (1100 degr. 
C.) had been reached. 

What is a strong argument against the change of disthene into 
sillimanite is its index, which I fixed in a way, indicated by Prof. 
SCHROEDER VAN DER Kok, i.e. by using fluids of which the refractive 
index is known’). They were: methyl-iodide (m= 1.74); monobro- 
mine-naphtaline (m = 1.66); monochlorine-naphtaline (nm = 1.64); 
mono-iodine-benzol (2 —= 1.62) and mixtures of them. The index of 
those fluids, I have fixed by using a Pulfrich with changeable 
refracting angle. 

Thus I could fix the index of very small pieces and moreover 
acquire a precision up to the second decimal. 

I have fixed the index only in the direction of the c-axis. The 
double refraction not being great, this was sufficient. That index is 
the greatest, since in sillimanite, the ellipse of intersection, with the 
indicatrix, has its long axis in the direction of the c-axis. 

Before the heating process, the index of sillimanite was 1.68. 
Heating did not in the least affect it. 

Andalusite remains equally unaffected by it, it hasan index of 1.64. 


1) See ,Tabellen zur Mikroskopischen Bestimmung der mineralien nach ihrem 
Brechungsindex” by Dr. J, L. G. ScHroeper van per Koxx. 
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The highest temperature to which I have submitted my inaterials, 
was acquired by blowing into an open Bunsen flame with an artificial 
blowpipe-apparatus.) The very small splinters of the mineral can 
be thus brought to a very high temperature probably to 2000° C. 
A platinum wire of '/, mM. at once melted in it. 

As investigation material for disthene, [ used the blue variety 
(find-place Géingerhausen). Before the heating, the index was 1.73 
and after it (I experimented in the way just described), it sank to 1.62; 
so far below that of sillimanite. . 

If disthene had actually turned into  sillimanite, it should have 
kept its index (1.68); sillimanite submitted to the saine temperature, 
not changing its index in the least. So this shows that heating does 
not turn disthene into sillimanite. 

To try whether 1300? would bring the index to 1.68, I pro- 
ceeded thus: 

I took several earthen mugs, put in each a piece of disthene together 
with other metals of which the melting temperatures are known, 
heated the metals to a temperature that would keep them for a moment 
in melting condition and thus obtaining constant temperatures, I could 
fix the indices of disthene, which proved to be gradually lower. Lower 
than 1.62, it could not be reduced, in spite of continued heating. 
On the subjoined diagram, the different temperatures and indices are 
stated. On one of the axes are the indices, on the other the degrees 
from hundred to hundred. The line starting from 1.68, running 
parallel with the axis of the temperatures, represents the direction 
of the index of sillimanite. That line remained constant. The broken 
line marks the direction of the index of disthene. They cut each other, 
as will be seen, at about 1250° C. 

The deviation in silver is probably caused, either by the not absolutely 
accurate melting temperature or by a slight inaccuracy in the index. 

The reason of it is probably that we have a mixture of materials 
of which one more and more prevails; what pleads for this, is the 
growing intransparency of disthene, a fact noticed also by Virxapsky. 

At a degree of 1.62 disthene grows entirely opaque, consequently, 
it has got entirely amalgamated with the other material. 

Of course this argument is open to discussion, but up to now, I 
have not been able to find a better one. This phenomenon, may 
he of some practical usefulness in making maxim-pyrometers, since 
it proves that a constant index may be obtained by heating to a certain 
temperature. 


1) To be had at Atrmann’s in Berlin, 


“soinyetaduia} Jo sIxy 


ot 806 fl Li OV S/ 4/ 


4d 


IN 


we 


"A ‘JOA “Weprsjsury ‘peoy [efoy sSutpae01g 


ih " o/ 6 6 Hh 9 ¢ 4 € % ! 


vhs 


< OIMyeIodMe} YSTY 4 oPULMITTIS Jo pue ouOy ASIP Jo Inoravyog oy} UO” “ZN NVWHAAA ‘WH 


Axis of indices, 


( 243 ) 


Physics. — 4Mvasurements on the magnetic rotation of the plane 
of polarisation in liquefied gases under atmospheric pressure: 
I. Measurements with methylchloride” by Dy. 1. H. Srertsema. 
(Communication n°. 80 from the Physical Laboratory at Leiden, 
by Prof. H. Kampriincu ONNks). 


(Communicated in the meeting of Jeune 28, 1902). 


I. In a previous communication n°. 577) an apparatus for the 
measurement of the magnetic rotation in liquefied gases under atmos- 
pheric pressure was described and a few results with methyl chloride 
were given. Further measurements with this apparatus have not 
fulfilled my expectations, so that it appeared to be necessary to make 
considerable modifications. 

In the first place it was difficult to insulate the apparatus properly 
from heat. It had been packed in cotton-wool, yet it was not easy 
to obtain a perfectly quiet liquid, entirely free from rising bubbles. 
The pressure of as many as six glass-plates between the nicols was 
also very disturbing, owing to their depolarising influence. This was 
more noticeable after filling the apparatus when tensions appeared 
to arise in the plates, in contact with the cold liquid, which often 
rendered adjustment quite impossible. 

To remedy this defect the nicols were immersed in the cold 
liquid in the tube marked LY of the plate in the previous commu- 
nication. The nicols were lying loose in this tube and were connected 
by a brass wire, running along the outside of the tube. One of 
the nicols could revolve in its holder and could be adjusted at a 
given angle before the apparatus was closed. The rotation for different 
wave-lengths could then be found by measuring the intensity of the 
current required to bring the dark band in the spectrum to that 
wave-length. The apparatus being arranged in this manner some 
measurements could be made with it, but always after some time 
the nicols appeared to have lost their transparency, either because 
the layer. of canada-balsam was dissolved or became laminated. 
Nicols with a layer of linseed oil instead of canada-balsam lasted 
longer, and the layer seems not to dissolve so easily, but in the 
long run these too lose their transparency, perhaps in consequence 
of irregular deformation of the calespar by the sudden and intense 
cold of the liquid gas. 


2. Then a new apparatus was constructed, in which also the 


1) Proceedings Royal Acad. of Sciences. May 1900. 
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first mentioned difficulty was overcome, and with which some 
satisfactory measurements of the magnetic rotation dispersion in 
liquid methyl ‘chloride have been made. 

In this apparatus, shown in fig. 1, the experimental tube D and 
the nicols C are enclosed in: a brass jacket A with double walls, 
filled with liquid methyl chloride, insulated from the heat of the coil 
by a layer of wool. The space within the jacket is closed on either 
side by the ebonite caps N of the previous apparatus, with the 
india-rubber rings QO as packing-washers and 6 tightening rods. In 
these caps the glass plates B are fixed with the screw-rings P, and 
thin india-rubber leaf as packing. The other nuts and rings connected 
with them have remained unchanged. 

The circulation of liquid methylehloride through the jacket is 
obtained from the cryogenic laboratory, where a connection with 
the methyl chloride reservoir with its compression pump can be 
made’). The liquid is supplied through a high pressure cock £, 
(see fig. 2) while the escaping vapour streams back to the cryogenic 
laboratory through the tubes A ky. A float # enables us to know 
at any time whether the jacket is filled. 

The experimental tube D consists of a glass tube of 35 ¢.m. having 
an opening G in the middle and closed by two glass plates 1 m.m. 
thick, fastened to it by means of fish glue. The nicols C, rotating in 
elastic brass rings, are mounted on either side. It is true that now 
there is glass between the nicols, and the unfavourable influence of 
this makes itself felt, however to a much smaller extent, so that 
adjustments can be now made. 

The apparatus is filled through a steel capillary 17, passing through 
an india rubber stopper in an aperture in the jacket and entering 
the testing tube. 

The methyl chloride required to fill it is obtained by distilling the 
commercial article, which has been once distilled already, once more, 
the vapour passing through a drying tube into a spiral immersed in 
a reservow of liquid methyl chloride under atmospheric pressure, 
supplied by the same tubes which were used for the liquid in the 
jacket described. 

Liquid methyl chloride flows from this. spiral through the steel 
capillary /Z connected with it, into the experimental tube under 
atmospheric pressure and hence having the same temperature as the 
jacket and the space within. The tube 77 to which a piece of india 
rubber tubing is connected, serves to remove the vapour formed 


*) Gomp, Gommunication N° 14, These Proceedings. Dec. 1894. 
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inside the jacket. This arrangement proved very satisfactory, the 
liquid in the testing tube is perfectly quiet and free from bubbles 
of vapour. 

At first the space round the nicols formed one continuous space 
with that round the testing tube, and so the nicols were also sur- 
rounded with an atmosphere of methyl chloride vapour. In conse- 
quence of this, vapour still condensed on the nicols and accurate 
adjustments could not be made. In order to avoid this the spaces 
round the nicols have been separated from that round the testing 
tube by the brass rings Z, fastened on the testing tube by means of 
sealing wax and closed by means of india rubber rings on the jacket. 
As at the low temperature a considerable decrease of pressure is to 
be expected in the imperfectly closed nicol spaces, the, caps V have 
been pierced by copper tubes 7, connected to U-tubes with narrow 
openings and filled with pieces of sodium hydroxide. 

Before closing the apparatus, the nicols have been adjusted at a 
given angle by fastening to one of them a long bent copper-wire, 
the end of which could be moved over a divided scale. This adjust- 
ment is not accurate and no use has been made of this angle in the 
calculation of the results, the rotations having been compared with 
those in water. 

The rotation at different wave-lengths is again obtained by varying 
the strength of the current, by doing which, the dark band can be 
caused to move over the whole spectrum. 

The optical and magnetical part is almost the same as that de- 
scribed in the previous communication, except that for the measure- 
ment of the current we have again used a pb’ Arsonvar-galvanometer 
with shunt (comp. Comm. Suppl. 1 p. 25, Arch. Néerl, (2) 2 p. 305). 
By comparing it with a Weston-millivoltmeter it is found that the 
sensibility of the galvanometer is constant within the limits we had 
to fix for the accuracy. 

Fig. 2 gives a general survey of the apparatus used. C represents 
an are lamp, 2B Arons-Lummer’s mercury electric lamp, A a colli- 
mator, D a water reservoir, 2? a prism and (J a telescope on a 
circle from Muyrrstuin. Further G represents the coil with the 
methyl chloride apparatus, / the cock, by which the supply of liquid 
methyl chloride for the jacket is regulated. 

The arrangements for regulating the current and measurement, 
with resistances and switches, are similar to those for the experl- 
ment on the magnetic rotation in gases ’). 


) Comm. Leiden Suppl. 1 p. 25; Arch. Néerl. (2) 2 p. 315. 
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3. For the measurements with methyl chloride of which the results 
are given below, the nicols were adjusted at an angle of 11 degrees 
from the crossed position. 

The dark band moved from one end of the spectrum to the other 
as the strength of the current varied from 20 to 60 amp. The 
observations were made with the electric are light and the calibration 
of the spectrum was obtained during the measurements by the 
brightest mercury lines, while the dispersion curve of the prism had 
been determined by means of sunlight. At each strength of the 
current three adjustments of the dark band were made and the 
means have been taken of the three pairs of readings of the galvano- 
meter and the circle. Table 2 gives the galvanometer defections a 
so obtained, together with the wave-lengths 2 of the position of the 
dark band in the spectrin. 

Then on a subsequent day the testmg tube was filled with water 
and the other parts of the apparatus remounted entirely unchanged. 
The dark band reappeared at strengths of the current deviating little 
from those found before, from which we could derive unmediately 
that the rotation constants of liquid methyl chloride differed little 
from those of water. Thus the numbers of table 1 have been found, 
where a@ and 4 have the same meaning as they had before, and + 
stands for the rotation constants in water. The latter have been 
derived from my measurements of communication n°. 73 ') and from 
them ar has been calculated, which quantity must be constant for 
all values of 7, as it is equal to the rotation angle divided by the 
magnetic potential difference at the ends of the testing tube, and by 
the reduction factor of the galvanometer with its shunt. 


TABLE 1. 


235 588 |0.01307 | 3.074 
190 534 LOTS OO 
208 .5 5D4 1487 3.100 


mean 3.078 


The mean value of a, being 3.078, now served to derive the 
rotation constants @ of the methyl chloride from the @ found. These 
values of @ have been plotted in a curve, from which ep = 0.01372 


~1) Arch. Néerl. (2) 6 p. 825 (1901). 


L. H, SIERTSEMA. ,,Measurements on the magnetic rotation of the plane of polarisation in liquefied gases 
under atmospheric pressure. II. Measurements with methyl chloride.” 
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is derived and the values @/ep have been calculated finally, which 
values determine the dispersion of the magnetic gases. These different 
numbers are combined in table 2, while fig. 3 shows graphically 
the values of o/ep. 


TABLE 2. 


Z A OF 1 COD) 4 a @ /eD 
112 420 |0.02748 | 2.003 ZAC 575 10.01455 1.061 
116 431 9653' | 4-835 216 byte) 1495 4.039 
424 446 2482 | 1 810 IAD) 5 583 1402, 1.022 
130.5 458 Ws sorey || el wats) [589] [1372]} 1.000 
165 510 1865 | 1.360 231 599 1332 0 974 
166 512 1854 | 1.351 DB ey 604 1307 0.953 
176.5 527 A744 | 1.271 Sai 604 4299 0.947 
184.5 536 1668 | 1.216 249.5 616 1234 0.899 
189.5 543 4624 | 1.184 950 621 4231 0.898 
196.5 554 1566 | 4.142 973 643 44127 0.822 
196 555 1570 | 4.445 283 659 A089 0.794 


In this calculation the rotation in the glass plates has been neglected. 
A simple calculation shows us that this is permissible ; for it should 
be remembered that this is done both for the measurements with 
methyl chloride and with water. 

As the result of this research I find that the magnetic rotation 
constant for liquid methyl chloride under atmospheric pressure for 
sodium light is 0'.01372, and that the rotation dispersion is normal, 
deviating little from that with gases and with water. 

The research will be continued with other gases. 


Physics. — "Diffraction of Réintgen-Rays.” By Prof. H. Haga 
and Dr. C. H. Winn; second communication. 


In the March meeting 1899 we stated as the result of our expe- 
riments that Rontgen-rays show diffraction; with these experiments 
the rays passing through a narrow slit first fell on a second wedge- 
shaped slit, then on a photographic plate. The image proved not 
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to be what was to be expected with rectilinear propagation but 
presented broadenings from which an estimation could be derived 
concerning the value of the wave-length which proved to be of the 
order of O,1 wu. j 

In September of last year in one of the meetings of the “Deutsche 
Naturforscher Versammlune”’ at Hamburg Dr.Warrer’) protested against 
those experiments; he had arranged his experiments in entirely the 
same way as we had; moreover he had taken still greater precautions 
to get a steady mounting of the slits and the photographic plate and 
he had used stronger Roéntgen-rays. Water obtained images quite 
similar to the second slit and attributed our broadenings to inac- 
curacies of the photografic plate brought about by long development. 

These negative results gave rise to a renewed investigation on our 
side, now that we had greater means at our service than three years 
azo. We have succeeded in obtaining more clearly than before 
phenomena of diffraction, so that according to us one can no more 
doubt the character of R6ntgen-rays to be that of disturbances in 
the ether. 

The method of investigation has not changed in principle, but 
making use of the experience obtained by Dr. Wa.ter and ourselves 
we have been able to make improvements still in some respects. 

On the upper surface width 5.5 cm. of an iron beam of J-shaped 
profile, long 2m. and high 12.5 cm. three pieces of angle-iron were 
screwed down, one at the end, the two others 75 em. and 150 em. 
distant from it, the edge perpendicular on the length of the beam and 
the side of 3.5 em. erect; in the figure the two first pieces of angle- 


iron are visible; against the vertical sides brass plates — 12 em. 
high, 10 em. wide and 4 mm. thick — were screwed. In the 


middle of plate I was the first slit, in the middle of plate II the 
wedge-shaped diffraction slit while against the third plate in a 
black envelope the photographic plate was clamped?). During the 
experiments the second and the third of these brass plates were enclosed 
in an oblong leaden case, which had to prevent the secondary 
Réntgen-rays or rays diffused by the air, from affecting the photo- 
graphic plate and causing a fog. 

The iron beam was fastened by means of plaster of Paris on 
two free-stone plates borne by free-stone columns ; the columns were 
placed on a firm pillar; on this same pillar, likewise on a free-stone 
plate borne by a stone column, was the Rontgen-tube in a large leaden 


1) B. Warren, Physik. Zeitschrift 3. p. 137, 1902. 


*) Scuieussner’s “Réntgenplatten” were used. 


H. HAGA and C. H. WIND. ,,Diffraction of Réntgen-Rays.” 
(Second Communication). 
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case (thickness of the side 2 mm.); only the back of this case was 
left open for the connecting wires of the induction coil, whilst in the 
front a small aperture was made opposite the first slit to let the 
Rontgen-rays pass. The first slit was formed by two platina plates, 
thick 2 mm. and high 2 ¢M; a leaden screen left but the middle of 
it free over a height of 4 mm.; the width of this slit was 15 u. 
The diffraction slit was formed by two platina plates thick '/, mm., 
high 4 em., tapering at the upper end from a width of 25m to 
nearly zero at the other. Greatest care was given to the grinding of 
the platina plates. For these slits, just as in our former experiments, 
the sides were everywhere equally thick and not ground wedge-shaped 
at the edge of the slit as is the case with slits for light-experiments. 

To produce the Réntgen-rays an induction coil of StemEns and 
HatskgE was used with a sparklength of 60 em., a primary with 4 
coils and a WeHNELT-interruptor. The current was furnished by a 
battery of accumulators of 110 Volt. The newest Réntgen-tubes of 
Mititer (Hamburg), were exclusively used; the anticathode being 
kept cool by water. 

More care than formerly was taken to bring the passages of the 
two slits accurately into the same line. Peculiar difficulties are incident 
to this, which is a result of the extraordinarily great depth of the 
slits together with a width so slight that common light, on account 
of the arising phenomena of diffraction, cannot be used to fix accurately 
the direction of the passage. For this last reason we had to have 
recourse to Réntgen-rays to do so. And here again the slight width 
of the slits caused the pencils of rays passing through them to be so 
very faint, that in the case of the jirst slit, wide 15 4, they could 
be observed on a fluorescent screen at the place where it was 
necessary, namely near the second slit only with an eye accustomed 
to complete darkness. The pencil of rays, allowed to pass through the 
most interesting part of the second slit viz. that part, where the width 
was about 5 u, could be observed not even by this way, but only by 
the impression it made on a sensitive plate after a lengthy exposure 
(4 hours). In order to deduce from this impression a mark for the 
direction of the passage of the second slit, a small strip of brass was 
fastened near and slightly above the first slit; (see figure); in this strip, 
held by an arm fixed to plate IH, some vertical rows of small holes 
had been drilled side by side, differing in number and size. A Rontgen- 
tube was placed behind plate II in } and a photographic plate between 
the brass strip and plate I; a small leaden screen left of the second 
slit but the part to be observed free. On the photographic impression 
one or two of the rows of the holes became visible and from this 
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could be deduced without difficulty, which part of the strip was 
situated in the direction of the passage of the second shit. It was 
now easy to ‘place plate II with its piece of angle-iron in such 
a way the holes in the iron were somewhat larger than the 
diameter of the screws — that, seen from the centre of the second 
slit, the part of the strip, just now determined, appeared exactly 
above the first slit. Plate I being able to revolve round an axis 
through the first slit, the latter could be directed in such a way that 
the rays from a Rontgen-tube placed near q@ fell on the second slit; 
by means of a fluorescent screen we could make sure that this had 
been obtained. During the course of the diffraction experiments itself 
the exact position of the tube was several times controlled and if 
necessary corrected. 

The width of the second and first slits were arrived at from 
photographs when the photographic plate was placed immediately 
behind plate Hl and the Rontgen-tube at a or the photographic plate 
at a against plate I and the Réntgen-tube at 6; the photograph of the 
second slit was taken both before (namely April 10, plate N°. 1) 
as after (namely Aug. 234, plate N°. 2) the experiments. 

As has been mentioned before the self-regulating tubes with water- 
cooling were exclusively used; how well these tubes work and -how 
excellent they are for the usual medical purposes, for the uncommon 
demands of this investigation only a few of them could be of ser- 
vice. For we wanted tubes which were “soft’? and remained so for 
hours at a stretch, whilst the effect was so great that the cooling- 
water kept on boiling; most of the tubes became harder after a ten 
hours’use; when the discharges took place to the sides of the leaden 
case another tube had to be taken. 

Three very good photographs were obtained, to be distinguished 
as A, B and C@. 


A, obtained on May 7 and 8 after an exposure of 9 hours and 
a half, principally by a very excellent tube furnishing very strong 
rays and of great softness ; developed during three quarters of an 
hour in 200 cem. of glycine *) 1 to 5. 


B, obtained on July 8, 9th, 4th, 12‘); time of exposure 31 hours ; 
two tubes were used, one of which was soft for four hours 
and after that became hard and the second continually hard ; 
developed in one quarter of an hour with glycine 1 to 5. 


1) Voeeu’s Taschenbuch, 1901, pg. 128. 
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C, Aug. 14th, 15th, 16, 17%, 18th. time of exposure 40 hours ; 
two tubes used, one of which worked 10 hours and was pretty 
hard, the other a very good tube which remained soft for the 
remainder of the time; developed in 10 minutes with glycine 
Ne tOFS: 


There is scarcely any fog on the plates. 

In order to enquire how wide that part of the diffraction slit was, 
through which the rays have passed that have worked upon the 
photographic plate at a definite point, small round holes were drilled 
just as in our preceding investigation in one of the sides of the second 
slit and close to it at the extreme ends and in the centre. On 
account of this on the plates N°. 1 and N°. 2 serving for the 
measurement of the second slit, circular images had appeared and 
elongated ones on the plates A, B and C. (From these pinhole- 
photographs of the active part of the anticathode, limited by the 
width of the first slit, is proved that this active part was only 
2mm. high). The distances between the centres of these images 
were divided by the dividing-machine into the same number of 
equal parts, so that the corresponding division-marks point to corre- 
sponding places of slit and image. 

For the measurement of N°. 1 and N°. 2 object-glass D and 
measuring-eye-piece 2 were used where one division of the micrometer 
corresponds to 3,6 wu. 

For the measurement of the image of the sht on A, B and C'the 
microplanar I*, 2 was used as object-glass and as eye-piece the com- 
pensation eye-piece 6; one division of the eye-piece-micrometer corre- 
sponds to 55 uw, the magnifying power was 27 with a distance of the 
image of 25 cm. 

In the following table are mentioned for the successive division- 
marks indicated by their number in the first column: 

in column 2: the mean of the values derived from N°. 1 and 
N°. 2 of the width of the second slit in micra; 

in column 8: the double width of the second slit augmented by 
the width of the first slit (15 m2), thus the theoretic width of the image, 
without diffraction; the distance between the photographic plate 
and the first slit being double the distance between the first and 
second shit; 

in column 4, 5 and 6: the width of the images respectively on 
A, B and C as measured in divisions of the eye-piece-micrometer 
Gedive ==99 41); 

in column 7: the mean width of the images in micra (rounded off). 

i 
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Number Width | Theor. width Measured width. 
Ses of the — __ of image — 
raat second slit. |without diffraction ‘, B. C. Menu. 
ee) 
‘| Mal Jeo 69 » ATOR Ar On elie) 5D 
2 22,5 60 0.85 | 0.85 | 0.9 50 
3 49:5 54 OF 7an OST D058 40 
4 18 ay OE COL, 10s 40 
5 a AQ ORS Oni Ona 35 
6 16 | 0.45 | 0.65 | 0.65 | 30 
7 14 43 0.4 | 0.6 | 0.65 30 
8 12 39 OxSom ROP ome Oo 25 
9 9,5 34 OF3) 70H OEG 25 
10 8 31 rar | URS) Ose 20 
41 6 27 O.4 | 024 |. 0.55 
411/, 0.6 | 0.45 | 0.6 
12 4 23 4 0.45 | 0.7 
121, aie WYes| ass I) aealye 
13 3. 22 adhe 


When considering these figures we must keep in view that the 
image on account of the width of the first slit is not sharply 
outlined but is hazy; this causes the measurement to remain uncertain 
and so somewhat deviating figures are found by different observers or 
by the same observer at various times; all measurements, however 
taken, proved, as can be noticed from the figures mentioned in the 
table, that for the wide part of the slit the figures of the third column 
are larger than the corresponding ones of the last column. The 
figures of this third column indicate the theoretic width of the image 
for the case that the plates have been affected to the outer edge of 
the rays to which they were exposed and that no diffraction, vibra- 
tion, displacement or photographic irradiation has played a part; the 
latter three causes might bring about a broadening, yet this would 
necessarily have been greatest on the places of greatest influence thus 
at the wide part of the slit. Now that no broadening whatever is found 
there, the brush-shaped broadenings, whose width is 2 or 3 times 
greater than the theoretic, found on all the three plates at the narrow 
part of the slit, can certainly not be attributed to those three causes, 
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These broadenings, however, are exactly of acharacter as is to be expected 
in the case of diffraction; and therefore as long as another explanation 
is wanting, we can but consider our three plates as so many proofs 
of diffraction of the Rintyen-rays. 

Of the most important parts of N°. 1, 4, B and C we have made 
enlarged copies on glass by means of the microplanar, on which, if not so 
clearly as under the microscope, the broadening of the image of the slit 
is yet verydistinct; the difficulty of reproducing these enlargements well 
has made us refrain from publishing them; we are quite willing to 
send these copies to those who are interested in them. 

As to the question to estimate the wave-lengths of these rays, 
various ways are open; but in no case can one attain at anything 
but a very rough estimation, as on one hand the real nature of the 
kind of radiation dealt with is unknown, so that it is uncertain 
with which kind of diffraction-image our images must be compared, 
and on the other hand it is very difficult to find out what is accur- 
ately the physical meaning of the limits of the image, on which is 
pointed when measuring. 

If however we are forced to limit ourselves to a very rough esti- 
mation it is rather indifferent, as far as the result goes, which 
of the ways already indicated*) we take; the simplest method 
deserves recommendation, namely the one we followed in our first 
communication about this subject, based upon our estimating the 
tabular width v of the slit equal to 1.5 at the place where the 
broadening begins to make its appearance in the image. With a radiation 
of simple periodical disturbances this tabular width is connected with the 
wavelength and the linear width, and with the known distances 
a and & by means of the relation : 


Wa 2 (a+b) s? 2 (a+b) 
Cas a OP = Se 
abd ae ab 


As in the experiments @ and 6 both amounted to 
obtain after substitution of the value of vs 


2 = 0,032 s?. 


75 em. we 


From the above table ensues for »: the width of the slit where 
the broadening begins to appear, respectively about 7, 4 and 6 «a 
for the plates A, £B and C. From this would ensue for the 


1) H. Hac. and C. H. Winn. These reports 7 page 800, 1899. C. H. Winn 
Wied. Ann. 68, page 896 and 69, page 327, 1899; Physik. Zeitschrift 2. p. 189, 
265 and 292, 1901. A. Sommerretp, Physik. Zeitschrift 1, pg. 105, 1900 and 2, 
pg. 58, 1900; Zeitschrift. f. Math. und Physik. 46, pg. 11, 1901. : 
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wave-lengths if Réntgen-rays are simple periodical disturbances : 


for plate A, iB; C 
Se) SG 005m rel oaran: 


Now that this supposition does certainly not hold, we shall have 
to consider these values as estimations of wave-lengths, which in 
the three different experiments have been more or less prominent 
in the curve of energy’) of the Réntgen-rays. 

Mention ought to be made here, that, although not too much im- 
portance must be attached to the three values of 2 as far as the 
absolute figures go, the difference they show is probably real and 
connected with the difference in hardness of the tubes. As was 
mentioned above the tubes used for plate A were distinguished 
by a considerable hardness from the others, which were relatively 
very soft. 

Worth noticing is also the fact, that the values of 4 found here 
are of the same order as those deduced from our former experiments. 

Finally we wish to state emphatically that we continue to regard 
as the chief result of our investigations the proof they furnish that 
the Réntgen-rays ought to be considered as a phenomenon of radiation 
in the ether. 


Physical Laboratory University Groningen. 


Physics. — H. A. Lorentz. “The fundamental equations for electro- 
magnetic phenomena im ponderable bodies, deduced from the 
theory of electrons.” 


§ 1. In framing a theory that seeks to explain all electromagnetic 
phenomena, in so far as they do not take place in free aether, by 
means of small charged particles, electrons, we have to start from 
two kinds of equations, one relating to the changes of state in the 
aether, the other determining the forces exerted by this medium on 
the electrons. To these formulae we have to add properly chosen 
assumptions concerning the electrons existing in diclectrics, conductors 
and magnetizable substances, and the forees with which the ponder- 
able particles act on the electrons in these several cases. 

In former applications of the theory I have restricted myself to 


2) Cs Ee Winn. ile ce: 
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the problem of the propagation of light in transparent substances, 
moving with a constant velocity. I shall now treat a more general 
case. | shall transform the original equations into a set of formulae, 
which, instead of quantities belonging to the individual electrons, 
contain only such as relate to the state of visible parts of the body 
and are therefore accessible to our observations. These formulae will 
hold for bodies of very different kinds, moving in any way we like. 

The greater part of the results have already been established by 
Poincaré in the second edition of his Llectricité et Optique. The mode 
of treatment is however rather different. 


§ 2. With some exceptions, I shall use in the fundamental equa- 
tions the same notation and the same units as on former occasions. 
The aether will again be supposed to remain at rest and to penetrate 
the charged particles; the equations of the electromagnetic field are 
therefore to be applied to the interior of the electrons, as well as to 
the spaces between them. We shall consider a distribution of the 
charges with a finite volume-density, whose value is a continuous 
function of the coordinates. If we speak of “electrons”, we think 
of the charges as confined to certain small spaces, wholly separated 
from one another; however, in writing down our first equations, we 
may as well imagine a charge distributed over space in any arbitrary way. 

We shall conceive the charges as being carried by “matter”, though 
we might, if we chose, leave the latter out of consideration. We 
should then speak of the forces acting, not on charged matter, but 
on the charges themselves. 

Let us call 

g the density of the charge, 

» the velocity of the charged matter, 
d the dielectric displacement, *) 

8 the current, 

) the magnetic force, 

V the velocity of light. 


Then we shall have 
Fn) a es ian EIN 


S28 4. Diner) =O. ipa ett en oes ctf tCLL) 


1) The dielectric displacement, the current and the magnetic force are here 


represented in small type, because we wish to keep in reserve large type for 


corresponding quantities which we shall have to introduce later on. 


gp eee ee eee re 

; Rot). 24 FES G oye rics heel eee (LIT) 
vA a V2 Rot DW yo, os ae Sue ee 
Dit 620, a IN clay eee cere na) 


and the electric force f, i.e. the force acting on the charged matter 
per unit charge, will be given by 
fi Ai V2 dis biti, 1 PO tL) 


§ 3. If it were possible, by means of our observations, to pene- 
trate into the molecular structure of a ponderable body, containing 
an immense number of charged particles, we should perceive within 
and between these an electromagnetic field, changing very rapidly 
and in most cases very irregularly from one point to another. This 
is the field to which the equations (j—(V) must be applied, but it 
is not the field our observations reveal to us. Indeed, all observed 
phenomena depend on the mean state of things in spaces containing 
a very large number of particles; the proper mathematical expressions 
for such phenomena will therefore not contain the quantities themselves 
appearing in the formulae (1I)—(V) but only their mean values. Of 
course, the dimensions of the space for which these values are to 
be taken, though very large as compared with the mutual distance 
of neighbouring particles, must at the same time be very much smaller 
ihan the distance over which one must travel in the body in order 
to observe a perceptible change in its state. We may express this by 
saying that the dimensions must be physically infinitely small. 

Let P be any point in the body and a a physically infinitely small 
closed surface of which it is the centre. Then we shall define the 
mean value at the point P of a scalar or vectorial quantity A by 


the equation 
eae: 
A= [Aar, Nae rer Rotate wus fey. 


in which the integration has to be extended to all elements dr of 
the space S, enclosed by o. It is to be understood that, if we wish 
to calculate the mean value for different points P, P’, the corre- 
sponding spaces $, S' are taken equal, of the same form and 
in the same position relatively to P, P'. The result A will depend 
on the coordinates of the point considered; however, the above 
mentioned rapid changes will have disappeared from it; it is only 
the slow changes from point to point, corresponding to the perceptible 
changes in the state of the body, that will have been preserved in 
the mean value. 
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It is easily seen that 
Ome as | 5 dA ON 
Ga hOoy ie oe itDinee OL, 


Hence, if we take the mean values of every term in the equations 


(D—(V) and (1), as we shall soon do, we may replace > and b by 


> and §, Div» by Div 4, ete. 


§ 4. Before proceeding further, it is necessary to enter into some 
details concerning the charged particles we must suppose to exist in 
ponderable bodies. 

Each of these particles calls forth in the surrounding aether a field, 
determined by the amount, the distribution and the motion of its 
charges, and it may be shown that, if x, y, z are the coordinates 
relatively to an origin O taken somewhere within the particle, and 
if the integrations are extended to the space occupied by it, the field, 
at distances that are large as compared with the dimensions of the 
particle, is determined by the values of the expressions 


fete @ 


feredr fer fovdr ee or (i 
fovea ferrde Joven ete., a eh (©) 


Now, we might conceive particles of such a nature that for each 
of them all these quantities had to be taken into consideration. For 
the sake of clearness, it will however be preferable to distinguish 
between different kinds of particles, the action of each of these kinds 
depending only on some of the integrals (3)—-(6). 

a. Tf the charge of a particle has the same algebraic sign in all 
its points, the actions corresponding to the integrals (3) and (9) will 
far surpass those that are due to (4) and (6); we may then leave 
out of consideration these latter integrals. Such particles, whose field 
is determined by their charge and their motion as a whole, may be 
called conduction-electrons. We shall imagine them to be crowded 
together at the surface of a charged conductor and to constitute by 
their motion the currents that may be generated in metallic wires. 
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6. In the second place, we shall consider particles having in one 
part of their volume or surface a positive and in another part an 
equal negative ‘charge. In this case, for which a pair of equal and 
opposite electrons would be the most simple example, the surrounding 
field is due to (4) and (5). We shall say that a particle of this kind is 
electrically polarized and, denoting by y the vector drawn from the 
origin towards the element of volume dr, we shall call the vector 


ferar=p ik sss. Go, gene aetna (7) 


the electric moment of the particle. In virtue of the supposition 


fedr=o, 


this vector is independent of the position of the origin of coordinates. 
From (7) we may infer immediately 


fexdrares ote . fewde=te, ete 


In all dielectrics, and perhaps in conductors as well, we must ad- 
mit the existence of particles that may be electrically polarized. We 
shall refer to their charges by the name of polarization-electrons. 

c. Finally, let there be a class of particles whose field is solely 
due to the expressions (6), the integrals (8), (4), (5) being all 0. If 
we suppose the values of 


fexdr fesyar, fexsde, ote 


not to vary in the course of time, we can express all the integrals 
(6) by means of the vector 


1 
gf elldeam, ee em)! (co) 


i.e. of the vector whose components are 


' 1 
iS — O(Y ve 
2 it ( ee 


Indeed, we shall have 


fe OD Gi 700 temo 1 fe yd t= — Mz, fe ty 2dt == + my, ete. (9) 


The field produced by a particle satisfying the above conditions 
may be shown to be identical to the field due to a small magnet 
whose moment is w. For this reason, we shall speak of a magnetized 
particle and we shall call m_ its magnetic moment. 


Zz, )drt, ete., 
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According to the view here adopted, this moment is caused by 

rotating or circulating motions of the charges within the particle, 
similar {0 AmpgérY’s molecular electric currents. If, for the product 
e) of a charge e and its velocity, we introduce the name of “quantity 
of motton of the charge’, the integral in (8) may be said to repre- 
sent the moment about the origin O of the quantities of motion of 
all the charges present. 
_ A very simple example is furnished by a spherical shell, rotating 
round a diameter, and enclosing an immovable, concentri¢ sphere, 
the shell and the sphere having equal and opposite charges, uniformly 
distributed. 

Whatever be the motion of the charges which call forth the mo- 
ment m, We may properly apply to them the denomination of may- 
netization-electrons. 


§ 5. In the determination of the mean values of the quantities 
in (1), (ID and (4), the following considerations and theorems will 
be found of use. 

a. Consider a space containing an immense number of points Q, 
whose mutual distances are of the same order of magnitude as those 
between the particles of a ponderable body. Let WW be the number 
of these points per unity of volume. If the density of the distribution 


gradually changes from point to point — in a sunilar way as may 
be the ease with the observed density of a body — the value of 


N belonging to a point P? is understood to be derived from the 
number of points Q lying within a physically infinitely small space 
of which / is the centre. 

Draw cqual and parallel vectors Q/2=y from all the points Q, 
and consider a physically infinitely small plane do whose normal, 
drawn towards one of its sides, is 7. The question is to find the 
number of the vectors QP? that are intersected by the plane, a 
number which we shall call positive if the ends of the vectors, and 
negative if their starting points lic on the side of de indicated by 2. 

If V has the same value throughout the whole space, and if the 
points Q are irregularly distributed, like the molecules of a liquid or a 
gas, the number in question will be the same for all equal and 
parallel planes, whence it is casily found to be 

al Gem epee ete h ts ipay th 2 GLO) 


The problem is somewhat less simple if the points Q have a 
regular geometric arrangement, such as those one considers in the 
theory of the structure of crystals. If, in this case, the length of 
the vectors QR is smaller than the mutual distance J of neigh- 
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bouring points, it may come to pass that there are a certain number 
of intersections with one plane d6 and none at all with another 
plane of the same direction. We shall meet this difficulty by irregu- 
larly undulating the element of surface, in such a way that the 
distances of its points from a plane do are of the same order of mag- 
nitude as the distance Jd, and that the direction of the normal is very 
near that of the normal n to this plane; so that the extent of the 
element and the normal to it may still be denoted by do and n. It 
is clear that, if NM is a constant, the number of intersections of the 
vectors QR with such an undulated element may again be said to 
depend only on its direction and magnitude, and that it may still 
be represented by the formula (10). 

The same formula will hold in case the value of V should slowly 
change from point to point, provided we take for NV the value belong- 
ing to the centre of gravity of the element. 

6. Let us apply the above result to the elements do of a closed 
surface o. Let n, be the number of ends 2, and n, the number of 
starting points Q lying within o. 

Supposing the normal 2 to be drawn in the outward direction, 
we may write for the difference of these numbers 


nw =— [Ne ds, ] pg) eT 


an expression, which of course can only be different from 0, if N 
changes from point to point. 

c. Leaving the system of points, we pass to a set of innu- 
merable equal particles, distributed over the space considered. Let q 
be a scalar quantity, whose values in the points A,, Ans... RGALROF 
one of the particles are q,,q., - . . qe, the position of thiees points 
and the values of g being the same in all particles, and these values 
being such that 


Gr dae Se Age ois de ach) 


We proceed to determine the sum q of the values gq, belonging 
to all the points A that lie within the above mentioned closed sur- 
face 6. Of course, the particles lying completely within the surface 
will contribute nothing to this sum. Yet, it may be different from 
Q, because a certain number of particles are eut in two by the sur- 
face, so that only a part of the values Gi) Jay - » » Ge belonging 
to each of these are to be taken into account. 

Assume in each particle an origin O (having the same position 
in each) and regard this as composed of & points O,, Ossg en 
Attach to these the values —q,,—q,,... —qk. Then, in virtue 
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(12), we may, without changing the sum 2g, include in it not 
only the points A, but likewise the points O. Now, if the vectors 

ee A eee), ag tro Lonoted “bye vrs Sen the parvot 
Xq due to the points QO, and A, will be 


— | N qytin UW, 
ev 


as may easily be inferred from (11). There are similar expressions 
for the parts of the sum corresponding to O, and A,, O, and A,, 
etc. Hence, if we introduce for a single Gantiele the vector 
Nese es oa one Dr itr anid 4 (es yak ste thal) ra (eh) 
and if we put 
eam ee ES A) Meera VA ore eas 
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In this formula, the vector 9 is to be considered as a function of 
the coordinates because the number .V may gradually change from 
one point to another (this §, @) and the vector q may vary in a 
similar way. If now the surface 6 is taken physically infinitely 
small, though of so large dimensions that it may be divided into 
elements, each of which is large in comparison with molecular dimen- 
sions, the expression (15) may, by a known theorem, be replaced by 

EM Diod) Bale carry, Erna oO) 
S being the space within the surface o. 

d. It has been assumed till now that the quantity g occurs only 
in a limited number of points within each particle. By indefinitely 
increasing this number *, we obtain the case of a quantity ¢g con- 
tinuously distributed. We shall then write gdr instead of g, and 
replace the sums by integrals. The condition (12) becomes 


Jade=o 


which we shall suppose to be fulfilled for each separate particle, 
the vector q is now to be defined by the equation 


a= fs Clee ee tan eens te UL ta (Ea) 


and the sum Sg, whose value we have calculated, becomes { 4 eS 


the final result will be 


taken for the space enclosed bij 6. If we still understand by the 
vector given by (14), the value of the integral for a physically infinitely 


small space will be 
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—=s Ii BB). Sp 
Now, according to the definition of mean values (§ 3), division of 
this by S wilk give the mean of q; hence 


Q =) Da EO Er ee ee 

This result may even be extended to a state of the body, in which 
the distribution of the values of g is not the same in neighbouring 
particles. In this case we may again apply to each particle the 
formula (17), but 2 can no longer be calculated by (14). We have 
now to define this vector by . 


1 
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the sum being taken for all the particles that lie wholly in the space 
5, without attending to those that are cut in two by the surface. 
We may express this in words by saying that 5 is the sum of all 
the vectors q, reckoned per unit of volume. 

e. The case still remains that a quantity g, given for every point, 


has such values that the integral (7) = f qdr, taken for a single par- 


ticle, is not O. If this quantity were constant throughout the space 
occupied by a particle, it would be unnecessary to take into account 
those which are cut in two by the surface 6 and we should have 


q—= N'(q). 

The most general case may be reduced in the following way to 
this case and to those that have already been disposed of before. If 
q is distributed in some arbitrary manner, we begin by calculating 
for a single particle the mean value q, = — (7), 8 being the volume 

s 
of the particle, and we put in every point g — g, = q,. We shall then have 


I=HT 4G: 

The problem is therefore reduced to the determination of two 
mean values, one of which may be found by what has just been 
said, and the other by applying the formula (48). 

§ 6. The mean value of each of the quantities 9 andy in the 
equations (I), (If) and (1) may be decomposed into three parts, be- 
longing to the conduction-clectrons, the polarization-eleetrons and the 
magnetization-electrons. In determining them, we shall suppose the 
ponderable matter to have a visible motion with velocity w, and we 
shall write » for the velocity the charged matter may have in 
addition to this. We have therefore to replace v by w + », and to 


determine separately @ Wandg v. 
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a. Conduction-electrons. The mean value of @, in so far as it depends 
on these, may be called the (measurable) density of electric charge; 
we shall denote it by @,. 

The mean value © of @w may be represented by 

D0, 10: 


This is the convection-current, and the vector 


es, 
taken for the conduction-electrons, may fitly be called the conduction- 
current. 
b. Polarization-electrons. Let the body contain innumerable particles 
electrically polarized, each having an electric moment p. The vector 
defined by the equation 


1 
Yh fee PE ra ele aw RANE BINS DER 20 
} g=t (20) 


where the sign & is to be understood in the same sense as in the 
formula (19), is the electric moment for unit volume or the electric 
polarization of the body. Replacing g by @ in the formulae of § 5, d, 
and taking into account (7), we find for the part of 9 that is due to 
the polarization-electrons, 

0, === Div ¥. 


We may next remark that the visible velocity w is practically the 
same in all points of a particle. Since, for the space occupied by it, 


fe a0; 
we have likewise 


fe w, dt = fow, dt= Jon: dt =); 


so that the values of ot, , @™,, @We may be found by means of 
(8). The result is 


Ce == = a DY) ete oe 


We have finally to determine oY. Now, the quantities e%%, ery, 
ov. are of the kind considered at the end of § 5, e. However, there 
are cases, especially if the velocities ¥,, %y, ¥: and the dimensions of 
the particles are sufficiently small, in which the parts of Orz, QYy; QV 
corresponding to g, of § 5, e, may be neglected. Confining ourselves 
to such cases, we shall determine @» without taking into consideration 
the particles intersected by the surface o. 

For a single particle we may write 
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peal 
Node aoe. 
oa dt 


and for a physically infinitely small space, partaking of the visible 


motion 
F, d = 
iN) SS es 
° if dt ; 


On account of (20) this is equal to 
d S55 
qo 


so. that 


In performing the differentiation we must attend to the change of ) in 
a point that moves with the velocity w. If ) relates to a fixed point 
of space, we have 


dy oy oy oy 
HTP thes, + tas + ea 


and, since 


ds 
—=S8.Divw, 
dt 


ee” it, VOR IES eave cat ee 
ON et Wa +) yay Tee a P Div w. 


Combining this with (21), we get for the mean value of the cur- 
rent corresponding to the motion of the polarization-electrons 
Y + Rot [Pw]. 
c. Magnetization-electrons. If the body contains magnetized particles 
(§ 4,0), we have nothing to add to @ and ew. There will however be 
a new part of ev. We can calculate it by applying (18), because the 
quantities (5) vanish for every particle. 
Let us first replace, in the formulae of § 5d, G7 yoda 6 
then find 
a 0, Vy = — m,, bo = + Wy, 
and, if we denote by M the magnetic moment for unit volume or 
the magnetization, a vector that is to be defined in a similar way as }, 
Y=0, B= Mm = 4M, 
Finally, by (18), 


with similar expressions for Ov, and ov.. 
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The mean value of the current, in so far as it is due to the 
magnetization-electrons, is therefore 
Rot ®. 
It may be called the caurrent equivalent to the magnetization. 
§ 7. It remains to take together the different parts of the second 
member of (1). Putting 


at ER Ra ae ey Re 62) 

Deen ea sets ig Voki! tol SFT (as) 
and Maeaieot [dO]. goa Sermo a (ae) 
we have 


Sr BE AS © eh tot 
Now, we might understand hy the current in the ponderable body 
the whole of this vector. Conformly to general usage we shall however 
exclude from it the last term. We therefore define the current as 
the vector 
oe Ny Se ea nae Gee ae a acne (dO) 
so that 


Soe Sho Mi oe ey ae (20) 
We may call D the dielectric displacement in the ponderable body, 
and & the displacement-current. As to the total current ©, the for- 
mula (25) shows that it is composed of the displacement-current, the 
conduction-current 3, the convection-current € and the fourth vector x, 
for which Porncaré has proposed the name of dntyen-current, because 
its electromagnetic effects have been observed in a well-known expe- 
riment of RONTGEN. 


§ 8. We shall now write down the equations that arise from 
(I)—(V) and (1) if every term is replaced by its mean value. In order 
to obtain these formulae in a usual form, we shall put 


Aes a cre ae mes mm 
RNa ihe tude des aise AP veg (28) 
Ayia aN ON ec ihe EE MI Ay ot) 


these quantities being the magnetic mduction, the magnetic force i the 
ponderable body and the electric force in the body. 
Beginning with the equation (J), and writing 9 instead of 9, for 
the (measured) density of electric charge, we find 
Divd = o — Div f, 
whence 
Dy Dee eer teh tae hams 30° dig CL) 
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We may further deduce from (1), taking into account (I) and (I), 
DiS 3 0; 


and consequently Dio 3 = 0. ; 

Now the expression Rot® we have found for the current that 
is equivalent to the magnetization, shows immediately that the distri- 
bution of this current, taken by itself, is solenoidal. We conclude 
from this that 

Dig SOR OP ees 

From (IID) we may deduce, if we imtroduce the value (26), 

Rot 8 =4aS5+44 5 Rot M, 
or, taking into account the relation 
B= Ht4am 
which results from (27) and (28), 


Rot Di Aa Se) Gy hy ee 
Finally we find by (IV) 
Rot €S S04 fe 
and by (V) 
Diy 2305 geeks oo te ee 


We have thus been led back to the equations of the electromagnetic 
field in a form that has long been known. In this form we may use 
them without even thinking of the individual electrons. As soon however 
as we seek to penetrate into the mecanism producing the phenomena, 
we must keep in mind the definitions that have been given of the 
different quantities appearing in the equations and the manner in 
which they are connected with the distribution and the motion of 
the elementary electric charges. The formulae (27) and (28) e. g. show 
the precise meaning that is to be attached in the theory of electrons 
to the terms “magnetic force” and “magnetic induction’: 

The equations (I')}—(V') may be applied to all bodies indifferently. 
It is otherwise with the formulae expressing the relation between 
S (or D) and &, and that between 3 (or IN) and +); the form of 
these depends entirely on the particular properties of the bodies con- 
sidered. I shall not here discuss these more special formulae ; in order 
to deduce them from the theory of electrons it is necessary to con- 
sider the forces acting on the electrons in a conductor, the “molecular 
motion” of these particles and the circumstances which determine the 
electric and magnetie moments of a single molecule or atom. 


") See Voter, Electronenhypothese und Theorie des Magnetismus. Nachr. d. Ges. 
d. Wiss. zu Géttingen, 1901, Heft. 3. 
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Astronomy. — 4 Preliminary investigation of the rate of the standard 
clock of the observatory at Leyden Honwt N°. 17 after it 
was mounted iu the niche of the great pier.’ By Dr. E. ¥. 


VAN DE SANDE BAKHUYZEN. 


1. In a preceding paper on the clock Houwt 17 I communicated 
the investigations I had made on an inequality of a yearly period 
noted in its rate which does not depend on the actual temperature. 

Besides the periods 1861—1874 and 1877—1898 I discussed also 
the period 1899—1902 when the clock had been mounted in the 
hall of the observatory in a niche cut out for this purpose from the 
ereat pier. Irom the mean daily rates during periods of about a 
month each, I derived formulae for the rate in two different ways, 
and this research clearly ,brought to light that during this period the 
rate of the clock.had become considerably more regular than before 
and now satisfies high demands. 

Since that time the same formulae have been compared with the 
daily rates observed during much shorter periods and an investigation 
has been undertaken about the barometer coefficient, for which purpose 
the monthly rates were less appropriate. 

The latter calculations have so clearly shown the excellence of the 
clock also with regard to its rate during periods of a few days, that 
it seemed to be of interest briefly to give here the results to which 
they led. 

2. The results we obtained from the previous investigations may 
be resumed thus. 

Under all the conditions in which the clock Honwt 17 has been 
placed, its rate, after correction for the influence of the temperature, 
has always shown a residual yearly inequality. As the former influence 
had been derived from the yearly variation of the temperature, the 
residual inequality must necessarily show a difference of phase of 
three months with respect to the temperature. 

If the influence of the temperature had been derived and accoun- 
ted for in the form c, (#+,) + ¢, (#—t.)’, whether we had found 
for c, a small negligible value, as in the period 1862—1874 or an 
obviously real quantity as in the period 1899—1902,, the residual 
inequality could with sufficient accuracy be expressed by a simple 
sinusoid. If on the contrary only a linear influence of the temperature 
had been accounted for, while an investigation of c, showed it to 
have an appreciable value, the residual inequality showed a half- 
yearly term besides. This could be expected; for as long as only the 

18 
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yearly variation of the temperature is concerned, a quadratic influence 
of the latter and a half-yearly inequality are completely equivalent. 
3. For the rate of the clock during the period 1899—1902 I 
derived in thé first place the formula: P 
D. R. = — 0+.169 + 0*.0140 (2 — 760). 
— 08.0253 (f — 10°) + 0:.00074 (¢ — 10°). 
T — May 8 


+ 0.0465 cos 2% 36% 1) 
365 
secondly the formula: 
D. BR. = — 03.157 -++ 08.0140 (h — 760). 
— 0s,0220 (¢ — 10°) + Suppl.inequal. . . . . HIT) 


The supplementary inequality in the second formula was repre- 
sented by a curve. Yet it can as well bé represented by a yearly 
and a half-yearly term. We then find: 

T — Apr. 29 
3609 

T — Apr. 16 
365 


Suppl. LInequ. = + 08.0471 cos 2a 


— 08.0198 cos 4a IT) 


From the term depending on the square of the temperature found 
by the first method of calculation and from the yearly variation of 
the temperature in the clock-case, which is approximately represented by 

: 4 . LT’ — May 4 
t= + 11°.6 + 6°.54 sin 2a —__—— ?) 
565 
we derive for the half-yearly term 
LT — May 4 
365 


— 08.0158 cos 4a 


which is in sufficient agreement. 

The two formulae must however give different results, as soon as 
the accidental variations of the temperature become of importance, 
and therefore it was of interest to compare the rates during short 
periods with either. 


4. Hence two comparisons were made for the three years 1899 
May 3—1902 May 3. °) 


T — June 9 
365 


*) In this and the following calculations the supplementary inequality for for- 
mula If was read from the curve. 


1) For the next term we find: + 00.55 sin 4 
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Within that period I could dispose of 182 time-determinations 
at average intervals of 6 days, giving 181 values for the daily rate. 
We can assume as mean error of the result of a time-determination, 
largely accounting for systematic errors such as variations of the 
personal errors of the observers, + 0+.04. 

I do not give here in full the results of the comparison of these 
181 observed rates with the two formulae and only lay down the 
mean values found in both cases for a difference: observation—com- 
putation. 

I found: 


Formula | M: Dift, = = 0:.0333 
i" Il + 0 .0344 


Hence this mean difference is nearly the same for the two for- 
mulae; indeed, if the three years are kept apart, it is found to be a 
little greater for formula I in two of the three years. 

We may therefore say that the two are in equally good agreement 
with the observations and for the investigation of the barometer 
coefficient it was sufficient to use either. 

I chose formula If (linear influence of the temperature) and I 
proceeded in the following way. The rates reduced with that for- 
mula to 760 m.m. and 10° and freed from the supplementary ine- 
quality were divided into five groups according to the barometric 
pressure and for each group the mean of those reduced rates was 
calculated. The results are laid down in the following table, where 
the first column gives the number of rates from which each mean 


has been derived. 


Number. Barom. | Reduced. D. R. OG 
ee 
17 152.8 — 0f.174 — 0s (02 
31 757.6 162 a 08 
68 762.6 154 ++ OL 
hh 767.4 145 4+ 02 
21 772,.2 14 Oa: 


From these results I derived as correction for the barometer 
coefficient : 
Ab = + 08.0017 
18* 
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while I found for the daily rate for 760 mm. — 08.160. With these 
values we obtain a very good agreement with the observations as 
appears from the differences obs.—comp. contained in the last 
column of the foregoing table. Hence it appears that the value for 
the barometer coefficient 6—= + 08.0157 is determined with great 
precision *). 

For the constant term of the formula we find from all the rates 
— 05.161, while, if we put 6—-+ 08.0157 also in formula I, the 


constant term here becomes — 08.173. 
5. With the formulae thus modified : 
D. R. = — 08.173 + 08.0157 (h—760). 
— 08.0253 (#—10°) + 0s.00074 (t—10°)?. 
+ Supplementary inequality. . . . . . (Ia). 
D. KR. = — 08.161 + 08.0157 (h—760). 


— 08.0220 (¢—10°)+- Supplem. inequal. . , (Ila). 


we have again compared all the observed rates and this time the 
comparison has been extended to 1902 Sept. 20 i.e. till almost five 
months after the period from which the formulae were derived. 
Besides the observations have been compared with a third calculation. 
This we obtained by applying the formula Ila so that we did 
not use the actual mean temperature but that of five days earlier. 
It is obvious that in doing so also the value of the supplementary 
inequality must be altered. An assumed lagging behind of the 
influence of the temperature of five days is equal, so far as the 
general variation of the temperature (as found above) is concerned, 
to 0.27 XX the yearly supplementary term. Hence the latter had to 
be diminished by this part of its amount. The formula thus modified 
I call Hd. 

The results of these three comparisons are given in full in the 
following table. The first column gives the dates of the time determi- 
nations, the next column gives the mean temperature for the period 
between the date of one line above and of that on the same line, 
while the third, fourth and fifth columns give the differences between 
the observed rates for those periods and the computations Ia, Ha 
and IId respectively. These differences are expressed in thousandth 
parts of seconds. 


1) According to the investigations of Mr. Weeper a value little different from 
this follows for the period 1882—1898, 


Obs. | Obs. | Obs Obs. | Obs. | Obs. 
Temp.| — — — Temp. | = = oe 
a Ila Ilo la Ila Il 
1899 1899 
May 3 Nov. 12 |+12.6 | — 12 | — 14 | — 28 
» 42 |410.5 | — 11 | — 18 | — 10 » 20} 144.0; — 3]/— 8j+4 3 
Dost nO Net 808 Oey 1 298) 40.8 |= Bo" 951 eres 
» 380] 42.7 Oo a |r, 7 et O41 59" vee (O09 
June 18.) 43.0 |-— 47 939 n— 20 |] oo) 43 lie 6.8 4-83 | 4-183 440 
, StS let 4s i BB pe Bi oy 16 hy B27 Hee 76) 1-108) |i}-4'70 
Pe AAAS We OF et Ae 8 hee 49:1 8.0) 12 19 yet) Wt 59 
» 22) 45.4 1-36) 92+ 421] » 98) 93) — 94) +01 | 4-31 
OT a1G5) et 00) Wel A ee pels 8,4) (=. be 0 = 38 
July 7| 46.5 )/4+ 7) — 3)-+-7 4900 
enna) bias: ie AT oo 99 Io=--98 Al ian. 8.» B.S 89" | 2 196)| — 62 
Rpelee Atego 0 S24 WS a 80 a 88 
pet) 12.67) --56') 1 60-4009 41) >) 25 | 6 6.0 i 36: | 136 | —— 2 
pees 10 6a is hot On tar Febe tN) 64 |. 2 ADO fe 19 
Peest 96) ot 29 BO | GOdti > <8], 4.9 1-92 |=. 6) 4.8 
Ave 23 [019.4 lt 20 [+ 38:1 2 201), 4.3 | <8 | 2 14 8 
> 9|/ 19.6} +66|+76|+ 71 || March2| 69) — 4 0 | = 98 
ae | AO Wet 88, |e We > 29 Steet Steen (e193 
» m!} 18.7} +96/4+30;/ 434] » 16] 6.7) — 40) — 30} — 34 
pense etT Tia 8 = <4 ADS >), 207) 6.8. |) — 30 1 — 20 |. =— 40 
Sept. 3 | 48.3 | --47 | + 2} -+ 44 |] » 26| 6.6/—2|—12)— 4 
g| 48.3/+ 9/+22)/+48]] » 30) 64/4 |—2%|-— 7 
me AS ade i Be | 44 | 50 FP April 2] 6.0 52 32 18 
Memo niG saa | SO TT) by a ly 8 ee 88] 19! | — 4 
Octet deena BS e182 OA ANE ye 49.) Do 40 Wee) 
" ORAS telah asic? |b 1511) 5 AB lh) 9.0 |e-190' |).-199) | — 49 
Ae aed ee We SL Bh, Oty 9.9! |b 87 184 | + 25 
>» 49) 44.4] ~ 42 | — 37 Bou aay) Oe leAOet tet 47) | tse Obl 14 
yE oe A0.0)| — 407) 44 | a7 |{ >, 28) 104 | 16-20) — 4 
Sees de ee te 10) a5 iMay, 22 9:8 14. | 4-40 | -b 35 
NotI eee atte 41) 40-4) -71 977 |. — 88 


Obs. Obs. | Obs. | 
Temp. = — — Temp. 
la Ila Ils 
4900 | | 4900 
May 40 |442.4 | — 12 | — 22 | — 43 |] Oct. 19 |412.6 
Dy ee AAT Gh nO On aac De OU eldicGn! 
» 937442) 4 ON 30) Novae oe pets 
» 96] 42:5; — 41 | — 92) — 4 » Ea ag Ble 
June 2; 13.0 | — 27 | — 40; —- 43 ya Wess 
» 9| 14.9] — 9] —19 | — 44 23 ony 
» 42 | 46.3 | — 96 | — 31 | — 48 yO 8.8 
» 18 | 17.3] + 33 | + 33 | + 15 Dec. 7 8.3 
wl -O3e | RA (829) ee Soe 0 8.9 
» 98.} 16.6 | — 411} —20!-+ 2 Dy 3155 es; 
Vulva 9 2i| eed One | — 46 | — 58 | — 45 Sy ake, 925 
» .10] 16.3 | — 31 | — 43 | — 36 » 29 Sai 


>» 2} 20.8) + 41 | + 68 | + 39 ye add 3.4 
>» S| 20.7} +44/435|/+36]] » 14] 3.0 
Aue. 7 {| 49.0 | — 39 | — 35] — 4 ye el 3.2 
» Nl bios) 43 ay 21 ye ee} 4.7 
y 44) °47.4 | — 63 | = 74 |) — 64 TPitrebr. 4 6.8 
» 17 | 47.6) = 46 | — 51 | —)60 » 4 6.0 
o 95 [8.8 [wd | 49) 5 Tapa) ies 
» 98.) 418.44) — 98 Piss. S94) 4 ye R20. 44 
» 31) 17.4 | — 34] — 34 | — 8 | {March 5 5.4 
Sept. 4 AOR OR Re yee ee So thas 3 72 
» 49) 46.4 | — 48 | = 48 = 44 yy ied 
» 1G.) AGI) | ee BO. Ogle. By yO Ges 
» 19} 16.5) 4+ 3) +414; — 44] Apr. 14 D.8 
» ZO AG. f= 3h | OD re OF » 4 Tics 
Oly Ae ate? 24, 14 6 » 7 8.2 
» ith | 39426) [Seon eee Og ene Aid One 


| 


ys 
4902 
Jam, 5 
Sys 
yy aks} 
» 98 
Febr. 4 
» 7 
ye ale 
> 15 
» 20 
» 4 
March 4 
ee 0) 
» 44 
ed 
Npr 3 
» 8 
Dep. 
» 18 
Nah 2) 
py es) 
May 93 
» 9 


So I co ioe) (or) 
me f 


9 
4 
9 
4.6 
4.2, 

2 


ot ons 
a o 


SeiT eel ais 
eee ae 

0} —419 
= 40 (90 
Hee AP ABI 
87 este 70 
Ase 45 
= OEY 15 
— 44 0 
ieee 
+ 93 | +. 42 
Sel pet 
ee Olen Os 
-+-46 | 4+ 95 
+15 | + 42 
+44) + 9 
eee 
ie ott 
4.31 | 46 
+ 34 | + 40 
+ 29 | + 2% 
= 414) 42.99 


| Obs.) | “Obs. (Obs! 7 j ‘| Obs. | Obs Obs 
ee ii, | | Sie nea 
1902 | 4902 

May 24 |4+40.4 | —10|— 148] — 9 ]|f July 34 |417.1 | — 52 | — 63 | — 55 
» 31 12.7 | + 26 | + 12 | — 18 Aug. 5 16.8 | — 54 | — 68 | — 61 
June 411] 15.9 | + 37 |} + 32 | + 16 » 41] 16.9 | — 40} — 53 |} — 56 
» LOT a6 of 48 19 ye edi 16.0 | — 52 | — 70 | — 50 
» OD I We.4 13 | — 29 | — 34 | » 20 | 16.5 | — 14 | — 28 | — 38 
» 28 16.8) + 7 0 | — 28 yy 5) 16.8 | — 49 | — 55 | — 66 
July 5| 18.4.) -+44)4481 Off Sept. 3 | 417.4 16 | — 19 | — 36 
» 42 | 17.9 | —20/}/—2 | — 7 » 8 | 17.8 | — 25 | — 18 | — 31 
» 45 | 17.4 | — 31 | — 38 | — 21 » 44] 16.7) —19 | —16}— 3 
» 23} 47.7 | —- 26 | — 32 | — 47 » 20) 45.2 | — 97 | — 98) — 7 


From these differences we derive the following mean errors of a 
rate computed by means of the three formulae: 


Form. la, Form. Ia. Form. IIb. 
4899 May—1900 April...... £ 08,0343 £ 03.0345 +L 0s 0424 
4900 May—1901 April.... . 345 387 AAT 
4901 May—1902 Sept...... 251 266 274 
4899 May—1902 April...... 0.031 + 0.0397 X 0.0385 
1899 May—1902 Sept...... + 0.0314 £ 0.0332 £ 0.0382 


First let us compare the mean errors of the three formulae inter 
se and with the corresponding values formerly obtained for the for- 
mulae I and II with the uncorrected barometer coefficient. 

Then it appears in the first place from the values for the period 
1899 May—1902 April that the correction of the barometer coeffi- 
cient has markedly improved the agreement with the observations. *) 
Secondly it would appear that the quadratic formula now represents 
the observations a little better than the linear formula, and thirdly 
we find that the supposition of a lagging behind of the influence of 
the temperature markedly impairs the agreement. 


1) Each of the three years separately also leads to the same result, 
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A consideration of the differences obs.—IIa and obs.—IIb shows 
however, that the latter conclusion does not equally hold good for 
all parts of the year and that the agreement with formula IId is 
especially bad in the winter months. In order to investigate this more 
closely, I divided the observations into groups of two months and 
calculated for each group the mean value of the differences, first for 
each year separately, then after combining the corresponding groups 
of the different years. The latter values follow here. 


Form. Ia. Form. IIb. 
Janvanye Mebruanyrr ch. cic etter a + 0s .0402 + 0s .0549 
March, April....... isc’ enc inir Acs 208 244 
Wenn dies « ot aeecne soos 50s basse 285 284 
UG, RUOEGIS io ame ne abgO eo neae one 423 368 
September se OCCODCL sere. ots yetuiei-- 215 232 
November, December.............. 369 559 


They lead to the singular result that during the four winter months 
formula II 4 agrees much less with the observations than Ila, whereas 
in the middle of the summer the agreement with IIb seems to 
be better, and in the other months both formulae may be said to 
agree equally well. In this respect the different years practically 
lead to the same conclusion and hence we cannot say that this has 
been brought on by entirely accidental causes. However this may be, 
we are not entitled yet to assume a lagging behind of the influence 
of the temperature. 

Let us now consider separately the results for formula la, which 
seems to represent the observations with the greatest precision (those 
for Ila do not essentially differ from them). It will be seen immediately 
that during the last seventeen months the rate has been considerably 
more regular than during the first two years’); a smaller M.E. has 
been reached although the 5 last of these 17 months were not 
included for the derivation of the formula. Thus the feature observed 
before, i.e. the gradual improvement of the regularity of the rate after 
the mounting of the clock, shows itself once more. The mean result 
for the whole period (M. E. = + 08.0311) may already be regarded 
as very satisfactory, and the great regularity represented by a mean 
difference of + 08.0251 between a daily rate from a 6 days interval 
and a relatively simple formula gives us a high sense of the supe- 


1) Already at the beginning we had left out the first 4 months after the remounting. 
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riority of Honwt 17 in its present state. That this regularity markedly 
surpasses the one reached formerly is shown also by the results of an 
investigation of :the years 1886—87, which are among those of the 
greatest regularity in the period 1877—1898. This investigation was 
made in a similar manner as the present one, the mean interval 
between the time determinations used was 5 days and the mean 
error found was + 0*.0365. 

6. We may also investigate the rates of a clock in such a manner 
that only the irregularities of a very short period are considered. 
A simple process for attaining this is to calculate the mean value of 
the difference between two consecutive reduced daily rates. 

Applying this method to Honwi 17 during the period under 
consideration ') I found: ; 

Mean difference 1899 May—1902 Sept. + 08.0313. 
" " 1901 May—1902 Sept. + 0s.0253. 


From these mean values considered in connection with the mean 
errors of the rates in 6-daily and in monthly intervals formerly found 
we can draw some, albeit rough, conclusions about the amount of 
the perturbations of longer and shorter periods. 

The values found, as well those for the whole period as those 
derived for the last year only, are given in the following table. The 
columns A contain the values found directly, the columns # those 
diminished by the amount that can be ascribed to the errors of 
observation, assuming + 0%.04 as the total mean error of a time- 
deterthination. M.E. 8 of a 6-daily rate stands for the total mean 
difference from the formula Ia, found above, M. E. @ represents the 
error derived from the mean differences between two consecutive 
rates. The mean errors of the monthly rates differ a little from 
those of my previous paper as they now also refer to formula Ia. 


1899 —1902. 1901—1902. 


A. Bb. A. B. 


ree SS 
M. Diff. of two 6 d. r.| + 08,0313 | = 08.0967 | + 08.0933 | + 0s.0193 


M. E. x of 6 d. r. 189 137 
Mah croteondans 311 297 951 Y33 
M. KE. of monthl. r. 209 208 164 163 


1) The rates were reduced by means of formula Ila, but a reduction according 
to Ia would practically have led to the same result. 
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Although these calculations are inaccurate owing also to the fact that 
the intervals between the time determinations often differ rather much 
from 6 days, yet it is evident that the M. EK. 8 are much larger 
than the M. E. @ and hence that considerable perturbations of long 
period exist, as, indeed, a glance at the table of the obs.—comp. 
also shows. It would be possible to account tolerably well for the 
values found for the three different mean errors by assuming, quite 
arbitrarily of course, that there are two kinds of perturbations, one 
constant during 6 days and another constant during a month. We 
should then have to assign for the whole period an average value 
to both of + O*.02 and for 1901—1902 alone one of + O8.015. 

There are not many clocks about which investigations have been 
published, which allow us directly to compare the regularity of 
their rates with that of Honwt 17 and most of these embrace buta 
short period. 

An investigation extended over 4 years about the standard-clock of 
the observatory at Leipzig Drncker 12 has been published by Dr. 
R. Scuumann'). He uses 224 time determinations at mean intervals 
of 6'/, days and derives for the vate a formula containing a linear 
influence of the temperature and of the barometric pressure and besides 
a term varying with the time elapsed since a zero-epoch. As mean 
value of the difference obs.—comp. he finds + 0%.059 and there is 
no evidence of a residual yearly inequality. I calculated also the 
mean value of a difference between two consecutive rates and 
found + 0:.055. 

In the latter respect we possess also data about the four normal 
clocks of the Geodetic Institute at Potsdam. An investigation by 
Mr. Wanacn?), about the rates during last year gave the following 
mean differences between consecutive rates after correction for the 
barometric pressure, while the temperature was kept very nearly 
constant: 

Strasser 95 + 08.054 
RIEFLER 20 + 0.062 
Drencker 27) + 0.047 
DrnckER 28 + 0.049. 


These values are considerably larger than that for Honwit 17, but 
respecting the Potsdam clocks we must keep in view that DENCKER 


1) R. Scuumann. Ueber den Gang der Pendeluhr F. Dencker XII. (Ber. Sachs. 
Gesellsch. d. Wiss. 1888). 

2) Jahresbericht des Direktors des Kéniglichen Geoditischen Instituts fiir die Zeit 
von April 190l bis April 1902, pg. 35. 
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27 and 28 had lately been cleaned, while Strasser 95 during the 
period of observation had twice been replaced and meanwhile had 
been exposed: to great differences of temperature. For Duncker 12 
at Leipzig also some perturbations from outside shortly before and 
during the period under consideration are noted. 

7. For a clock which is used for astronomical fundamental deter- 
minations the regularity of the rate during the 24 hours of the day 
is of the very highest importance, but it is obvious that only long 
continued observations reduced with the greatest possible care can 
give us any information on this subject. 

As yet I can only state that we may confidently expect Honwt 
17 not to be inferior in this respect to other clocks kept at constant 
temperature, seeing that, while the amplitude of the yearly variation 
of temperature has diminished comparatively little in its present 
place, the daily variation has almost entirely disappeared. 

This will be seen from the following values of the difference 
between the temperature at 4 o’clock in the afternoon and the mean 
of the temperatures of the preceding and the following 8 hours in 
the morning. These differences taken for about 240 days have been 
combined in 6 two-monthly groups, and their means follow here : 


Temp. 4h—Temp. 20h 


ee 


January, February BENG Areas Sete + 0°.09 
Arch gutipuil’seea. Seah eA ee ae ve ote | + 0.43 
WI, AED, on 6 aoc co Bins Maths od MWe cacene | + 0.42 
AINE UNUAUSE os send ooodes cade eee + 0.20 
September, October..........0.0-.0. | 4+ 044 
November, Decemberc. a. meee + 0.08 


: ' 
The mean difference is greatest in summer, but even then very 
small, while no difference ever reaches to 0°.5. 


(October 22, 1902). 
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(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 
Afdeeling van Zaterdag 25 October 1902, DI. XI). 
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H. W. Baxuuis Roozenoom: “A representation in space of the regions in which the solid 
phases, which occur, are the components, when not forming compounds”, p. 279, (with one 
plate). 

H. W. Baxuvis Roozrezoom: “Equilibria of phases in the system acetaldehyde + paraldehyde 
with and without molecular transformation”, p. 283. 

L. Aronstern and A. S. van Nieror: “On the action of sulphur on toluene and xylene”. 
(Communicated by Prof. J. M. van BrmMELEN) p. 288. 

Tu. Wrervers: “Investigations of glucosides in connection with ihe internal mutation of 
plants”. (Communicated by Prof. C. A. Lopry pr Brvyy), p. 295. 

J. D. van per Vyaars: “Some obs-rvations on the course of the molecular transformation”, p. 303. 

J. D. vax per Waars: “Critical phenomena in partially miscible liquids”, p. 307. 

J. kK. A. Wertuem Saromonson: “The influence of variation of the constant current on the 
pitch of the singing arc” (Communicated by Prof. P. ZemMAN), p. 311. 

J. EB. Verscuarrert: “Contributions to the knowledge of van per Waars’ y-surface. VIT. The 
equation of state and the ¢-surface in the immediate neighbourhood of the critical state for 
binary mixtures with a small proportion of one of the components”, p. 321, (with one plate). 
Continuation p. 336. 

J. Boruxe: “On the structure of the light-percepting cells in the spinal cord, on the neuro- 
fibrillae in the ganglioncells and on the innervation of the striped muscles in Amphioxus lan- 
ceolatus”. (Communicated by Prof. T. Pace), p. 350, (with one plate). 


The following papers were read: 


Chemistry. — “A representation in space of the regions in which 
the solid phases, which occur, are the components, when not 
forming compounds.” By Prof. H. W. Baxnuis RoozEBoom. 


(Communicated in the meeting of September 27, 1902). 


In the course of my researches, I have offen made use of special 
kinds of graphical representations to indicate the limits of the exis- 
tence of single phases or complexes of phases. It was only after 
the year 1896, when it could be taken for granted that the general 
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character of the equilibria between liquid and vapour in binary sys- 
tems had become fully understood, that efforts could be made to con- 
struct a complete graphical representation of the conditions of equili- 
brium in which solid phases occur. 

The simplest possible case is found when only the two components 
of the binary system occur as solid phases. For such a case, I have 
since 1896 arrived at the representation in space of which photographs 
are given in the accompanying figures. For the case that chemical 
compounds or mixed erystals occur as solid phases other figures have 
been constructed which, however, may be deduced in a simple manner 
from the present ones. 

In this figure thé length represents the temperature, the breadth 
the concentrations « of the mixtures which can exist as vapour 
or liquid, the component A being placed at the left and the 
component & at the right. The height represents the pressure. The 
figure does not represent any particular case, but is so constructed 
that the different details come out plainly and the dimensions are not 
too great. 

We start from the equilibria between liquid and vapour, which 
researches on the critical constants of mixtures have proved to be 
capable of representation by a surface of two sheets, the upper part of 
which represents the liquids and the lower part the vapours. The 
coexisting conditions of these two must have equal values of pandt 
and are therefore, situated on a horizontal line which is parallel to 
the w-axis. The said surfaces meet at the left side in the vapour- 
pressure line O4C of the liquid A, at the right side in the vapour- 
pressure line Og D of the liquid B and in front in the critical curve CD. 

The points in the space between the two surfaces indicate complexes 
of liquid and vapour. In the representation, this space is massive, 
like all other spaces which represent complexes of fwo phases. 

The surface of two sheets for liquid ++ vapour is so constructed that 
A is the substance with the greatest vapour pressure. It has further 
been assumed that the liquids are miscible in all proportions and that 
no maxima or minima occur in the equilibrium pressure. 

Descending continuously, the surface would reach the absolute zero 
if A or B or both did not solidify first. 

The pure liquids A and B solidify in O4 and Og; from there the 
vapour-pressure lines O4I and Og K of the solid substances run in. 
the left and right vertical side-plane. 

Considering now the liquid-mixtures with an increasing amount of 
B, solid A can only be deposited at temperatures lower than QO4. 
At each temperature there is a definite liquid and a definite vapour 


H. W. BAKHUIS ROOZEBOOM. ,A representation in space of the regions in which the solid phases, which occur, are the components when not forming compounds 


Fug. Ths 


Fig. 2. 
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which coexist with the solid phase A at a definite pressure which 
is larger than the vapour-pressure of solid A alone, but the same 
for each of them. The three coexisting phases are represented by the 
lines O4G', O4F, O4L respectively standing for solid, gas and liquid. 
They are situated together on a cylindrical surface, because for equal 
t, also p is equal. The part /O,E is also a limitation of the surface 
of two sheets. 

In the same manner we have for the equilibrium of solid B with 
liquid and vapour the three lines OgH, Ogl, OgF, for solid, liquid 
and gas respectively, again situated on a cylindrical surface, while 
the part HOpgF thereof forms below a second limitation of the 
surface of two sheets. This cylindrical surface first rises from Og but 
afterwards falls again. 

The surface of two sheets terminates, as far as the liquid-surface is con- 
cerned, finally in /, the gas-surface in #. This liquid and this vapour 
may exist in contact with solid A (point G) and also with solid B 
(point H). As the points G, I’, lH, H belong to the same values of 
p and ¢, they are situated on a horizontal line and represent the 
only possible complex of four phases. 

To the gas-line O4F a second gas-surface joins, representing 
the vapours capable of coexisting with solid A, when the quantity 
of B in the vapour increases; also to Ogl’ the gas-surface for 
the vapours in equilibrium with solid B with increasing amounts of 
A. From the melting points of the pure substances down to the tem- 
perature of the quadruple-point GI H these two gas-surfaces 
are not in contact with each other, but each of them singly is in 
contact with the gas-surface of the surface of two sheets. 

Below that temperature they intersect each other immediately, 
forming the line /’Z which represents the vapours capable of coexisting 
with solid A + solid B. To this belong the lines G'M/ for solid A 
and HN for solid B which are again situated on a cylindrical surface. 

All complexes of the solid phase A and of the coexisting vapours 
are situated within the space formed by the gas-surface /O4/TZ, 
the surface of the solid phase J04GJ/ and the two cylindrical 
surfaces GO«F and MGIFL. All complexes of the solid phase 5 
and the vapours which can exist in contact with it, are situated 
in the space bounded by the gas-surface AOgil'L, the surface 
of the solid phase KOpHN and the cylindrical surfaces HOgl’ 
and NAF L. 

Both spaces extend to the absolute zero if no new phases are 
formed. 

The three surfaces representing the equilibria of gas with liquid, with 
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solid A and with solid B meet each other in the point /’. In the same way, 
two other liquid-surfaces must join in the point at which the liquid 
surface coming from higher temperatures ends, namely those which 
indicate the p,¢,# values of the liquids which, can coexist with solid 
A or solid B. The lower limits of these surfaces are the lines O4,H# 
and Og which represent the equilibrium of solid and vapour. Set- 
ting out from these lines the vapour disappears when the pressure is 
increased. On account of the small changes which the composition 
of the liquid undergoes with an increase of pressure, the liquid- 
surfaces O4HPU and OpHPV will rise almost vertically. They ter- 
minate to the left and the right in the melting point lines O4V and 
OzpV of the solid substances A and B, whilst they intersect each 
other in the line HP which indicates the liquids which at different 
p,t values can coexist with solid A and B. To this line belong 
the p,t lines GQ and HR for the solid phases, which again form a 
cylindrical surface with HP. 

In this way we arrive for the complexes of solid A + liquid at 
the space included between the liquid-surface, the surface of the 
solid A, O04 UQG and the cylindrical surfaces GO, E and GEPQ. 
A similar space includes, at the right, the complexes for solid 
B + liquid. 

Finally, the region of the complexes of solid A + solid B is situated 
behind the cylindrical surface GHRQ and above the cylindrical sur- 
face NHGM. 

The spaces last described terminate in the figures at the back at 
an arbitrary temperature and above at an arbitrary pressure. One 
must suppose that, in reality they continue their course. 

The remaining space outside the massive parts constitutes the 
regions of homogeneous liquids and vapours which pass into each 
other beyond the critical curve. The other six massive parts repre- 
sent complexes of two phases, the states of matter forming the complex 
being represented by two side surfaces. 

They further are connected with each other by four cylindrical 
surfaces on which three lines are always situated representing 
the systems of three coexisting phases and these cylindrical surfaces 
intersect each other in one straight line on which is situated the only 
possible complex of four phases. 

If for any system of two substances the figure described were 
studied completely, it would enable us for each mixture at each 
temperature and each pressure to read off, of what phases it has been 
built up and as far as liquid and vapour are concerned it would 
also show their separate composition. 
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For the complexes of tvo phases, the relative proportions may also 
be read off in the figure; for those of three or four phases it would 
be necessary to also know the relation of the volumes. 

The figure also makes it possible to ascertain what changes a 
mixture will undergo, when the temperature, pressure‘) or concentration 
are changed. 


Chemistry. — “Equilibria of phases in the system acetaldehyde + 
paraldehyde with and without molecular transformation”. By 
Prof. H. W. Baxuuis Roozgsoom. 


(Communicated in the meeting of September 27, 1902). 


The character of the equilibria of phases is exclusively determined 
by the number of independently variable constituents — components — 
of which the system is built up. 

Sometimes this is equal to the number of the different kinds of 
molecules. It may also be smaller, if there are among the molecules 
those which may pass into each other as in the case of associating, 
ionizing or isomeric substances. If these molecular changes proceed 
more rapidly than the equilibria of the phases, they exercise no 
influence on them. 

Although water, for example, is a mixture of at least two kinds 
of molecules, its freezing point is quite as sharply defined as that 
of a single substance. 

If however, the velocity of the molecular change is small, the 
system on being treated rapidly will behave like one with more 
components than it shows if treated more slowly. The effect of 
this on the phenomena of solidification has already been mentioned 
by Bancrorr in 1898 and by myself in 1899. So far, however, 
no suitable example has been found which would enable us to consider 


1) [t demonstrates, for instance, in a simple manner that on compressing vapour 
mixtures with a sufficient amount of A, the component B first deposits in the 
solid state in increasing quantity but then again completely disappears at a certain 
pressure to make room for a liquid phase. 

This phenomenon has recently been observed by Kuenen (Phil. Mag. July 1902) 
with solid CO, mixed with C,Hg. 

It must always show itself with the component which in the. liquid-mixtures is 
the least volatile: in this case B. When however, the liquid-surface has a maximum 
pressure as in the instance cited by Kurnen, the phenomenon will be noticed with 
both components. If the surface las a minimum pressure it can only occur with 


one of the two. 
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Fig. 1 
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the whole of the equilibria of 
phases from that point of view. 

Such a system has now been 
investigated in my laboratory by 
Dr. Hotimann of Dorpat. It is the 
systemacetaldehyde-_paraldehyde, 
which has the further advantage 
of not undergoing molecular trans- 
formation except in the presence 
of a catalyzer and so behaves 
like a system with two components, 
whilst it undergoes transformation 
rapidly enough on addition of a 
trace of sulphuric acid to appear 
as a system with only one com- 
ponent. It becomes possible, thus, 
for the first time to obtain a general 
insight into the position which 
equilibria with apparently one 
component occupy among the sys- 
tems with two components. 

The chief results of the research 
are the following. 

First of all the solidification 
phenomena of mixtures of acetal- 


dehyde and paraldehyde were 
investigated. As is well known, 


paraldehyde in a pure state melts 
at 12°.55 (point B). This melting 


point is lowered by addition of acetaldehyde along to the curve BEDC, 
which continues until the liquid consists almost entirely of acetaldehyde. 

With the aid of the apparatus of Prof. Kamprrinca Onyus *) the 
melting point of acetaldehyde was determined at — 118°.45 (A). 
The melting point line of acetaldehyde does not extend further than 


— 119°.9 (C) where it meets that 
a eutectic point, 


Melting point. 


Bee? Toes’ 
YAP HSE Ce 
WDE A | 
ones Ou 
A’ — 148 45 


‘) LapensurG gave — 120°. 


of the paraldehyde, Cis therefore 


‘Io 


Paraldehyde. 
100 
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The boiling points of the mixtures were next determined at a 
pressure of 1 atmosphere and the composition of the vapour of these 
boiling mixtures was also determined by means of a special apparatus. 
The former form the line HG, the latter the line #7G of which 
the following points are the most important: 

f 20°.7 boiling point of acetaldehyde 
f 41.7 vapour 2.5 °/, paraldehyde 
H 41.7 liquid 53.5 " 

G 123.7 boiling point of paraldehyde. 


On account of the great difference in volatility of the two components 
the liquid- and vapour lines are situated far from each other. The 
vapour of a boiling mixture is much richer in acetaldehyde than 
the liquid, for which reason the two are readily separated by 
fractionation. 

In the third place the critical temperatures of the components and 
of a few mixtures were determined. (Only that of acetaldebyde had 
been previously found by Prof. van pur Waats to be 184°). 


Result : 


Critical temp. °/, Paraldehyde. 
LY 718s: 0 
Wg PA cs 11.0 
Q 241° 22.0 
N 270° 50.0 
M 286° 100.0 


These are the relations when there is no transformation of acetal- 
dehyde into paraldehyde, or the reverse. 

If, however, a trace of a catalyzer is added, acids in particular, the 
two molecules can be converted into each other, till the condition of 
equilibrium corresponding to p and ¢ has been reached *). 

It appeared that by these means the boiling point of ad/ mixtures 
came in a very short time to 41°.7 and as this point according to 
the line FYHG is situated at 53.5 °/, of paraldehyde, it represents 
the relation of equilibrium in the liquid condition at that temperature 
and 1 atm. pressure. As the corresponding vapour according to 
point J of the vapour line F/G only contains 2.5 °/, of paraldehyde 
a rational explanation has thus been found of the long-known fact 


1) A little meta-aldehyde is also formed but the quantity remaining in solutior 
is so very trifling that its influence on the system considered may’ be utterly ne- 
glected. It must still be ascertained what place meta-aldehyde occupies in regard 
to the two forms at high temperatures. 
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that on distilling paraldehyde with a little sulphuric acid, nearly pure 
acetaldehyde is collected. 

At temperatures below 41°.7, the equilibrium appeared to be dis- 
placed along the line HH, which at 6°.8 and 88.1 °/, of paralde- 
hyde meets the melting point line of paraldehyde. 

The consequence is that, from whatever mixture we may start, 
paraldehyde will always crystallise out on adding a trace of sulphuric 
acid and cooling to 6°.8 and as the transformation of acetaldehyde 
into paraldehyde proceeds very rapidly even at this temperature, the 
whole mixture becomes at last a solid mass of paraldehyde. This 
even proved to be the case when pure acetaldehyde was taken as 
starting point. On the other hand paraldehyde in the presence 
of a trace of a catalyzer does not melt at 12°.5 but at 6°.5 owing 
to partial conversion into acetaldehyde. 

We have no knowledge of the equilibrium in the vapour at these 
low temperatures but something can be said regarding higher tem- 
peratures. 

The lines HG and I’ TG have regard to 1 atm. pressure. Simi- 
lar lines might however, be determined for a higher pressure and 
in that manner the displacement of the points HW and / with the 
pressure would be determined. Finally, we should thus arrive at 
the critical line “17 and here the compositions of the vapour and 
liquid, which indicate the relation of equilibrium, must become the 
saine. It appeared from a series of determinations that the point P 
at 221° and 14°/o of paraldehyde is this very point. 

At these ligh temperatures, the equilibrium is also reached after 
some time without a catalyzer. 

It appears from the position of P that the line which gives the com- 
position of the liquid when equilibrium is attained slopes in the begin- 
ning very rapidly, with rising temperature, towards the acetaldehyde 
side of the figure (portion 7H A)") but afterwards much less rapidly. 

The line of equilibrium of the vapour certainly does retrograde, 
for at 41° the vapour still contains 2.5°/, of paraldehyde, at 100° 
less, and at 221° again 11°/,. In this case the influence of the pres- 
sure prevails obviously. As paraldehyde is a. triple polymer, the 
influence of the pressure is very marked. 

If we make a representation in space of the whole figure, like the 
one mentioned in the previous communication, it will be noticed that 
the equilibria where the possibility of the mutual transformation of 


acetaldehyde and paraldehyde is admitted, are lines on the surface 


') The pomt A has been determined by Turpapa at 50°.5 and 39.49/6, 
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Which represents the ease that the {wo components are not subject 
to transformation. 

For this another new representation may be given which consi- 
ders the matter from a more general point of view. 

Taking p, t and «# as coordinates, a surface may be constructed 
which shall represent the equilibrium between the two kinds of 
molecules in a homogeneous phase, vapour or liquid. 


Ae. Cone. Par. Ac. Cone. Pap. 
Fig. 2. Fig. 3. 


The general form of such a surface of equilibrium for the system 
acet-paraldehyde may be readily deduced from analogy with other 
known equilibria in the gaseous condition, if one considers that 
paraldehyde requires heat to pass into acetaldehyde and may be 
reobtained from the same by compression. 

The general course of the equilibrium line at a constant pressure 
is indicated in fig. 2, that at constant temperature in fig. 3. If we 
now imagine that on the different points of the /, 7-line in a hori- 
zontal plane, p,a-lines are erected in vertical planes, we obtain a 
p, t, & surface of a very peculiar shape which gives the equilibrium 
relation between acetaldehyde and paraldehyde for every temperature 
and pressure. 

The course may be theoretically calculated for the vapour if the 
pressure is not too large. With greater pressures and for the liquid 
state this becomes a difficult matter but the general course remains 
fairly certain. We might therefore, imagine this equilibrium surface 
first of all at temperatures higher than those of the critical curve 
LM. Here, the surface would for some time extend itself undisturbed 
both vertically and horizontally. At lower temperatures, the surface, 
on account of its form, must necessarily meet first of all the 
surface for liquid-vapour; according to the investigation this takes 
place in the point P. From here to lower temperatures, the 
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equilibrium surface which was at first continuous will hecome dis- 
continuous and break up into an equilibrium surface for the vapour 
state and another for the liquid state. 

The lines of intersection of these two surfaces with the surface of 
two sheets are the lines PJ and PK HE in fig. 1. To these must, 
of course, also be added lines of intersection with the other gas- 
and liquid surfaces, which have been mentioned in the previous 
communication. 

In this: manner, it appears that special .equilibria, which occur 
when transformation between the two components is }ossible, may 
be always considered to originate from the intersection of the general 
space figure for the equilibria of phases with the surface of equilibrium 
for the molecular equilibria in each phase. 


Chemistry. — “On the action of sulphur on toluene and aylene.” 
By L. Aronstein and A. S. van Nigrop. (Communicated by 
Prof. J. M. van BEMMELEN). 


(Communicated in the meeting of September 27, 1902.) 


The researches on the molecular weight of sulphur according to 
the boiling point method of L. Aronstemy and S. H. Merauizen *) 
showed that this molecular weight was found to agree with the 
formula S, and this in liquids the boiling poimt of which varied 
from 45° to 214°. But when toluene and xylene were used as solvents 
for sulphur the determination of the molecular weight had given 
values which corresponded with those calculated from formulae ranging 
between S, and S,. It was then suspected that this difference might 
be due to chemical causes. In the following lines we will communicate 
the results of our efforts to trace those causes. 


Action of sulphur on toluene. It had already been noticed that on 
boiling a solution of sulphur in xylene hydrogen sulphide was given 
off which was shown by means of lead acetate. A similar evolution 
of hydrogen sulphide was not noticed on boiling sulphur with toluene. 
As the chemical action of sulphur on toluene at the usually observed 
boiling point could probably not amount to much, a preliminary 
experiment was made by heating a solution of sulphur in toluene in 
sealed tubes at 250°—300° so as to accelerate the action until on 


1) Proc. Kon. Akad. Wetensch. 1898. First section VI, 3. 
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cooling the tubes no crystallisation of sulphur took place. In the 
case of a mixture of 2 grams of sulphur and 10 grams of toluene, this 
lasted 10 days; in the interval the tubes were repeatedly opened to 
allow the accumulated hydrogen sulphide to escape. The product 
obtained was freed from undecomposed toluene by distillation; a 
preliminary investigation of the residual mass showed with certainty 
the presence of stilbene, thionessal and probably also of tolally] 
sulphide. As moreover the contents of the tube had a strong odour 
of merecaptane it was supposed that the action had taken place in 
one of the following ways. Firstly, benzyl sulphydrate might have 
been formed by a direct addition of sulphur according to the equation : 
C, H, CH, +58—=C, H, CH, SH 
and this on losing hydrogen sulphide according to the equation: 
Qo Bee. © ho. OM) so S 

might have yielded benzyl sulphide, which according to Forst *) may 
yield as final products stilbene, totally] sulphide and thionessal. 

Secondly, the sulphur, according to the equation: 

C,H, CH, + 25=C,H,CSH-+H,S 
might have yielded thiobenzaldehyde or rather (C, H, CS H)x, which’) 
according to the equation : 
2 CB; CSE = 0,, Bae +28 
might have formed stilbene, which then might have formed thionessal 
according to the equation : 
2C), Hy +35 C,, Hy S/- A, S. 

In order to test the accuracy of these theories 4 grams of sulphur 
were boiled in a reflux apparatus with 150 cc. of toluene for 120 
hours, care being taken that any hydrogen sulphide which might 
have been formed and the non-condensed benzylsulphydrate were carried 
off by means of a current of carbon dioxide and passed through an 
alcoholic solution of lead acetate. Although perceptible quantities of 
lead sulphide were precipitated during that time not a trace of the 
well-known yellow lead mercaptide was found. Both the toluene 
solution and the crystalline mass obtained therefrom were carefully 
tested for the presence of benzyl sulphydrate and also of thiobenzal- 
dehyde but notwithstanding the delicate tests for these substances 
their presence could not be demonstrated. But from the toluene 
solution we succeeded in isolating stilbene melting at 124° and from 
this was prepared the characteristic dibromide (m. p. 285—236°) by 


1) Liesic’s Annalen, Band 178. P. 370. 
2) Baumann & Kuerr. Ber. D. Chem. Ges. Band 24, P. 3307. 
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means of an ethereal solution of bromine. The result justified the 
belief that the formation of stilbene had taken place in a more simple 
manner than was formerly supposed, and according to the equation : 
2 OC, Hy CHy +2: S =O, Hp Ce CH. Cabo - 2a S 

The thionessal found in the preliminary experiments might then 
have originated from the action of sulphur on the stilbene which 
according to Baumann and Kusrr readily takes place at 250°. Fresh 
experiments in which toluene was heated with sulphur for hundreds 
of hours in sealed tubes at 200° yielded as sole crystallisable product 
a large quantity of stilbene which was obtained in a perfectly pure 
condition and of which the bromine addition product with the 
correct melting point was prepared. In connection with the results of 
the action of sulphur on xylene to be mentioned presently, we took 
into consideration the possibility that as a first product not stilbene 
but dibenzyl might have been formed according to the equation: 

2.C, H, CH, +5 =.0,/H, CHY CHC, He Hts 

and efforts were made to isolate this if possible. As, however, 
according to the researches of Rapiszewsk1'), sulphur converts dibenzyl 
very readily into stilbene and as we had found by special experi- 
ments that this already takes place at 200° when a solution of 
dibenzyl in benzene is heated with sulphur and as we had also 
proved that this action does not take place at a temperature of 
140—145° we have heated sulphur with toluene in a sealed tube 
for eight days at 140°. As sole product we obtained stilbene besides 
hydrogen sulphide from which fact we are justified in concluding 
that by the action on the toluene two atoms of hydrogen are directly 
withdrawn and the two remaining groups are condensed to stilbene. 

Action of sulphur on p-aylene. When a solution of sulphur in 
p-xylene is boiled there is a much more perceptible evolution of 
hydrogen sulphide than on boiling a solution of sulphur in toluene. 
If, as in the previous experiment with toluene, the gas evolved was 
removed by means of a current of carbon dioxide and passed through 
an alcoholic solution of lead acetate 16 milligrams of lead sulphide 
(equal to 2.1 milligrams of sulphur) were obtained after boiling for 
an hour and a half. Here again there was no sign of any lead 
mercaptide; neither did the xylene solution contain a mercaptane 
as was plainly shown by the fact that no reaction was obtained 
with mercuric oxide. We next proceeded to heat one gram of sulphur 
with 380 ce of p-xylene in sealed tubes for 120 to 160 hours at 
200 to 210° similarly to what was done in the experiment with 


1) Ber. D. Chem. Ges. Band 8. P. 758. 
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toluene. On opening the tubes much hydrogen sulphide escaped and 
from the liquid obtained the xylene was distilled off. The residue 
became quite solid and apparently consisted of sulphur and a cry- 
stallised hydrocarbon. To remove the greater part of the sulphur, 
the hydrocarbon was dissolyed in ether which was then distilled off. 
By recrystallising the residue from alcohol a mass was soon obtained 
which melted at 81—82°. Two determinations of the molecular 
weight by the freezing point method with benzene gave, respectively 
the values 200 and 205. No change took place on heating with 
hydrogen iodide in sealed tubes and no addition product was obtained 
on adding an ethereal solution of bromine. The product in fact 
appeared to be identical with p.p. dimethyldibenzyl p—CH,C,H,CH,. 
CH, C, H, CH, — p. which Moritz and Wotrrenstein ') had obtained 
by the oxidation of p-xylene with potassiumpersulphate. 

The result which was not analogous to that obtained with toluene 
caused us to repeat the experiment which now yielded a crystallised 
product which unlike the first substance was found to consist of a 
mixture of hydrocarbons. In order to completely eliminate the sulphur 
the mixture was boiled with solution of sodium sulphite, then dissolved 
in ether and after distilling off the same, the residue was treated 
with cold alcohol. The alcoholic solution again contained p.p. dimethyl- 
dibenzyl (m. p. 81— 82°) as was proved by repeated recrystallisations. 
The portion insoluble in cold alcohol was solved in boiling alcohol 
and by repeated recrystallisation a product was obtained which melted 
at 176—177°, yielded, on adding an ethereal solution of bromine, a 
bromine product melting at 208° and proved to be identical”) with 
p-p. dimethylstilbene p — CH, C, H, CH CH C, H, CH, — p. 

In order to find out the cause of the difference in these results a 
further investigation took place. As far as we were aware, the only 
difference between the two experiments was that this time the tubes 
had been repeatedly opened thus causing the removal of the greater 
part of the hydrogen sulphide. The temperature during the experiment 
was in both cases the same and constant between 200 and 210° ; 
the heating was also continued for about the same length of time. 
It was now possibile that originally in both cases p.p. dimethyl- 
stilbene had been formed. Whilst in the first experiment this sub- 
stance might have been almost completely reduced wo p.p. dimethyl- 
dibenzyl by the action of the hydrogen sulphide, this reaction could 
only have occurred in a limited degree in the second experiment. 


1) Ber. D. Chem. Ges. Band 32. P. 2531. 
2) Gowpscumipt & Herr. Ber. D, Chem. Ges, Band 5, P, 1504, 
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For this investigation a solution of p.p, dimethylstilbene in benzene 
was saturated with hydrogen sulphide, introduced into tubes the air 
of which was totally displaced by hydrogen sulphide and after sealing 
the tubes, the contents were heated for 40 hours at 200°. From these 
tubes there indeed was obtained, besides unaltered p.p. dimethyl- 
stilbene, a product which proved to be identical with p.p. dimethyl- 
dibenzyl. This showed that under the given circumstances the expected 
reaction might have taken place. 

On the other hand, dimethyldibenzyl was heated with a solution of 
sulphur in benzene for 40 hours at 200° and, although it was not 
yielded in a quantity sufficient to admit of a thorough purification, p.p. 
dimethylstilbene was obtained; at all events a hydrocarbon melting 
between 140° and 150° which absorbed bromine and yielded a product 
melting between 185° and 192°, whereas the melting point of p.p. 
dimethylstilbene dibromide is situated at 208° From these experi- 
ments it is, therefore, probable that the formation of stilbene is here 
the primary and that of dibenzyl the secondary reaction, but we here 
got no certainty about this. 

On repeating the experiments on the action of sulphur on p-xylene 
in sealed tubes some of which were opened from time to time unequal 
proportions of stilbene and dibenzyl were still obtained, but the result 
of the first experiment (nearly exclusive formation of dibenzyl) was 
never again obtained. 

It should be mentioned here that p.p. dimethylstilbene was often 
obtained in two different forms. Generally, it was a coarse crystalline 
powder, but occasionally it consisted of very thin leaflets with a silky 
lustre and showing a violet-coloured fluorescence. The original form of 
both was retained after recrystallisation from alcohol. Once we succeeded 
after a good deal of trouble to convert the coarse granular form by 
grafting, into the silky condition. The melting point of both forms 
was identical. On treating them with an ethereal solution of bromine 
they both gave the same bromine addition product. To see whether 
this was a case of stereo-isomery, solubility determinations were made 
of both modifications in absolute alcohol at 25°. In both instances 
the same solubility value was found, namely 0.21 part per 100 parts 
of alcohol *). Notwithstanding the difference in appearance which was 
also retained in these solubility experiments, a stereo-isomery has 
thereby been rendered very improbable. 


1) Exgs (Journal f. Pract. Chemie. Neue Folge Band 39. P. 299 and Band 47. 
P. 46) gives the solubility of p.p. dimethylstilbene in aleohol at the ordinary 
temperature as 0.76 per 100. 
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Action of sulphur on m.-eylene. Sulphur boiled with m-xylene not 
only gave a much smaller evolution of hydrogen sulphide than in the 
case of p-xylene but the amount was even less than that obtained on 
boiling sulphur with toluene. m-Xylene which had been boiled for a 
considerable time with sulphur was quite as free from mercaptane 
as the similarly treated toluene and p-xylene. 

We now proceeded to heat sulphur and m-xylene in sealed tubes 
at 200°. After the heating had lasted for 70 hours, the sulphur had 
totally disappeared and the tubes could be opened. Streams of hydrogen 
sulphide escaped. From thé liquid obtained the xylene was distilled 
off and the liquid non-crystallisable residue was freed from sulphur 
by boiling with solution of sodium sulphide. As it was not impro- 
bable that both m.m. dimethylbenzyl and dimethylstilbene might have 
been formed (to judge from the behaviour of p-xylene) and as the 
first named substance is, according to VontratH') and Moritz and 
WoLrreNstuIn ?), a liquid and the unknown m.m. dimethylstilbene 
probably a crystallisable substance it was tried (although in vain) to 
effect a separation of these two substances by heating in a current 
of steam, by fractional distillation at ordinary pressure and also by 
solvents. The suspected presence of a stilbene in that liquid was, 
however, soon proved when bromine was added to its ethereal solu- 
tion and the whole placed in a freezing mixture. A bromine-addition 
product now crystallised in abundance. The addition of bromine was 
continued until a small excess was present. The crystallised 
product after being recrystallised twice from xylene had a constant 
melting point of 167—168°. A bromine determination according to 
Carus gave 44.02 °/, of bromine, the calculated quantity for dimethyl- 
stilbene dibromide being 43.50 °/,. 

The dibromide was used to prepare the hydrocarbon itself. For this 
purpose it was dissolved in xylene and boiled with molecular silver 
or sodium wire for 6 hours in a reflex apparatus. From the xylene 
solution obtained the xylene was removed by distillation ; the residual 
liquid crystallised on cooling and the crystalline mass could be readily 
purified by recrystallisation from alcohol. The substance is very diffi- 
cult to burn; the combustion only succeeded by intimately mixing 
it with lead chromate and potassium bichromate. The elementary 
analysis gave the following result : 

DPS Ty os fe i te a en a (Gras) 25 All aka & Ae eee may 


Caledaied or © He ©, 9280-7, H' 7.70 */, 


1) Zeitschr. f, Chemie 1866. P. 489. 
2) Ber. D. Chem. Ges. Band 32. P. 2532. 
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The melting point was constant at 55—56°. 

That the obtained hydrocarbon was really m.m. dimethylstilbene 
was proved by .adding bromine to its ethereal solution which imme- 
diately yielded crystals of the dibromide with the previously found 
constant melting point of 167—168°. 

The ethereal liquid from which the dimethylstilbene bromide was 
precipitated, contained, of course, free bromine from which it was 
freed by treatment with aqueous potash. After distilling off the ether, 
the liquid was submitted to fractional distillation when hydrogen 
bromide was evolved owing to the presence of brominated products. 
The hydrogen bromide present in the distillate was removed by 
treatment with aqueous potash and the liquid distilled once more. 
When it appeared that this distillate, passing over between 298° and 
302° was not yet free from bromine it was dissolved in toluene and 
boiled for three hours with sodium wire which completely removed 
the bromine. The liquid then showed a constant boiling point ot 298°. 
On analysis was found: 

C 91.38°/, H. 8.64°/, 
Calculated, for Co Haws wx alye alo Oia im Leese ioe 

Two determinations of the molecular weight by means of the lowe- 
ring of the freezing point in benzene gave 201 and 199; calculated 
210°. All data agree with those of VounratH and those of Moritz 
and WOoLFFENSTEIN for m.m. dimethyldibenzyl. Only the boiling point 
was found to be two degrees higher. 

From this it, therefore, appears that m-xylene on treatment with 
sulphur yields stilbene as well as dibenzy] as discomposition products. 

To ascertain whether stilbene was here also the first product, 
m.m. dimethyldibenzyl was submitted to the action of sulphur by 
boiling it with this in a reflex apparatus. The product of the reaction 
dissolved in ether and treated with bromine did not yield a trace 
of the characteristic m.m. dimethylstilbene dibromide. This sub- 
stance could not even be recognised by means of the microscope. 

From this we think we may come to the conclusion that during 
the action of sulphur on m-xylene the first product is most proba- 
bly stilbene and that dibenzyl is a secondary product formed by the 
reducing action of hydrogen sulphide. 

The results of this research are, as we believe, a confirmation of 
the opinion expressed by Aronstumn and Meimumen in their treatise 
on the molecular weight of sulphur. A trifling action of the sulphur 
on toluene and xylene must cause a derivation of the molecular 
weight in the direction previously found. One mol. of sulphur causes 
the formation of 8 mols, of hydrogen sulphide and 4 mols of stilbene. 
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Although hydrogen sulphide is volatile and most of it escapes during 
the boiling, the increase of the number of molecules formed during 
that action (however small this may be) is large enough to account 
for the observed difference. The fact that the deviation has been 
found larger in the case of toluene than with m-xylene as solvent 
is also in agreement with the observed fact that more hydrogen 
sulphide is evolved in the first than in the second case. 

Our research on the action of sulphur on p-xylene was not conducted 
merely with the idea of confirming the researches of ARonstEIN and 
Mrinvizen (we were not quite sure whether the m-xylene then used 
had been completely free from p-xylene) but also to throw more 
light on the mechanism of the process and particularly on the ques- 
tion of the primary formation of stilbene and the secondary forma- 
tion of dibenzyl. 

Chemical Laboratory of the Polytechnical School. 

Dutrt, September 1902. 


Physiology of Plants. — “/nvestiyations of Glucosides in connection 
with the Internal Mutation of plants,’ by mr. TH. WEEVERS. 
(Communicated by Prof. C. A. Losry pr Bruyn). 


(Communicated in the Meeting of 27 September 1902.) 


The purpose I had in view in this investigation was to trace for 
some plants, whether the amount of glucosides remains unchanged 
during the development or uot; and to investigate in the latter case 
by what conditions these changes are determined. 

At the same time the manner in which those changes took place 
formed another subject for study: whether glucosides were trans- 
ported as such, or whether a decomposition could he stated, and in 
the latter case what were the components in which this took place. 

Salix species and Aesculus hippocastanum L. were especially used 
for the investigations; Gaultheria procumbens L.. and Fagus sylvatica 
were also submitted to a prefatory study. 

The glucosides to be mentioned here are salicine for the Salix 
species, gaultherine for Gaultheria and Fagus, aesculine and more- 
over some glucosides not yet chemically determined for Aesculus 
hippocastanum. 

As for salicine the quantitative valuations were made as follows. 
The salicine was entirely extracted by boiling water from the parts 
to be examined and the extract treated with basic lead acetate. The 

20 

Proceedings Royal Acad. Amsterdam. Vol, V. 
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surplus was removed by dinatriumphosphate and the liquid then 
obtained reduced to a definite volume. In this two estimations of 
sugar were made, one before, the other after allowing emulsine 
to work in upon it for 48 hours. Prefatory experiments with pure 
salicine had proved that in this way it was completely decomposed: 
the increase of the reduction after inversion was to be attributed 
only to the glucose formed of salicine. *). 

From this increase of the glucose the quality of the salicine could 
then be calculated. 

This same method was followed in order to state the salicine in 
various parts of the plant; then however, after inversion the liquid 
was extracted with ether, so that saligenine might enter into it. This 
substance is easily recognised by the physic qualities of its crystals 
and by the substitute of bromine obtainable with brominewater and 
moreover by its salt of copper. The efforts to point out salicine in the 
tissue itself were unsuccessful; the method formerly used by THEoRIN ’), 
namely that of adding concentrated sulphuric acid, proved impracti- 
cable, as it during the produced erroneous results. 

For the above mentioned Salix species salicine is found in the 
bark of the branches, but not in the wood; young buds are rich in 
it, likewise the assimilating leaves. It appears in young ovaries 
but disappears during the process of ripening. 

Although an inverting enzyme was not to be extracted, it proved 
necessary to kill the parts immediately in boiling water, otherwise 
considerable alterations in the quantity of salicine presented them- 
selves. Thus e.g. after slow drying 25 pCt. disappeared out of 
the bark. 

The following series of determinations for the purpose of invest- 
igating the quantity of salicine during the budding period, was made 
with one specimen to exclude individual differences. 

The total quantity in various successive stages was calculated by taking 
a branch with a definite number of sidebuds as object. The weight of 
the different parts of this branch together with the procentic values 
of the quantity of salicine in corresponding parts of the same object 
in the successive stages gave the total quantity of salicine of this 
branch in those stages *). 

1) Before inversion a solution of salicine does not reduce even with boiling ; neither 
does saligenine formed by means of inversion at the same time as glucose. 

*) See Theorin Ofversigt af Kongl Vetenskaps. Akademiens Férhandlingen 1884. 
No. 5. Concentrated H, SO, gives with salicine a coloring of red. 


*) In corresponding parts of one object was an equal quantity, 
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Under observation were only branches without genitals ; those 
with catkins gave a different result *). 

Branches of 1'/,—4 mM. diameter (wood and bark together). 

Mareh 24 3.2 pCt. ?) 
April 17th 2 1 
May 21% 0.4 » 
Branch of 4—8 nM. diameter (only bark; hence the quantity is higher). 
March 24 4.1 pCt. 
ADM igre fo. ey 
May Vie2a 2d oy 
For Salix Helix lL. the figures for the bark of branches were 
March 24" 4.4 pCt. 
Aprile Ty. 

The quantity of glucose is a little variable ; however, it does not 
rise above 0.5 pCt.; the quantity of fecula diminishes when budding 
from 9.5 pCt. to 6 pCt. 

In the young buds of Salix purpurea there is before the budding 
4.4 pCt. and of Salix Helix 6.2 pCt. During the budding this quantity 
decreases greatly, disappears even for S. purpurea entirely (17 April) 
but rises again quickly, when assimiation begins, to 3.7 pCt in leaves 
and 3 pCt. in young shoots (21 May). 

Of the absolute quantity of salicine in a branch with 300 buds 

+ 36 pCt. disappeared from 24 March—17 April 

+18 » i" y 17 Marech—21 May, 
the assimilation, begun already before May 21, having given rise to new 
salicine. 

Experiments with branches placed in the dark in water*) showed 
the following : 

After the roots have been formed, a number of long etiolated shoots 
bud forth, consuming by their development besides the fecula also 
a great quantity of the salicine in the bark (+ 70 pCt.). 

At first the young shoots contain a great quantity 7.2 pCt., this, 
however, keeps on decreasing; the absolute quantity calculated for 
100 young shoots also diminishes : 

for 100 young shoots long 18 mM. there is 28 mG. salicine 


Reve ; 
tl " I i 7] 125 » I Ha uedel ait i! 


1) The quantity of salicine is at the same instatit lower in branches with 
catkins than in those without; the salicine diminishes more quickly. 
2) These procentic values are calculated for dry weight. 
3) These were branches of 6—10 m.M. diameter, the young shoots coming from 
sleeping buds. . 
20" 
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These quantities are small compared to the entire quantity consumed 
+ 330 mG. for 100 young shoots. 


When the young buds were budding forth saligenine was found 
in them, the branches were immediately killed in boiling water, the 
extract after cooling down extracted with ether; so all influence of 
enzyme could be excluded. It becomes very probable that the salicine 
is analysed before the consumption, on account of saligenine being 
found ; the quantity, however, is so small that if really the analysis of 
salicine were to take place as indicated, and a decomposition to precede 
the consumption, saligenine can only be an intermediate stage. Hither 
the aromatic half disappears as such, or another aromatic substance 
must be the definite product of the decomposition. 

In the young leaves developing normally, salicine soon makes its 
appearance again after having disappeared for a moment; we can 
expect that this increase is connected with and due to the assimilation, 
as etiolated shoots do not show it. In order to state whether the 
leaves were really the place of a new formation and the light really 
had a part in it, the quantity of salicine before and after darkening 
was compared. 

The quantity in the leaves was determined in the evening after 
sunset and in the morning before sunrise (one specimen). Likewise 
in the evening leaves were halved, one half with midrib left on the 
plant, the other half analysed. The following morning the remaining 
half was cut off from the midrib and also analysed). Provided that 
a sufficient number, 100 or 200 leaves were halved, a comparison 
could very well be made. 

For a small-leafed specimen a 100 leaves 

8 P. M. 7 Aug. 47.5 mG. glucose 87.2 mG. salicine 

AAP MiKS? ie Qiede oy " 60.2 » " 
For a big-leafed specimen a 100 leaves 

8 P. M. 7 Aug. 80 mG. glucose 177.7 mG. salicine. 

CO Waal Wits oan br near # a! bo y 142.7 4 1" 

So in both cases we see a decrease during an 8 hours’ summer 
night of respectively 30 and 20 °/, of the salicine in the leaf in 
the evening. 

For experiments with entire leaves of one specimen : 

8 P. M. 7 Aug. 4.6 °/, salicine. 
4X e MS ei ooeaa ewe 
Or Ay MOC) apa ua Gimme, 


1) See Lotsy. Mededeelingen ’s Lands Plantentuin XXXVI. 
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Thus here too a decrease of 30 °/, during the night followed up 
by an equal increase on the following day. If branches on the plant 
are enveloped in black waxed paper the decrease amounts after 
48 hours only to 35 °/,, no great difference with that of 8 hours; 
increase, however, did not take place, so light proves to be a necessary 
factor. The experiments of etiolating told the same. 

If this quantity of salicine disappearing from the leaves was 
removed to the bark, an increase would have to be observed there. 
This was indeed the case, for branches rich in leaves the increase 
of the quantity of salicine of the bark amounted in one night to 
2.5 °/,; for branches with few leaves to 1.1 °/,. 

From the etherextract prepared in the above described manner, 
of the parts of Salix purpurea still another substance could be isolated 
by means of subliming. According to the micro-chemic qualities this 
was a substance resembling phenol and qualified by its compound of 
lead and of lime, besides reaction with tetrachloorchinon as an ortho- 
derivate '). The substance did not show Aldehydreactions. The further 
micro-chemical qualities corresponded to those uf the simplest ortho- 
phenol, catechol. After a repeated crystallisation out of benzol the 
melting-point proved to be 104°. Elementary analysis and determina- 
tion of molecular weight confirmed the fact, that it was catechol. 

As the material which furnished the substance was quickly killed 
both in boiling water and in boiling alcohol and the etherextract 
already showed the crystals before sublimation, influence of enzym *) 
is not probable and formation out of resin is not possible. 

Treatment with ferrichloride followed by additon of natrium hydro- 
carbonate also furnished in the tissue the reaction of catechol. The 
red colour was clearly visible in the unopened cells of the sections 
of the bark, young etiolated shoots showed them faintly, older ones 
more. Catechol is like salicine only to be found in the bark *). 

The supposition was aroused that catechol might be the aromatic 
substance, remaining there as definite product of decomposition of the 
salicine. In order to test the accuracy of this supposition, an investiga- 
tion had to be made whether the quantity of catechol of the parts 
of Salix purpurea were varying. 

For a quantitative determination of the catechol the method of 


1) According to an investigation of Prof. H. Berens which will shortly appear, 
communicated to me by Miss Grurrerink. 
2) The black colour of the dying leaves is caused by the influence of a “tyrosi- 


nase’ on catechol. kbd ie 
3) Catechol was also obtained out of Salix Helix L., S. babylonica L., S. vitellina 


L, Populus alba L., P. monilifera Ait, sometimes only very little. 
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Drcrner (Journal f. Prakt. Chemie 1879) could not be used on 
account of a flavon-like colouring matter not closer examined, and 
also precipitated by a basic leadacetate. So the method of Prof. BrHrEns 
to determine Indigo was followed. The sublimate of a solution of 
catechol of a known strength in absolute alcohol was compared with 
that of the alcoholic solution of the remainder of the ether evapora- 
ted dry. Now it was examined how much this liquid had to be diluted 
to obtain an equivalent sublimate. The sublimation was performed by 
means of the brass table described by Prof. Wissman. Under certain 
precautions the determination could be accurately made to milligrammes. 


The quantity of catechol of the leaves was in the evening 0.6 pCt. } with one 


" Mh Ir at I y y» 9 morningO.1 { specimen 
: with the 
" ise ah » 9 4 bark y » 4» evening0.6 » 
ing0.4 same 
7] i W i anny I! yoy 1 Morning. I |. : 
specimen. 


So the quantity of the catechol here proved to change in reverse 
order as that of the salicine. In the leaves the salicine diminishes in 
the night, the catechol increases, and in the bark the catechol dimi- 
nishes and the salicine increases. Is there any connection between 
the extent of these changes? 

For that purpose for one and the same object catechol was deter- 
mined as well as salicine. 

200 halves of leaves 8 P.M. 225 mr. salicine (4.59/)) +32 mG. catechol (0.659/)) 
sh. on) «Sip teh AE a Bde »  (3.3%,) +52 , giv teh O50)5) 
So 63 mG. salicine less, 20 mG. catechol more. 

The proportion of these values, given the degree of accuracy of 
the determination of catechol, pretty well agrees with the proportion 
of the molecular weights. 

A comparison was also made of the change in salicine with that in 
catechol for leaves budding forth in the dark. 


17 Gr. bark before budding 351 mGr. salicine 36 mGr. catechol 
17 " " after Td 232 I I" 55 W 
budding etiolated shoots 55 


" 
" 4 ) u 
(a great increase in the bark, in the young shoots only a small 
part of the catechol thus formed to be found) 64 mG. salicine was 
used, 23 mGr. catechol was formed. 

These two values stand in the ratio of 36 to 100, the molecular 
weights in that of 88 to 100. 

So it is very natural to assume here a decomposition of the salicine 
into sugar and catechol with saligenine as intermediate stage (see 
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above). For this then a CH, group out of the lateral chain would 
have to be decomposed, as saligenine is orthoéxybenzylalcohol and 
catechol is the orthodiphenol. 

Corresponding to this the quantity of catechol of the bark is large 
in May(1.1 pCt.), a greater part of the salicine then having disappeared, 
much lower in July (0.8 pCt.) when the loss has been repaired °). 
Where now has the decomposition taken place ? 

Prerrer says Kap. VIII, Pflanzenphysiologie 2? Auflage: ,vielleicht 
dienen die esterartigen Verbindungen der Kohlenhydrate mit Phenol- 
kérpern zur Herstellung von schwer diosmirende Verbindungen bei 
deren Zerspaltung im allgemeinen der Phenolkérper in der Zelle 
intact verbleibt, um fernerhin wieder zur Bindung von Zucker benutzt 
zu werden.” 

The facts are excellently explained in the following way: 

The decomposition of the salicine takes place in every cell, the 
glucose is conveyed in the direction of the green parts, the catechol 
remains in the cell and binds glucose, coming from cells situated 
closer to the bark, to salicine. 

Glucose is transportmatter and salicine is transitory reservematter. 

The glucose being comsumed in young parts in greater quantities 
than its supply is, catechol must be found, but only so much as 
corresponds to the decrease of the absolute quantity of salicine. 


100 young shoots 18 m.M. long 28 m.G. salicine, traces of catechol. 
100 i " 85 m.M. " 21,6 m.G. I 2 mG. " 


6.4 m.G. salicine corresponds when calculated to 2,5 m.G. catechol, 
when observed to 2 m.G. 

This correspondence adds great strength to the hypothesis. ’) 

In the bark the loss of consumed glucose is not repaired, so 
catachol increases greatly. 

As for Aesculus, here it was especially the germination which 
was studied. The glucosides found in the ripe seedlings being not 
yet chemically determined, it was only necessary to base the method 
of the quantitative definition on the quantity of sugar formed by 
inversion. I had to trace whether the quantity of sugar bound in 
glucoside decreased during the germination. 

To this end the seedlings were ground and extracted with methyl- 
aleohol, of this extract the alcohol was evaporated, and the watery liquid 


1) I here mean the quantity in the bark of thicker leafless branches where no 
difference between night and day is observed. 

2) Also the facts observed at the change of night and day can be excellently 
explained in this way. 
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extracted with ether to get rid of oil and resin. The extracted 
liquid served as definition of the reduction before and after inversion 
by boiling it for 2 hours with HCl’). 

From the difference of this reduction the quantity of reducing 
sugar originating from the glucoside could be calculated; it amounted to 
13 pCt. 

During the germination this quantity decreased in cotyledons by 
60 or 70 pCt. Fecula and albumen by 70 or 80 pCt. The germinating 
plants contained only 1 or 2 pCt. of glucose bound in the shape of 
glucoside, the consumption of the glucosided sugar during the germina- 
tion could be regarded as proved by the 70 pCt. decrease of the 
absolute quantity. 

The localisation of aesculine was observed by fluorescence of its 
watery solution, to be seen when there are not too few sections. 
Aesculine was to be found in ungerminated seeds only sporadically 
in the plumule; when germinating it appears in greater quantity in 
the stalks of cotyledons, not in the cotyledons themselves. Stalk and 
hypocotyledon internodium contain aesculine when germinating in the 
dark as well as in the light, so light is not necessary for the formation. 

The stalks of the leaves show the aesculine only when developing in 
the light and not in the dark; this seems to point to the fact, that the 
aesculine of the normal germinating plant originates from two sources : 
that it is formed for the greater part by reforming of substances out of 
the cotyledons and side by side with this, that it is prepared inde- 
pendently in the stalks of the leaves from substances assimilated by the 
leaves. Experiments with full-grown plants, in the light and in the 
dark, with coloured and with normal leaves made this the more 
propable, but full certainty can only be given by means of later 
quantitative definitions. 

Studies on Gaultheria procumbens showed what changes took place 
in the quantity of the gaultherine, the investigations have however not 
yet been brought to an end. The method of quantitative definitions 
was founded on the observation of the quantity of methylsalicylate 
which could be formed out of it. This was redistilled with vapour 
out of the parts, canght in alcoholic potash and saponificated with it. 
The kaliumsalicylate formed in this way was determined according to 
the method of Mrssinaur and VortMann *). For smaller quantities the 
colorimetric method of determination was used with Fe Che 

1) After inversion and neutralisation the liquid was treated with leadacetate. 

*) Messner and Vorrman, Zeitschrift f. Anal. Chem. 38 bl. 299). 

Ber. d. deutschen chem. Gesellschaft. Berlin. Bd. 22. 2313. 
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With Fagus sylvatica where Tamur ') found methylsalicylate only 
in the germinating plant, the latter method showed that it was also 
present in the full-grown plant. Methylsalicylate is to be found 
sporadically in the buds of the beech shortly before budding, during 
that process it is found in the young leaves and shoots as well as 
in the branches of the preceding year. Young long branches are 
richest in it, 0.02 pCt. As soon as the leaves have unfolded, this 
substance begins to disappear again and is nowhere to be found in 
a week’s time. 

Further particulars to be looked for in the dissertation to appear 
shortly. 


Physics. — “Some observations on the course of the molecular 
transformation.” By Prof. J. D. vAN per WaAats. 


As is well known, acetic acid may be considered as a mixture 
of simple and double molecules and we find a decreasing number 
of double molecules when we investigate the saturated vapour of 
this substance at increasing temperature. The same applies also to 
NO,. We are apt to conclude from these two best known instances 
of molecular transformation that this course is the only one that 
is possible. We may, however, easily convince ourselves that also 
the opposite course may occur, and it appears to me that we may 
conclude from figure (1) of the communication of Prof. H. W. 
Bakauis RoozEBoom in the Proceedings of the previous session, that 
for the transformation of acetaldehyde and paraldehyde this opposite 
course perhaps occurs. 

Let us take the equation for the molecular transformation, as it 
oceurs Cont. H, pag. 29, namely: 

(v—d)e  2(E,—E,) °(H,—#H,) 
(ee Sele Re 

The quantity 1—«# of this equation represents the quantity of the 
substance expressed in grams which occurs in the form of simple 
molecules, « therefore that which occurs in the form of double 
molecules. If molecules were formed consisting of 2 simple mole- 
cules, the equation would be modified into the following one: 

(v—b)r— le ch Al a) 
(l—a«) Tit 
It is true that we only find the equation in this simple shape if 


log 


1 


log 


1) TartteuR, Comptes Rendus A. Sc. Tome 132 p. 1235, 
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we make suppositions concerning the quantities @ and 4, which can 
only be satisfied if the multiple molecules may be considered to be 
mere complexes. of simple molecules, which can be formed without 
further radical modifications in the structure of the molecules them- 
selves. But as | will apply the given formula only in the case of 
saturated vapour at a pressure which is not very high, in which 
case the influence of the quantities « and 6 may be neglected, we 
may consider it to be sufficiently accurate for our aim. 
We may deduce from it: 


1 dv dx {\ a Nope A 
“ge var dT eae eo: Te 


For saturated vapour at a pressure which is not too high, we have: 


a 
p= RT (1 rs «), 
n 


from which follows: 


n—1 dz 

Bah nds aa n at 

par wet TO eed 

se nr # 

: en hae 
If we substitute for > aT the value found above, we get the 
Vv 
equation: 

aa iL Td A 
7 (a payee: 
— p al gh 


Whether the number of multiple molecules in the saturated vapour 
increases or decreases with the temperature, depends therefore on the 
fact whether the value of the expression : 


T dp 
oan) 


is more or less than = 


er 
rT 
For a substance in which molecular transformation takes place, the 
factor 7 is to be modified and this factor will even vary more or 
less with the temperature. But if a perfectly accurate numeric deter- 
mination is not required, and if we only ask: Can both ways in 
which © may be thought to vary with the temperature occur? then 
we may state what follows: 
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“When the heat developed by the combination of 7 simple mole- 
cules to a complex one is so great, that it far exceeds the quantity 
(n—1)7 T., — as is the case for acetic acid — then the saturated 
vapour will at higher temperature be associated in a lower degree. 
If on the other hand that quantity of heat is much smaller than 
(n—1)7 7., then the reverse will take place.” 

When we proceed to saturated vapours of greater density and when 
we approach the critical temperature, then this difference in the 
course will no longer exist. 

If we consider in the equation : 


Pw dn 1 n dx A 
Sn Via eid area ae’ 
ie) ores ape ¢ r i dT ob 


the value of — 


har for the saturated vapour at all temperatures 
vU— 


between 0 and 7.,, we see that this quantity has a minimum value 
for a certain value of 7. For very low temperatures it may be 


Ter 
equated to par and for the absolute zero it is therefore infinite. 


dv 
But also for 7=T.,. it will be infinite, for Sees is infinite in the 
Q 


critical point. The value of 7’ for which this minimum value occurs, 
would for normal substances be the same fraction of 7’. For sub- 
stances with molecular transformation we find a different value for 
this fraction. It may be caleulated for many substances from the 
experiments of Sipnuy Youne at least approximately. 


Tidy A 
Above the temperature for which —-——~~—=.,, for acetic acid 
v—bdT 1 
dx, ay 5 
also —— is again positive. For substances which behave as acetic 


acid therefore a minimum value of v occurs. The fig. (1) of Bakuurs 
Roozesoom presents in fact such a minimum for paraldehyde, and 
from this would follow, that this transformation is of the same type 
as that of acetic acid. Yet it seems possible to me that an accurate 
direct investigation would prove this minimum not to exist. If it 
really exists, then it will probably occur at a much higher value 
or eT’. 

But even if this transformation would also prove to be of the 
same type as that of acetic acid, yet it seems not superfluous to 
me to point out, that also the other type may possibly occur. 
The abnormality of substances as the alcohols, water, etc. is ascribed 
to a possible molecular transformation, and yet the saturated vapour 
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of these substances appears to follow the laws of the perfect gases 
the more accurately as the temperature at which it 1s investigated 
is lower. So..the density of saturated vapour of water at 100°, 
appears to be 2*/, pCt. higher than would follow from the applica- 
tion of the laws for perfect gases; whereas the saturated vapour of 
water at ordinary temperature presents a density which does not 
deviate noticeably from that, which follows from the laws of BoyLE 
and Gay-Lussac. If for molecular transformation the type of acetic 
acid were the only one which could occur in nature, then the 
supposition that water is also subjected to this transformation would 
involve that the deviation would be found to increase when the 
temperature is lowered. It is highly probable that the deviation 
of 2/, pCt. of saturated vapour of water at 100°, which cannot 
be accounted for by the ordinary deviation from the laws of 
Boyte and Gay-Lussac which also normal substances present, must 
be ascribed to the presence of more complex molecules; but at the 
same time we must then assume, that the heat of transformation 
lies below the limit which we have indicated above. 

The equation which we have used here, is taken from Cont. I, 
p. 29 and there it had been obtained by the direct application of 
the principle of equilibrium, according to which a given quantity of 
matter at a given temperature in a given volume will arrange itself 
in such a way that the free energy is a minimum. It is therefore 
that we had to take a fixed quantiy of the substance, e.g. a unit 
of weight, which might be divided into 1—«# grams simple, and 
2 grams double molecules. When 2 varies, the total quantity of the 
substance remains constant. 

We may, however, also consider a mixture, consisting of a number 
of 1—,r simple and « multiple molecules and then we may apply 
the thesis that, when equilibrium is established the thermodynamic 
potential for a molecular quantity of the multiple molecules must be 
n times greater than that for the simple molecules. The linear function 
of x, however, which in other cases may be omitted, must in this 
case of course be preserved. If we then put: 
$= MRT \u + (1-a)1(1-x) + ela} + Tie (l-2) 4+ Ba}+ y(l-«) 4+ da 


then we have: 


0 
S—a 5 : = MRT \u—«au', + 1 (1—a)} + aT + y, 
By T 
0s 
and §+ (1—z2) a iG MRT {u + (1—e) w',+la} + BT + J. 
7 
0 
From § 4+ (1—a) : =n {S$ — «——)} we deduce: 
My T Oey1 
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a A 
log Qaae = (n—1) fu — ew} — wp + B+ - 


This last equation yields the results we have obtained, in a still 
simpler way than that which we have made use of originally. It 
has moreover the advantage, that the usual signification of « and u, 
as it is established in the theory of a binary system, may be kept 
unchanged. 

Reactions like that of acetaldehyde and paraldehyde, reactions 
which we can bring about at pleasure by means of a catalyzer and 
in which the composition may be determined experimentally are of 
course of the highest importance for the investigation of the course 
of the molecular transformation. For reactions as that of acetic acid 
the density is the only criterion for the degree of the transformation ; 
and this criterion fails as soon as we work in circumstances in which 
the deviations from the laws for the perfect gases are considerable. 
The experimental investigation will therefore not be able to prove 
the occurrence of a minimum in the number of the double molecules 
in the saturated vapour of acetic acid. At the temperature at 
which the theory predicts that minimum and which lies probably 
between 0.8 7, and 0.9 7,, the density of. the saturated vapour 
is already so great that it is nearly impossible to deduce reliable 
conclusions concerning the course of the transformation. 


Physics. — “Critical phenomena in partially miscible hquids.” By 
Prof. J. D. van per Waats. 


I have read with great interest the communication of Prof. KUENEN 
under the above title, which occurs in the Proceedings of the previous 
session, and it induces me to draw attention to the following con- 
siderations. 

In my paper of March 25 1899 I started from the thought, 
that the series of plaitpoints, which may occur at different tempe- 
ratures, whether we arrange them to a plaitpoint curve or assign 
a place to them in the a, v plane, must form one or more continuous 
curves — of course continuous in the mathematical sense. 

When therefore the experiment yielded, e.g. for ethane and ethyl- 
alcohol two separate plaitpoint curves, I have connected them by 
means of a theoretical part. 

If we wish to connect the two pieces of curves found to one 
curve, we may perform this in two simple ways. In the first 
place we may connect them in such a way that the curve is con- 
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tinuous also as to its direction. In the second place we may, between 
the ends of the pieces which are experimentally determined, trace 
a curve which presents in those ends abrupt changes of direction 
and which has about the same course as the three-phase pressure, 
though it lies everywhere lower than that pressure. 

I then thought that the two pieces of the plaitpoint curve were 
to be connected in the first manner. The experiment had shown 
that the peculiarities which must then occur, namely the existence 
of a minimum and of a maximum temperature, were possible and 
really occurred in nature; at any rate the minimum temperature. 
The peculiarity, on the other hand, which occurs, if we make the 
connection in the second manner, namely the abrupt change of the 
direction, was never observed. 

Now when we have made a choice and when we wish to examine 
its meaning, all conclusions must of course be in accordance with 
the choice we have made. Here I will mention the following 
conclusions from the first way of bringing about the connection : 
1st. A mixture with minimum critical temperature exists. 2™¢. A 
mixture with maximum critical temperature exists. 3". Plaitpoints 
occur outside the borders of the three-phase temperature, which 
cannot be observed, as they lie above the empirical yw-surface. 

In this case a plait must necessarily at a certain temperature be 
separated from the principal plait, which at higher temperature (the 
maximum critical temperature) has contracted to one point. In short 
then the phenomenon quite corresponds to the description I have 
given Cont. II, p. 187. If therefore Kurnen accepts the way in which 
the connection of the two pieces of the plaitpoint curve he has 
determined experimentally, is brought about, then I cannot but consider 
it to be inconsistent, if he raises objections to the interpretation. 

But more important is the question whether the choice we have 
made is the right one; whether, therefore, the connection between 
the two pieces of the curve should not rather be brought about with 
two abrupt changes in the direction. This has at the same time the 
following meaning. Is the plaitpoint the course of which is indicated 
by the theoretic curve, perhaps quite another plaitpoint as that whose 
course is indicated by the experimental curve? Now I read in the 
paper of Kurnen p. 321 that he has obtained the figure I have 
originally given, with the aid of other curves. But I think that this 
must be understood in such a way that he has succeeded in pointing 
out, that the two ends of the experimental branches may be connected. 
The way in which the connection must be established can here, after 
my opinion, not be decided. I have already doubted some time as to 
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this question. The first way of connecting requires that as well a 
mixture with a maxim, as a mixture with a minimum critical 
temperature occurs. And though I expressed in my paper of 1899 
the expectation, that it would be possible to account for this, yet I 
must acknowledge, that a further investigation has made me consider 
the occurrence of a maximum critical temperature more and more 
improbable. 

After my opinion the question is decided by that part of the 
plaitpoint curve Kurnen has determined experimentally, which starts 
at the eritical point of methylalcohol and which indicates the course 
of a plaitpoint belonging to a plait which has its summit towards 

, . dp . 
the side of the small volumes. The fact that a7 8 negative or at any 


0 
rate smaller than (5%) quite agrees with the circumstance, that 
Dv 


du\ . sh 
de? 1s positive. 


If this plait had its summit on the side of the large volumes, then 
it would be possible to explain the course also for the case of ethane 
and methylaleohol by admitting the existence of a maximum and a 
minimum 7',,. As this is however not the case it seems to me that 
we cannot but assume with Kurnen, that the theoretical part of the 
plaitpoint curve indicates the course of a point, drawn i. a. by Korrewre 
(Archives Neérl. XXIV, p. 305, fig. 12) and which belongs to a 
sideplait if we trace the connodal curve of the’ sideplait also in the 
unstable region. The discontinuity in the direction of the curve 
ensues then from the fact that the theoretic part represents the 
course of another plaitpoint than the experimental part. 

If we return to the case of ethane and methylalcohol then we must 
admit that above 7’z the spinodal curve possesses a protuberance towards 
the side of the small volumes, accompanied by a new connodal curve, 
which if we trace it also in the unstable region, presents a new 
plaitpoint. Or, what comes to the same: the existing plaitpoint splits 
up into two plaitpoints. This second plaitpoint lies on the side of 
ethane and in the beginning it will move with great velocity. At 
higher values of 7 the sideplait extends and in consequence thereof 
that part of the principal plait which has a plaitpoint on the side of 
ethane contracts. At the moment that that part would vanish the second 
plaitpoint has coincided with the plaitpoint which is indicated by the 
point A (see fig. (1) of p. 319). This description differs in details 
from that of Kuzngn, but a great number of figures would be required 
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in order to show this difference clearly, but then also in order to 
bring us into agreement. 

For the case of ethane and methylalcohol the theoretical plaitpoint 
belonging to the sideplait of the side of alcohol coincides at 74 (see 
fiz. 2, p. 326) with the practical plaitpoint of the side of ethane. At 
lower value of 7’ it is displaced in the «,7-plane towards the side of 
alcohol and when the temperature continues to decrease it approaches 
asymptotically to the plaitpoint with which it forms a “systeme 
double hétérogene” (after the terminology of Korruwese). If we draw 
this series of points in the plaitpoint diagram, it must of course satisfy 
the condition which follows from the fact, that they lie below the 
three-phase triangle, namely on the side of the small pressures. At 
low temperatures it les even in the region of the negative pressures. 

Vie. 2 of Kurenun p. 326 must therefore be completed with a 
theoretic curve which starts at point A, retrogrades immediately to 
lower temperatures and les below the curve of the three-phase 
pressure. The theoretical branch approaches to the same asymptote 
as the highest branch that starts at C,. For the theoretic branch also 


av 
(= must be positive, and therefore we have: 
We? 


The rapid rising of this branch at low values of Z’ seems to be 
contradictory to this explanation. But if we take into account that also 


Op 
« 7p approaches to an infinitely great value for values of v which 
v 


approach to the limiting volume, this apparent contradiction disappears. 

What is surprising, at least to me, is that these theoretic plait- 
points serve to make the course of the practical plaitpoints continuous. 
But on the other hand the circumstance, that also for the course of 
these theoretic plaitpoints a so important and at the same time a so 
simple meaning has been found, confirms my opinion that now the 
true description of the phenomenon has been given, at least for those 
cases, in which the longitudinal plait has its summit on the side of 
the small volumes. 

But though the accuracy of the description of the phenomenon has 
increased, we must acknowledge that the chance to find a satisfactory 
explanation for the phenomenon is not greater than before; on the 
contrary it has diminished. The circumstance in which a mixture of 
two substances has a maximum and a minimum critical temperature 
needs now no longer be inquired into. The question whether the 
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size of the molecule of the normal substance has influence on the 
course, has also lost its direct importance. For mixtures of ethane 
with an alcohol the separation between the two types lies between 
methyl- and ethylalcohol; the question whether this separation takes 
place between two higher terms of the alcohol series, if we take 
instead of ethane a higher term of the series of carbonhydrogene 
compounds, which seemed very important before is now no longer 
of primary interest’). It seems to me that I have to return in many 
respects to my original meaning, namely that we have to inquire 
after the circumstance which causes the spinodal curve to show a 
protuberance towards the side of the small volumes. In mixtures of 
a normal substance with an associating one this cause can perhaps 


Ow 


normous high values for such a mixture. As the equation: 
Op dry Op \? 
Ov 0a? = Ow 


0 
applies to the spinodal curve, the value of —< may also be abnor- 
Vv 


0 
be found in the circumstance that the quantity (2) can obtain ab- 
v 


mously high in this case. If this is really the case an explanation 
for the protuberance is given which is certainly satisfactory. Yet a great 
distance exists between this observation and an adequate calculation. 

In any case these experiments of Kurnen, to which I hope that 
he will add many others, are an important contribution to our know- 
ledge of the critical phenomena of not miscible substances. 


Physics. — “The influence of variation of the constant current 
on the pitch of the singing arc.” By J. K. A. Warraem 
Satomonson. (Communicated by Prof. P. Zeman). 


In the course of some experiments on the physiological action of 
alternating currents of very high frequency, I tried the currents 
generated by means of DuppEt’s singing arc. A constant current 
are between solid carbons shunted by a self-inductive resistance and 
a condenser emits a note, the pitch of which corresponds with the 
frequency of the alternate current generated in the condenser-circuit. 


1) An experiment in order to investigate whether for propane the limit lies between 
ethyl- and propylalcohol was already in preparation for a long time in the laboratory 
of Amsterdam. But other labour which could not be delayed prevented each time 
those who would undertake the investigation. 


21 
Proceedings Royal Acad. Amsterdam. Vol. V. 
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Dvuppett, believed that the frequency was determined. by the self- 
induction and the capacity according the well-known formula : 
paar VcL. 

Paut Janer thought the same and proposed, as DuppriLt had 
already done before, to use the singing are for measuring small 
coefficients of self-induction. 

In the way proposed by Janwr, this seems to be impossible as the 
frequency depends not only on the self- induction and the capacity 
but i,a. also on the strength of the constant current. 

I have investigated the variation of the frequency caused by varying 
the constant current, the results being stated in this paper. 

The experiments were carried out after Prukert’s method. The 
P D at the solid carbons was measured by a Weston-instrument, 
that showed the Volts of the constant current only, and at the same 
time by a hot-wire Voltmeter. Lastly the current in the condenser- 
circuit was measured by means of a hot-wire amperemeter. The 
three readings being H,, £, and J,, the frequency may be cal- 
culated by 

i 
Pe VE 


c being the capacity of the condenser in farads. 

The necessary correction of the instruments was known and has 
already been applied in the tables. The arc-lamp used was a small 
shunt-regulator by Korvine & MarTTHiEsen. 


Series 1. Capacity 2,68 mF. Selfinduction: bronze wire spiral of 
80 windings; air isolation; diameter 25 centimeter, height 50 centimeter. 
The table contains in the 


4st column: J, the constant current through the are. 


Qnd- E,, the constant current PD of the carbons. 

ora P i, the hot-wire voltmeter reading. 

4th E, the value of V £2—E,? being the superposed 
alternating volts. 

bth gy T, the alternating current strength. 

6th i" p the number of complete alternations p. s. calculated 


by Prvxkert’s formula, 
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TABLE I. 
i Ly Ey Ea Ty Pp: 
vein Pane Sa ere A 

TOG 3h O AO 98 7 1.8 4520 
9.9 | 37.0 | 46.0) 27.4 2.4 5230 
Whole oho |. eo.) eek sd O71 5960 
38) 87.5 | 44.0. |, 98:0 2.4 6450 
B22: A 38. 42.7 | 19.6 2.5 8000 


0 
3.7 | 38.0 | 44 45.5 | 2.7 | 40390 
0 


0) 
40.0 12.8 3.0) 43980 


Series 2. The same as in Series I. Capacity reduced to 1.68 mF. 
TABLE II. 


4h ZL, Ly Eu Ty Dp. 
VL ee Dee re 

a7 38 46 26 slay 6200 
2.4 39 MG 24.5 Dd 8130 
2.8 39 4h 20.4 2A 9820 
3 38 42.7 49.6 2.3 41200 
3.5 38.5 42 16.75 2.4 43590 
Bel 38 42 18.3 2.7 13980 


Series 3. Capacity 1 mF. Selfinduction: coil of 160 windings 
in 4 layers; wire 2 millimeters. Length of coil 8 centimeters, external 
diameter 3.5 centimeter. 


TABLE II. 


a 2, By En Ly p 
Die 1) So 2 ee ee ee 
1.9 38 47.7 | 8.7 9.4 14950 
9.3 38 4] 26 2.6 17240 
2.6 38 45 A 5 2.9 18820 
2.9 38 43 90.4 2.8 99900 
3.3 37 42 19.8 3.3 26600 
3.6 37 42, 19.8 3.5 98160 
4A 38 WM | 15.4 3.4 | 35100 


a1 
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Series 4. The same as Series III. Capacity reduced to 0.5 mF. 


TABLE IV. 

LE E Bi In ip p 

1G Oh uneeey 314.3 | ° 2.54 25200 
2.4 | 36 | 42 1.6 | 2.54 36800 
RT| Bb WO 19.4 | 2.7 44300 
34. |) 35 |} 39 17:2) Os 55550 
3.4 | 35 | 237 12 3.2 84700 
3.7 | 35 | 36.5 | 10.36] 3.3 97700 
3.9 : 35 | 36.5 | 10.36! 3.4 | 100500 

| 


Series 5. Capacity 1 milf. Selfinduction: coil of 40 windings in 


2 layers; wire 3'/, mm. Length of coil 8 centimeter, external dia- 
meter 3.5 centiméter. 


TABLE V. 

q A By Ea ly Le 

a) 38 50.4 33.2 4.68 22400 
2.2 38 50.4 33.2 5.16 24700 
2.6 38 50.4 33.2, 5.59 26700 
2.9 38 4G | 26.0 5.20 31800 
a 37.6 46 26.5 6.45 37000 
3.6 37 44, 2358 6.15 41200 
S.7 38 43.2 22.8 6.24 43600 
4.2 38 4 15.4 5.70 59200 


Series 6. The same conditions as in Series 5. The capacity reduced 
to 0.38 mF. 


TABLE VI. 
q, By By En Ly Pp. 
ea 30 50 Sen 4A 61300 
2.4 36 AT 5 3l 4.2 71900 
Oo) 35 42, DB el 91600 
3.6 36 40.2 N70) 4A 130000 
4.2 Bh) 0) his! aris) 3.6 196000 


( 315 ) 


Dupprin attained frequencies of 500—10000 complete periods p. s. 
Smon increased the number of alternations so much, that the note 
emitted by the are ceased to be audible. He speaks of a limit of 
30000—40000 vibrations. From my tables will be seen that I have 
attained much higher frequencies, so high that I first distrusted them. 
But as yet I have not been able to find any inaccuracy either in 
the principle of the method or in its application. So I must think 
that my numbers are exact, the more so as they seem to be confirmed 
by a physiological estimate. With small frequencies, say up to 10000, 
the pitch of the note may be easily estimated by the ear when we 
produce two notes in rapid succession. In Series 1 I found that 
increasing the current from 1.9 to 2.2 ampere caused the pitch to 
rise about a “second”. By increasing from 2.2 ampere to 3.2 ampere 
the successive notes sounded as with a quint-interval. The later cal- 
culation of the frequencies from the galvanometer readings agreed 
fairly well with the estimated increase of pitch. 

The limit of audibility as calculated from the readings agreed 
equally with the limit as determined by the aid of a recently gradu- 
ated Gatton-whistle by Prof. Eprimann, the graduation-table being 
verified on different points by myself. I found as a limit for the 
audibility about 48500 d.v.p.s. My are-lamp ceased to emit an 
audible note when the frequency of 42000 was reached. In the 6t 
series no sound was heard at all. In the series 1, 2 and 3 the sound 
was heard throughout. In the series 4 I heard the note distinctly 
at 2.4 ampere; at 2,7 ampere I did not always hear the sound; 
only every now and then I got the impression of a very faint and 
high whistling sound. At 3.1 ampere I did not hear the sound. In 
the 5t Series the sound was always present at 3.6 ampere and 
sometimes at 3.7 ampere. 

As these results agree, I think that the method is a correct one, 
and that the higher numbers may also be relied upon. 

The sound of the singing are may prove perhaps valuable in 
physiological researches on sound. 

The highest frequency with my apparatus was attained with a 
primary constant current of 4.2 ampere, /, = 36 Volt, b= 3a 
Volt, J, = 0.49 ampere, C = 0.03 m.F., E, being 9.7 Volt and 
p = 268000. Of course much higher frequencies may probably be 
attained. But the resistance of my hot-wire amperemeter was rather 
high, and I believe that therein lies an obstacle for my surpassing 
this limit. 

How are we to interpret the increase of the frequency caused by 
an increase of the constant current? There is some analogy with 
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the rise in pitch of electromagnetically driven tuningforks when the 
intensity of the currents is increased; and also with the rise of the 
pitch of harmoniumreeds when the air-pressure is increased: Yet 
there is already some difference in the origin of these last two 
phenomena, so as to forbid anything more than considering the 
analogy. The only allowed consequence is, that the electrical system 
consisting of a capacity and a selfinduction does in this special case 
not vibrate in its proper period and that this proper period might 
only be expected to be brought about by a hypothetic infinitely 
small constant current through the are. 

Increasing the P. D. at the carbons seems to lower the pitch and 
at the same time to increase the intensity of the sound; if the P.D. 
rises too much the whistling ceases all at once. As I worked with 
a constant E.M.F. of 110 Volts from an accumulator-battery, the 
primary current strength was regulated by inserting resistance or 
withdrawing it from the circuit. When without changing the resistance, 
the P. D. at the carbons rises, the current falls off and so causes the 
frequency to diminish at the same time. Yet by keeping the current 
constant, by lengthening the are and withdrawing resistance at the 
same time an unmistakable lengthening of the period may be observed. 

From the Tables I—VI curves have been plotted connecting the 
frequency with the current-strength. 

It is not impossible, that a simple relation might express this 
connection. Yet an experimental formula as 


pH=atblic? 


is only possible when 4 is negative; as in this case there is a mini- 


mum fore /i == this formula does not seem to be very plausible. 


¢ 
I have also tried a quadratic expression connecting the steadying 
resistance with the frequency, but this did not give satisfaction. 
At last I found as the most simple formula and agreeing best 
with the observed results: 


logp=a+tdbT, 
in which @ and / are constants, p the frequency and J the constant 


current intensity. 
I found for series 1: 
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log p = 8.23522 + 0.2165 I. 


ih log ‘ (cale.) log p (obs.) e p (calc.) | p (obs.) 
AG 3.64757 3 6551 4 + 0.00857 4439, A520, 
2.2 3.74152 3.71850 + 0.00698 D147 5230 
2.6 3.79812 Del O20 — 0.02287 6282 5960 
2.8 3.8442 3.80956 — 0.03186 > 6941 6450 
3.2 3.92802 3.90309 — 0.02493 8473 8000 
3.7 4.03627 4.01662 — 0.01965 10871 40390 
44 4 42987 | 4.14364 + 0.02077 13270 13920 


The mean error of log p being: [Ls @'=000272 the error- 
factor of p is 1.053 and the mean error of Wy IS) Oso ae 

Considermg that 3 galvanometer readings are necessary which 
individually ought to have errors of much less than 0.5 ‘ey out 
which are to be taken all at the same time and therefore are 


more inaccurate, a mean error of 5.3 °/, in the result, representing 
an interval of less than a tone may not be called extravagant. 


For series 2. I find: loy p= 3.47786 + 0.18453 J. 


- ——— 
i log p (cale.) | log p (obs.) p | p (cale.) | p (obs.) 
So 
4.7 -| 3.79156 3.79239 + 0.00083 | 6189 6200 
2.4 3.92073 3.91009 — 0.01064 | 8332 8130 
2.8 3.99454 3.99214 — 0.00243 9875 9820 
30 | 4.03145 4.04929 + 0.01777 10751 11200 
| 
Bo) i es Ral 4.43322 + 0.00951 13296 | 413590 
i | 
Beil 4.16062 | 4.44554 = OOUSTL VAA75 15980 
1 al 9 
om = z =) (0)? == 010 1228 


the mean error of one observation being 2.867 °/,. 


Series 3. 
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log p = 3.84563 ++ 0.17062 J. 


| 


p (cale.) 


p (obs.) 


Hi log p (cale.) | log p (obs.) | 2 
dey) 4.46981 4 17404 |} 0.00483 14785 44950 
Was 4.23806 | 4.93654 0)..00152 17300 17240 
2.6 § 28927 4.27462 0.01465 19466 18820 
2-9 4.34043 4.34635 0.00592 21900 29900 
| 
38 4, 40868 4. 49488 0.04620 25626 96600 
3.6 4. 45986 4, 44963 0.01023 I8831 28160 
44 A. SASA7 4.54531 0.00014 35089 301C0 
i 
OF 6 X (oe)? = 0.01035 
mean error of one observation 2.412 °/,. 
Series 4. log p == 3.80102 + 0.31641 J. 
it | log p (cale.) | log p (obs.) | E p (calc) | p (obs.) 
An 4.40220 4 AOL4O — ().09080 | 25247 25200 
2.4 4 56280 4.50385 | -- 0.00305 | 30542 36800 
| 
wo 4.65532 A. GABA, = 0RGO8920 te A529 AABOO 
3A 4. 78189 4.74468 | — 0.03721 | 60519 5550 
3.4 A. 87681 4.92788 | + 0.05107 75303 84700 
thew 4. QINTA 4.98989 | + 0.01815 93700 97700 
| 
9 5.03502 5.00217 — 0.08285 408400 | 400500 


1 
om= Ee > (0)? = 0.02994 


mean error of one observation 7.14 °/,. 
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Series 5. log p = 3.98960 + 0.17902 J. 
- — r = 
Ik log p (calc.)| log p (obs.) p p (cale.) | p(obs.) 
AGS 4.32974 4.35025 + 0.02051 21367 22400 
2.2 4.38344 4.39270 ++ 0.00926 24179 24700 
2.6 4.45505 4 42651 — 0.02854 28513 26700 
2.9 4.50876 4.50243 — 0.00633 32267 31800 
3.2 4.56246 4.56820 ++ 0.00574 36514 37000 
3.6 4.63407 4.61490 — 0.01917 43060 44200 
3.7 4.65197 4.63949 — 0.01248 44871 43600 
4.2 4. T4148 4.77232 + 0.03084 55144 59200 
1 
om = 7 = (9)? = 0.02024 
mean error of one observation 4.77 °/,. 
Series 6. log p = 4.31949 + 0.22466 J. 
IE log p (calc.)| log p (obs.) p p (cale.) | p (obs.) 
ae 4.79128 4, 78746 — 0.00382 61844 61300 
2.4 4.85867 4.85673 — 0.00194 72222 719.0 
2.9 4.97100 4.96190 — 0.00910 93540 91600 
3.6 5.12827 5.11394 — 0.01433 -| 134360 130000 
4.2 5.26306 5.29296 + 0.02920 183257 196000 


The empirical formula represents fairly well the observed results 
in the range of the experiment. But it does not give more than that, 
I do not think that it may be used for extrapolating. This will be 
directly seen, when we extrapolate for the intensity = 0. We cal- 
culate for the frequency at the intensity = 0 in the 4 series: 6324 d. v. 
and in the 3'@ series: 7009 d.v. Theoretically the frequency in series 
4 should be exactly /2 times higher than in series 3. 


i 
Mee bas > (0)? = 0.01702 


mean error of one observation 4.00 °/,. 
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A more exact method may perhaps give numbers from which a 
better formula might be deduced, and which at the same time might 
give us some insight in the phenomenon. 

I have tried to get more exact numbers by means of the Kunpt 
dust-figures but I did not succeed, though others might. Yet the 
oscillatory discharge of a Leyden jar through an inductive resistance 
easily gave regular dust-figures. The reason why the Kunpr-method 
proved refractory with the singing are, is not easy to be understood: 
Tecan only suppose that the intensity of the sound is not large enough. 


Physics. — Dr. J. E. Verscnarrent. “ Contributions to the knowledge of 
VAN DER Waats’ p-surface. VII. The equation of state and 
the -surface in the immediate neighbourhood of the critical 
state for binary mixtures with a small proportion of one of 
the components”. Communication n°. 81 from the Physical 
Laboratory at Leiden, by Prof. H. Kameriincu ONngs. *) 


(Communicated in the meeting of June 28, 1902). 
Introduction. 


In Communication n°. 65 from the Physical Laboratory at Leiden *) 
I have given the first results of a treatment of my measurements on 
mixtures of carbon dioxide and hydrogen *) by the method which 
Kameruinch Onnes ‘) alone and with Rumeanum *) used for the 
measurements of Kugnen on mixtures of carbon dioxide and methyl 
chloride"). They confirm Kamertincu Onnxs’ opinion that the isothermals 
of mixtures of normal substances may be derived, by means of the 
law of corresponding states, from the general empirical reduced 
equation of statefor which he has given in communications nrs. 71”) 
and 74°) a development in series indicated in communication 59a. 
In this empirical reduced equation of state 


24 B ee 
A 3 hens 


2S 230? 


1) The translation of the first and second part of this article-are treated as a 
whole, hence some minor changes in text will be found. 

2) Arch. Néerl., (2), 5, 644, 1900; Comm. phys. lab. Leiden, n°. 65. 

8) Thesis for the doctorate, Leiden, 1899. 

4) Proc. Royal Acad., 29 Sept. 1900, p. 975; Comm. 59a. 

5) Ibid. p. 289; Comm., n°. 59D. 

6) Thesis for the doctorate, Leiden, 1892. 

7) Proc. Royal Acad., June 1901; Comm., n°. 71. 

8) Arch, Néerl., (2), 6, 874, 1901; Comm., n°. 74. 
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where %, % etc. represent series of the powers of the reduced abso- 

lute temperature ¢, with co-eflicients which like 4 are the same for 
all substances, we then put: 

if p mere 

= p= ; » = — 

Tk Pak Usk 

Tk, pox, and vz, standing for the critical elements of the mixture 

with molecular composition «, if it remained homogeneous, while 


ee Pak tek 
fo 
It must therefore also be possible to find expressions for the 
critical quantities of a mixture — these are the elements Pzpls Vapls 
Trpi of the plaitpoint and pz, xr, Tr, of the critical point of 
contact — in which only the co-efficients of the general empirical 


reduced equation of state and further the quantities characteristic of 
the mixture viz. Txr, Prk, Vek, Occur, or the co-efficients of the develop- 
ments in series of these quantities in powers of x. In the case of 
mixtures with small values of «, it may, exclusive of exceptional cases, 
suffice, to a first approximation, to introduce the co-efficients: 
in == a dT sk and 8 = ee Pak 
T;, dz pe dx 

A first step towards realizing this idea of KammruinGH Onnzs has 
been made by Kursom’*) who took for his basis the general equations 
by which van per Waats in his Théorie moleculaire and following 
papers has expressed the relation of the critical quantities and the 
composition; he has found what these equations would become for 
infinitely small x-values and has introduced into them the co-efficients 
aand 8 mentioned above, besides others which might be derived from 
the co-efficients of the general empirical equation of state. I have now 
tried to work out this idea in a method which is more closely con- 
nected to the treatment of the y-surface, namely by developing the 
co-efficients of the equation of state and the equation of the w-surface in 
the powers of 2. On account of the great complication involved by 
the introduction of the higher co-efficients into the calculation, I have 
confined myself to the lower powers of «. However, the method 
followed by me can also be used to find the co-efficients of higher 
powers. 

As I have confined myself to states in the neighbourhood of the 
critical point I could use instead of KamertincH Onnzs’ empirical 
reduced equation of state the more simple one which it becomes within 
narrow limits of temperature and volume on developing the different 


1) Proc. Royal. Acad., 28 Dee. 1901, p. 293; Comm., n°. 75. 
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terms in powers of the small quantities »—1 and ¢—1. According 
to Van pER Waats’ method‘) I wrote this new equation: 


0 0? 
a | t—l)+..... —— (y— — Neca 
p=1t+— (t-1)+ +55 1 (1) + (1) 
| We Fp oi 08H ’ 
where the co-efficients Pnrere etc. can be immediately derived from 


those of the above mentioned empirical reduced equation of state. 


1. The p,v, T diagram for a simple substance in the neighbourhood 
of the critical pot. 


In order to limit the number of the continually re-occurring factors 
as much as possible, I shall not write the equation of state of the 
pure substance in a reduced form, but thus: 

pak, +k, (v—vn) + k, (v—vn)? + &, (—ve)? +..-- =H (r)- + (2) 
where k,, &,, k, etc. are temperature functions which can be developed 
in powers of T- '—7,; as for instance: 

hh. + bo (C—Te) + ho (2 — Thy fe ee (2') 
and it is evident that £,,—= pz while £,, and &,, are zero. 

We might clearly find the equations of several curves in this 
diagram, such as: the border curve, the curve of the maximum or 
minimum pressures, the curve of the points of inflection ete. I shall 
derive the former only, chiefly in order to apply to a simple case 
the method of calculation to be used afterwards for finding the 
pressure, volume and composition of the co-existing phases with 
mixtures. 

If v, and v, represent the molecular volumes of the vapour and of 
the liquid, co-existing at the temperature T under the pressure p,, 
then these 3 unknown quantities will be determined by the equations: 

Sah ie a ee nee 1. 


and by MaxweL’s criterium 
Vg 
ps (4-0) = f pa. Orig eis sais SO te Ac 
YY 


The two unknown quantities v, and v, I shall, however, replace by the 
1 1 
two infinitely small quantities 7 (v,v,)—o= & and pa aS 2) 


is therefore the abscissa of the diameter of the border curve for 
chords parallel with the v-axis, and g is the half chord. 


1) Zeitschr. f. physik. Ghem., 13, 694, 1894. 
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Equation (4) after division by 2 g yields: 
it 1 
Pr=ky bh, PEEP + 9) +h, PLY) hy M+ 2b yt +, ') 4-0 (5) 


where for completeness I have not regarded the order of the differ- 
ent terms. Also taking equation (8) once for v, and once for v, and 
adding together, yields: 
phy +h, P+h(P* +e) +h P(P? 39%) +h (Pt 664g? +o) +...(6) 
and subtracting and dividing bij 2 gives _ 
O=k, 2b, PLES Py) +44, OP +g)+ © 2. (7) 
while the, at least to a first approximation simpler equation : 


: 1 
O= sh, + 2h, DAK Oe 9° a ees Oe) 
oO 


follows from (5) and (6). 
The equations (6), (7) and (8) now determine the quantities P, p 
and p,—pk; for we find: 


2 hy, 7 
a an re) aE Pt Se. we) 
30 
yA 2k, k 
Pa als hee ie 
(6 5 kyo ) 7) Oe 
Pi Pee h(t oe 9 ae ee) 


Along the border curve v =v; + ®+ 4, so that we may write the 
equation of the border curve: 


0 @—=)). 20 eh) D+ Og, a bone) 
and to the first approximation this represents a parabola ’). 


1) Just as v. p. Waats (Arch. Néerl. (1), 28, 171) from the reduced equation 


8t 3 elt : eee As 
of state p = Sas at) ogi has derived 3 (v»—»,) = 22 (1—t), I have also 


derived } (2-0) from the same equation by means of the reduced formula (10) 
and have found for it: 
3 (v% +) =1-+-7,2 (1—»), 
whence, if p; and ¢. stand for the liquid and vapour densities : 
— Fe +e) = pe [1 +0,8 I—t)] 
From Amagat’s data for carbon dioxide I find: : 
A= (12 + p)) = 0,464 +-0,001181 (TE — T), 
or reduced 1 + 0,775 (1—t), and for isopentane (S. Youne’s data) 
A = px {1 + 0,881 (1—1)]. 
The above equation of state, therefore, represents the diameter numerically ina 
satisfactory manner. 
*) The same problem with regard to » has been treated by v. p. Waats (loc. cit.) 
in a somewhat different way; only » is determined accurately by his method and 
the border curve can be derived from his formulae only to a first approximation. 
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2. The p, v, T diagram of a mixture with a small value 


of x near the critical point of the homogeneous mixture. 


From the consideration we have started from it follows immediately 
that we obtain the system of isothermals of the mixture by moving 
that of the pure substance to an infinitely small amount parallel to 
itself so that the critical point (pz, vg) is brought on to the critical point 
of the homogeneous mixture (pzr, Vzk), and at the same time by 
expanding it infinitely little parallel to its co-ordinates in multi- 
Vr: 

plying the ordinates by Prk and the abscissae by “= Moreover an isother- 
Pk Uk 

mal, belonging to the temperature 7 in the first system will belong 


to the temperature # T after we have moved and magnified the system. 
We put again: 

fee Geet le ea) + lyon)? ae 588) 

where /,,/,,/, etc. are once more functions of the temperature, thus: 

bel, 1, (FT) + 1. (T—Te ts - (18) 

According to the derivation from the reduced equation of state 


by means of 7x4, prt, U2k the co-efficients J,,, 1,,...- lo, 1 etc. are 
only functions of x. Putting: 


Txk = Ty (1 + ae + a'e? +....) 


pee py Oe pat eenyhe Drs) 
Vk = we (A + ye + y'2? +...,) 
where 
y=a—B, y'=a'—f'—aB+f ete, . - - . (14) 
we find 
Iyp=pul1 + Beto); Uo: =ho i L1—(a@—B)a+-.Jy bog =hogl1—(2a—A)e+...]y-- 
Las » 1, =k, [1—2(a-B)a+...], l,.=h, [1 —(8a-28)a+...], 
i= 0 1th, [1—3(a-B)a+...],... 
1, =k! 1—(8a —4B)a +o. Jyere 
Lh, [1 —(4a—SB)atiedeneg 2 6 8 ee ee ee (15) 


where all co-efficients 7 are expressed in co-efficients £ as well as in 


KAMERLINGH ONNES’ a’s and §’s. 
From the values of 7x4, pxk, Yok, With mixtures of carbon dioxide 


with small quantities of hydrogen for c= 0, «= 0,05 and == 10;1,;4) 
I find: 


1) Comm., n®. 65. 
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T= Ty Wt eer) 
Dak = pe (1 — 162 a 4 2,45 2) coe ee 
Vak = vz (1 + 0,62 # — 0,95 x), *) 
while from (14') would follow: 
Vrk — vE (1 + 0,45 & + 0,08 2’). 

Although the agreement between the two expressions for vz, is 
not quite satisfactory, it yet by no means indicates that the law of 
corresponding states does not hold; it may very well be a result of the 
uncertainty of the critical data of the homogeneous mixtures, chiefly 
of the v,,’s. Besides from the second formula for v,; I find: 

for « = 0,05 v= 0,00432 and for c= 0,1 v,,— 0,00441, 
and these values deviate from those determined directly (0,00434 and 
0,00444) not more than the amount of the error that can be made 
in these determinations. Besides, since the law of corresponding 
states does not hold entirely with pure substances, it is not likely 
to do so for mixtures. 


3. The p, v, 2, diagram for matures with a small value of a, 
at a temperature differing little from Ty. 

We shall now consider different mixtures at the same temperature 
T; the system of isothermals in the p, v, w diagram, at that tem- 
perature is represented by the equation of state (13), where, however, 
7 must now be taken as constant and 2 as variable. We will now 
put this equation in another and more suitable form. 

Among all the mixtures there is one for which the critical tempera- 
ture would be 7’ if this mixture remained homogeneous; the com- 
position «7; of this mixture, and also the critical elements pre and 
vr; are determined by equation (14). (In this equation we must put: 
Ed WA ces iy Dok =PTr and Vey —V7,). 

Hence we find to a first approximation 

RTs pre vj(a—B) 


ih; = ——, => —— (T-Ty;), (i SU —— (/—1 7). 
Tk at,’ PT Pee ky UT = B+ ie (Z-T;). (17) 


It will be seen that to a first approximation the value xz, is 
either positive or negative according as 7’—7;, and a have the same 
or opposite signs, that is to say 


a>0 a<o 


T>T, | 27% > 0; figs. 1and7 |) 27,0; figs. 3°55, “Sandid | 
Peo Tin ere < O07 ties) Drands LT, > 0; figs. 4, 6, 10 and12 | 


*) Comp. also Kessom, luc, cit., p. 12. 


{ ’ ’ 
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Although from a physical point of view a can only take positive 
values, in these considerations even the case LTk <. 0 is not impos- 
sible; for the point px, v7, has only a mathematical meaning. 

In general, equation (13) may now be written thus: 


12 LG +m, (v—v7Tr) a7 ms (v— vTx)? ae ais (v—v7r)° ae Dae Ee a (18) 
where m,, m, etc. are functions of z which can be developed in 
powers of x—wzr7;; for instance: 

m, = m™,, + m,, (e@—«7,) + m,, (e@—e74)? +.... . « (18 

The co-efficients m are functions of the temperature which is here 
considered constant; it will be obvious that m,,—= px, while m,, 
and m,,— 0. By equalization of (18) with (13) we can express all 
the m’s in the #’s, and in Kameruinen Onnzs’ a’s and ~’s; for we find: 

kno 
Tia 


Mn| = — kno [na — (n+ 1)8] — hpi Tra — (n+ 1) kantio(a—B)ve+..., ete. (19) 


so that to a first approximation : 


no Wo eet) ae 


MnoQ = kno += 


My = hy,» ™m 
iM, —=pip-k,, lke, m,, == —k,, Tra, Ly SS k,, Tka-3k,,vy(a—B), etc. (19') 


Hartman *) has given a diagrammatical representation of the p, v, a 
diagram. This representation completely resembles a p, v, T diagram; 
but this resemblance is not necessary. It follows directly from the 
p,v, T diagram that £,, is positive, while 4,, and &,, are negative ; 
in the p,v,a diagram m,, is negative, but according to (19), m,, and 
m,, may be either positive or negative. The circumstance m,,<(0 does not 
indeed influence the general shape of the diagram; it indicates that 
the isothermals of the mixtures lie below those of the pure substance 
as is the case at the upper limit (ce = 1) of Harrman’s representation ’). 
But while in the p,v, 7’ diagram the isothermals with maximum 
and minimum pressure occur under the critical, the opposite may be 
the case in the p,v,« diagram, if m,, and m,, have the same sign. 
The four cases which may now present themselves, leaving out very 
particular values of the coefficients, are given in the following table: 


1) Thesis for the doctorate, Leiden 1899, p. 6; Journ. of Phys. Chem., 5, 425, 1901. 

2) From a mathematical point of view we may imagine the p, v, x diagram to be 
continued outside the limits x=O and x=1. It is also obvious that 2, if diffe- 
ring little from 1, means the same as x infinitely small and that x > | means 
the same as x < 0. 


22 
Proceedings Royal Acad. Amsterdam. Vol. V. 
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Biot 


B 
m,, <9 or eee 01 


Tk 
Moy =>0 or Brey ky, 


m,, >0 or a >0 | figs. 1 and 2°) ; figs. 7 and 8 
| 


figs. 9, 10, 11 and 12. | 


m,<0 or a0 


figs. 3, 4, 5 and 6 


Harrman’s diagram ‘represents at the lower limit the case m,, 4 
and m,,< 0, at the superior m,, < Oandvn,, >0. The case a >0 
will in general occur when the ‘second is less volatile than the first 
substance; this for instance is the case when methyl chloride is 
added to carbon dioxide’). On the other hand we shall find the case 
a<0 when the second substance is the more volatile, when for 
instance hydrogen is added to carbon dioxide (comp. formulae 16) or 
carbon dioxide to methyl chloride °). 

A p, v, « diagram based on observations has, so far as 1 know, 
not yet been published. A diagram of this kind which I have drawn 
from my measurements on mixtures of carbon dioxide and hydrogen 
perfectly resembles the p, v, 7 diagram after Hartman, so that in 
the neighbourhood of pure carbon dioxide we must have m,, 0 
and m,,<0; according to formula (16) a is really negative, while 
with &,, = 1,61 (comp. Kersom loc. cit., p. 14) I find m,, = 454, 
and positive. For carbon dioxide with a small quantity of methyl chloride‘) 
a — 0,378 and B= 0,088, and hence m,, <C0 and m,, > 0; and for 
methyl chloride with a small quantity of carbon dioxide, a = — 0,221 
and B= 0,281 so that m,,>0and m,,< 0. At temperatures between 
the critical temperatures of the two pure substances, the p, v, x diagram 
for mixtures of carbon dioxide and methyl chloride will probably 
correspond to Harrman’s drawing. 

While two neighbouring isothermals (7’, 7’-+- d7) never intersect 
: a? Op ‘ 
in the p,v, 7’ diagram (the (57) never being zero) this may be 
the case in the p, v, a diagram for two neighbouring mixtures 


1) Figs. 113 represent diagrammatically p,v, x curves for infinitely small values 
of w and 7—T;, such as they appear in reality for finite values of 2 and T'—Ty. 
They are moreover theoretically extended into the imaginary region 7 <0. All 
lines lying within the region of negative x are dotted; the isothermal «=O is 
represented by a dot-dash line. The line «=x (erroneously marked %r in figs. 
1—12) would be the critical isotherm of the homogeneous mixture. 

2) Comp. KamertincH Onnes and Reineanum, loc. cit., p. 35. 

3) I[bidem. 

*) Comp. Kezsom, Comm. n°. 79, p. 8. 
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(vand «+ dr). If this point of intersection is situated at a finite distance 
from the point prz, vrg, it lies outside the limits we are con- 
sidering; but if it lies infinitely near this point, then it practically 
co-incides with it; then m,,—0O and all the isothermals in the 
neighbourhood will intersect each other approximately at the point 
prk vr This case is shown in fig. 13, where I have also supposed 
a<0 and 7’< 7. The isothermals intersect in pairs, and the curve 
formed by all the points of intersection of two consecutive isother- 
mals, also passes through the critical point (pre, vrs); this is repre- 
sented in fig. 13. The connecting line of the points of contact enve- 
lops the isothermals; its equation is found by eliminating x from 


0 
equation (18) and from ve oe 0, where we also put m,, =0; hence 


Ox 
we find to the first approximation : 
1n* 5 ree 
Pete im, gee et 


02 


This parabola is turned upwards (as iu fig. 13) if m,, is negative. 


4. The w-surface. 


In order to find from equation (18) the phases co-existing at the 
temperature 7’, I shall make use of the properties of the y-surface 
of vAN per Waats. The equation of that surface is: 


y= — | piv + RT [ «log # + (1—a) log (1—a) ], 


where R is the gas constant for a gramme molecule, hence the 
same quantity for all substances. Neglecting the linear functions of z, 
we may write: 


il 1 1 
yy = - m, (v-vTE) - 5 m, (v-vTk)* - 3 m, (v-v7TK)° — a m, (v-vTK)' +.-- 
M 1 oD 
TRE [wloga + 52 pw ees] PN et Rar re mee a eid (1) 


5. The co-existing phases. 


The co-existing phases are now determined by the co-existence 
conditions : 


(52) =(3") ; (5*) =(;*) and #,=,, + (21) 
bi ie U7}, Us, 1 


if w represents the thermodynamic potential : 


ow ow 


22% 
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Instead of the third condition I find it however better to use an- 
other which follows from all three, viz. 
MSM tal? ee 
where ‘ 

0 0 
M = wy — (v—v7%) - — («—2#7x) ad 
v Ox 


Corresponding to a former transformation now I write 
4(v, + %,)—e = and $%,—v7)=¢ 
and equally 
$(e,+#,)— «Tr =F and }(#,—2,)=§, 
and I consider the infinitely small quantities ®, », F and § as func- 
tions of the same variable, viz. p,—prz. Thus I find to the first 
approximation *) 


1 m? 4 
ac | a EPP, 5s AUS) 
80 m 


2RTm,,| 3 RT Sete 
1 [mm Pi—PTk mM? 
pie’ 01 1 01 
sii ws ere pk 
e | Fates | men CRTs o ) 
go eet a ey 
Mo, " 
m Pate 
d —s ak : ¢ ; . . . « ° 
an § rep ue + xT; (25) 


where x7, and prz may be replaced by their expression (17). 
6. The plaitpornt. 


In the plaitpoint the co-existing phases become identical. If we 
represent the elements of the plaitpoint by x7,1, pry and v7» then 


1) The four equations from which I derive the relations (22)—(25) are: 


(Gs) = (Ge) ae) a) st ll asa 


The two first equations contain the expression log —*; as all the other terms are 
vy 


: : : : Le. é 

infinitely small, this must also be the case with log —*, in other words, the ratio a 
Ly x, 

can differ only infinitely little from 1; § must therefore be of a higher order than © 


so that also log a may be developed in a series in powers of - 


@, Bare 
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at that point 7 = v7, —vr_, Y= 9, B= erpi—are and § = 9, while 
Pi=PptT 1: thus we obtain, from the equations (22), (23) and (24), 


CG iy _ Im, x 26 
rire per ean STE Taek ) 
T; my, 

1=PTk — — Te te 
PTp PTI i oi (27) 
and 
OY HRA bi es - te Mm,,— - iE x 1 (28 
2m,,(m*,, +RTm,,) Ot 2 Ee ON ee 11 |&Tk- ) ) 


If ere, prr, and ry, are replaced by thei expressions (17), the 
elements of the plaitpoint are thereby determined to the first approxi- 
mation as functions of the temperature 7’; A7'm,, may then be 
replaced by 7Zim,,. 

From equations (26) and (27) follows immediately : 


ee = ie Sa Nailed emma OC) 

In order to see how this relation holds for mixtures of carbon 
dioxide and hydrogen I consider the temperature 27,10° C. at which the 
mixture «= 0,05 has its plaitpoint (pr). = 91,85 atm.); at that tem- 
perature #7, = 0,011 and pr, = 72,4 atm. so that-————_- = 500, 

&T yl — © Tk 

in good agreement with the value 454 which I have found for m,,. 
It follows from equation (26) that 7,1 can be positive or negative. 
As are <0 is not impossible, this is equally the case with #71. 
It is true that from a purely physical point of view the y-surface, 
only exists between the limits «= 0 and a= 1 (in our case x > 0), 
but from a mathematical point of view we can imagine this surface 
to extend also beyond those limits’). If we consider a temperature 
lying above the critical temperatures of the two components of a 
mixture, then there are, exceptional cases excluded (Harrman’s 34 
type), no co-existing phases, that is to say the real y-surface does 
not show a plait, although formula 26 shows that there is a plait- 


1) If we take the value of 77; from the equation (26), insert it in (27) and (28), 
and finally introduce the x's, a's and f’s, the formulae (27) and (28) become 
Krrsom’s formulae (20) and (2c) (Comm. n°. 75), while (26) corresponds to 
Keresom’s formula (2a). 

2) Outside the limits =O and x= 1 ¥ is imaginary owing to the presence of 
terms with log x and log (1—2). Although this is the case the co-existing phases 
beyond those limits are real, as the co-existence conditions contain the necessarily 

1—.2rp 


: oe) 
real expressions Jog — and log. 
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point on the imaginary part of it. If the temperature is lower than 
the critical temperatures of the two components the plait occurs 
between the limits «=O and w=1, but, except for mixtures of the 
second type, according to formula 26 the plaitpoint lies outside these 
limits. Hence the ease is physically not without significance, but the 
plaitpoint cannot be observed. 

Equation (26) may be written: 

RT; k,, 
RT, k,,a—m’,, 
and this form shows that «z,: will be positive or negative as 7—T;, 
and R7";,k,,a—m’,, have different or the same signs. RZ”; k,,a>m?,, 
is only possible if a<c 0; RI*,k,,a < m*,, will always be the case 
if a >0, but may oceur with @< 0. The different cases that may 
occur are shown in the following table. 


LTp| = 


(LAT Y See) 


RT, k,, a> m',, | RIM ky, am, 
a>0 ao 
Led; 0 > ere > ftp | ere > et > 0 | er > 0 > ery 
| figs. 5 and 11 || figs. 4 and 7 | figs. 3 and 9 
2 A LTpl = LTE oe 0/0 = LT yl > UTk | &Tk ae 0 > UTpl 
< fh figs. 6 and 12 | figs. 2 and 8 | figs. 4 and 10 | 


7. The border curve in the p,v,«© diagram at the temperature T. 


Along the border curve v=v7,+P+~%7, so that the equation of 

the border curve may be written 
0=(-Im7n)P—2 2 won) + Dig. 2. (30) 

where «> and g must be replaced by the expressions as functions 
of p,. To the first approximation we can take therefor the expres- 
sions (22) and (23) and neglect 7?; the equation (30) then repre- 
sents a parabola of the second degree. The apex of this parabola does 
not, as in the p,v, diagram of a simple substance ¢co-incide with 
the critical point (pri, vx), but with the plaitpoint. 

Along that parabola 


ap ie 2m,, M5) RD, he 2m, byl Te 
de® my a RT, Mm, i nd ker ka— BU: oe 


(31) 
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This expression is either positive or negative; that is to say that 
the border curve may be turned with its convex side towards the 


v-axis, While in the p,7, diagram for a simple substance the bor- 
See, Past eee 

der curve is always concave to the v-axis. os will be positive if m 

Uv 


and R7",k,,a—n’,, have different signs, and will be negative in 
the other case : 


GL big at GIGLI | 


ae | figs. 5 and 6 | moe 1—4 


| 
ee | 
me <0 | figs. 11 and 12 | fe 70 : 


8. The projection of the connodal line on the x, v plane. 


The equation of this curve has been given by Korrewxze’). In 
connection with our preceding formulae it is most easily derived 
from equation (80) by expressing p in terms of 2 and v by means of 
the equation of state (18). I shall now bring it in a form analo- 
gous to (30). 

The border curve intersects the isothermal of the mixture « at 
two points (p’,, v’,), and (p’,, v’,) which indicate the phases where 
the condensation begins and ends. I again make : 

4, 0) — ork = OLE, — POD =H 

$(p', + p's) — pre = Wand } (p', — p',) = 2, 
and consider the four infinitely small quantities ®', g', 7’ and a’ as 
functions of 2. 

By expressing that the two points are situated on the isothermal 
(148) and on the border curve (80), I obtain four equations from 
which the relations we want can be derived. In this way I obtain 
to the first approximation, 


iy Lae a AC aah 4m,,( mM’ 4, 
aa |= art) - Oye DMs, RT EWA; 
Lf, (1 04 2 pe 
i. y yp ee ee EOE Thc ee oh cs MOE 
1 | ms J gia 5 Ms es 
a mM 53 WG 
iP eet. |. . . (88 
Be ee, aA, E = m | Faso te 


UD ea (ae ae), ae oe ce te se (84) 


and 
ge = m,, (©—#TR) P's + ew es (85) 


1) Wien. Ber. 98, 1159, 1889. 


( 334. ) 


Now we may again write for the equation of the connodal line 


0 = (v—v7y)?—2 D' (v—vz7y,) + OH? —G?. . . . (86) 
To the first approximation along this curve | 
de it 2m,, RT; i 2k,, RLx (37) 
doy, Wnt RT aie ee anne 


and this expression has the opposite sign to R7?,k,,a—m’?,,. Here 
therefore we distinguish only two cases. 


d? : 
ERE, bi eens <0, i.e. the connodal line turns its 


concave side towards the v-axis (fig. 14); 


2 


d 
2. RIG kb aon: 5 >> 0 and the connodal line is convex to 
Uv 


the v-axis (fig. 15). 


9. The critical point of contact. 


The characteristic of the critical point of contact is that there the 
two phases with which the condensation begins and ends coincide. 
If «7,, pr, and vz, represent the elements of that point we have there 
@' = v7,—0T,, »' = 0, IT = pt,—pre,a'=O0and «= 27. 
and from (33) it follows that 


27, = — : 2h. 6 i, Se OO) 


that is to say to the first approximation the composition at the critical 
point of contact is the same as at the plaitpoint (cf. 26). The diffe- 
rent cases which may occur now follow. 


dT Ek, me (fies dd), 
a). T >Tk} #7, is negative and there is no connodal line inside 


the region that can be observed. This corresponds to the position of 
the border curve in figs. 5 and 11. 


6) T= T;,; x7,=0 and the formula (30) represents a connodal line 
which touches the v-axis. 

ce) T<. Ty; x7, >0 and there is a connodal line in the region of 
positive z, (see also figs. 6 and 12). 

2a 15; bie <a, wee 

a) T>T;,; 27 >0 and the connodal line lies entirely within 
the region that can be observed ; (figs. 1, 3. 7 and 9) 


by L= Tp}. 27 == 0 and: thee connodalmincitencnce the v-axis ; 
c) T<T,; «7, > 0 and the connodal line can only be completed 
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by prolonging it in the region of the negative « (fig. 2, 4, 8 and 10). 
Equation (34) gives : 
3 


PTr = pTke + m,, (eT — Tk) = pre — : lias : UTh, « (39) 
Mo. RT, , 


so that also to the first approximation p7, = p7,1 (comp. equation 27). 
And from the equation (82) we derive in connection with (38): 


OTr = 0TE + E da m,, + i Ta Th (40) 
3 M,(m*,,+hTzm,,) fn k = 


from which by comparison with (28) we find 


i Wey a, oe 1 Bry Mor cp Tt) (41) 
De mee = OR Te 


Ci = Coy = 


The difference vy,—vy,; may be positive or negative, that is to 
say the critical point of contact may be situated on the vapour or 
on the lquid branch of the border curve (or of the connodal line). 
In the first case, as it is well-known, we have retrograde conden- 
sation of the first type for all mixtures comprised between x7, and 
“T,l, in the second case retrograde condensation of the second type : 


PST, |v Tr < VTpi; r-¢. 1; figs. 1,3.and5 
| 


Viper UT pit. C. Ls figs. 7,9andtd 


| 
Sheng gL Be UT gate: I; figs. 2, 4and6 


rn< nyt lsfigs 8 1Oandl2 


Expressing that the plaitpoint and the critical point of contact lie 
on the connodal line and subtracting the equations thus obtained 
we find to the second approximation : 

2 2 
pee: ee eee 
4 RT), m,,. (m*,, + KL), m,,) 
this expression is positive if 47, k,, ¢ >> m’,, (fig. 14), and negative 
if RTx:k,,a<m’,, (fig. 15). In the same way we find by means 
of the border curve 


£T,—_ &T yl = 


1 mo m?*, 

= v 
A RT, m,, (m’,, + RT; m,,) 
so that ii > 0 ig, <0 


PTr— PTpl = eee 2 9 (43) 


RT, k,, a > m’,, [ptr << pri; figs. 5 and 6/ pr > pTpi; figs. 11 and 19 


| 


RT, k,, a< m*,, |PTr > pris figs. 1—4 


Pir <= Pra; figs. 7—10 | 


(To be continued). 
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Physics. — Dr. J. E. Vurscnarrenr: / Contributions to the knowledge 
of VAN Dur WaAALs’ w-surface. VIL. The equation of state and 
the w-surface in the immediate neighbourhood of the critical 
state for binary mixtures with a small proportion of one of 
the components.”’ (Continued). Communication n°. 81 from the 
physical Laboratory at Leiden, by Prof. H. KAMERLINGH ONNES. *) 


(Communicated in the meeting of Sept. 27, 1902). 


10. The border curve and the connodal lme m special cases. 


1. When m,, = 0, ie. pr B= *, Ty, a, all isotherms intersect one 
another nearly at the critical point (pre, VT%) as we have seen in § 3; 
according to the equations (26), (27) and (28) the plaitpoint coincides 
in that case with this critical point. Besides from (81) it follows that 
ap : dp ; 
oe this value however belongs to ae only to the first approx- 
imation (i.e. at the critical point itself), or the border curve is a 
parabola of a higher degree than the second. In fact we find in 
this case: : 


PMA ree 82) 


» @& 
Ms 
1 m,,m 
oes 11 1 
(2 L SE =(*.— 9 5 ae 


Ou Wee 


and therefore the border curve to the first approximation becomes a 
parabola of the fourth degree; the equation of that parabola is: 


m? lm,,m 
P—PTk = (i aes ee o—onn) 


11 


The connodal line, however, remains a parabola of the second 

degree, on which ee serts : 
dv Tih, 

2. A second remarkable case is that where R7T,m,,+m?,,—0; for 
then the term p,--pr; disappears from the expression for g’ (equation 
23), so that g becomes of the first order with respect to p,—p rt. 
We then find : 


1 (/m,,.m = m il 2 
oe oa aes Pr Pier 01 me M1 M4 Es 
me RT * a i eR a OR 
ye HPs 1 (; M19 1 m*,m*,, 


s\2 RT; 3 RT em 


2-N6,m ms, Lene P.— 2 
m ag ake ad 21 Phew 04s Ve 
| an 12 3 RTym,, S in \( ) > 


Ms, m 


1) Comp. Proceedings Royal Acad. of Sciences Sept. 1902. 
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in the last term I shall express the co-efficient of (,—pri)? for con- 
venience by K. 

Substituting this in equation (80) we obtain to the first approxi- 
mation an equation of the second degree, which now no longer 


represents a parabola but an ellipse or a hyperbola. The coordinates 
of the centre are: 


wet =e 01 1 2 Mo 1 M40 
Pe=pTk and v¢ = vrE — wee Mig = 5 one ere 
while the straight lines 
p=—pr and »o=>774+ @ 
are conjugate axes. With respect to these axes the coordinates of 


the border curve are g and »,—p7, so that the equation of the 
border curve with respect to those axes is: 


m k 
g? — K (p—pr) = — ere = — — (T—T)}). 
Mo ks, 
In the same case the equation of the cir line is: 


g', Kn, (@—en,)' = ——* (TT), 
kg, 
with respect to the conjugate axes: 
ear, and v=v7,+ @; 
race a a 5 Pi—PTk . 
where &' is obtained through substituting ~—r7, for ~-—~—— in @®. 


01 
We must now distinguish two cases. 


a. K<0; the equations of the border curve and the connodal 
line represent ellipses. Provided %,, << Oandk:,, < 0 these ellipses are 
real when 7’< 7),; they lie only partially — to the first approxi- 
mation half — in the real part (vw >> 0) of the y-surface. We find 
two plaitpoints of which only one is in the real y-surface and two 
critical points of contact co-inciding with the plaitpoints (at least to 
the degree of approximation considered here, i. e. to the order 
V(T—T;,); the coordinates of these points are: 


hk, 
|e OUT 
oS BD ele a? KE, | i) 
cae 
PT ot = PTr == at yas (L—Tx) 
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1 MoM, OV ee p 
eS TOOT Geen. Ri, Kh, 


If 7? — 7;, the border curve and the connodal jing shrink to 
one point, the critical point of the pure substance; and if 7 > 7;, 
there is no longer a border curve nor a connodal line. 
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b. K> 0; the border curve and the connodal line are hyper- 
bolae; the asymptotes are: 
yp=+(p—prn) VY K(bordercurve\andg'= +m, ,(«—2 7%)V K(connodal line). 

If 7 >T:, gy (or ¢g’) is the real axis; only that branch of the 
hyperbola which lies above the axis p= pr, can be observed as 
border curve; in the case of the connodal line it is only the branch 
lying above the axis «=z, which can be observed; again two 
plaitpoints are found of which only one can be observed, and the 
coordinates of which can be expressed by ‘the same terms as used 
for the ellipse. If 7’=7y, the border curve and the connodal line 
consist of two straight branches meeting at the critical point of the 
pure substance, which is therefore a double plaitpoint. Lastly, if 
T< T, there is no longer a plaitpoint; we observe two branches 
of the border curve and the connodal line lying to the right and 
the left of the point px, vr~; each phase on one branch co-exists 
with a phase on the other. 


411. The border curve in the p, v, T diagram for a mixture 
of composition 2. 


In equation (36) of the projection of the connodal line on the 
x, v-plane, if we consider z as constant and 7’ as variable, that 
equation will express how the volumes of the phases, where the 
condensation begins and ends depend for the same mixture on the 
temperature. It therefore may be considered as the projection on the 
v, T-plane of the border curve on the p,v, 7-surface for the mixture 
of composition 2. 

This projection, can be written in the following form, corresponds 
to (36) 

0 = (v—vq4)? — 2 b" (v—vz4) + BV—g", . . . (44) 
where 


1 
Ge is: (v',+0',) — 4 = B' + v7~—vz, = (to a first approximation) 


ee 1 Mo, mo | m ASS 2 La __ 4m, mo g -L 
Qms,| RT~\ RT = SAR Te Wom ooh TAS 
ee z 


m m? 2 
ple 4 3 11 01 ae = 
oe mde satan ma)-+ Soe 
4 m,,m,, | T—Trx 
aT. 


(45) 


5 Ms, 
and 


" 1 m™ 


argh eer 28) ee ae ———— et cin AN 
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Yo this can be added 


1 ee 
a (ePa) Pet tay (47) 


and 
ae Le " 
ne (T—TRy@ 9 «. . (48) 
aT, 

To the first approximation equation (44) represents a* parabola, of 
which the apex determines the elements of the critical point of contact 
for the mixture x. For we know that in the case of the critical 
point of contact vv, =, so that g"=0 and B® = vg,— vzz. 
Hence it follows that’): 


ies een Teen eee eee ie fe lak tw oy VRE) 


(50) 


& 
——— . (bl 
RT}. + ma) | RI: My, ( ) 


In order to derive from this the equation of the border curve in 
the p, v, T-diagram, we must express T in terms of p and v by means 
of equation (13). 

Then we find: 

0 = (v—ven)? — 2 B" (v— vzk) + pyres giet tee (82) 


var = tok + | my ne(@—B) + 


Do Mee 


where 
it Mo, my, ) 2 mo, 4 M49 | 
HT oe ee ; — A ‘e 
sR Sree Ee & + sy wTe 5 m,, RT|”! 
vj(a—B) . 1 m,, (Mor ) 2 4 m,,m,, 
m —m,, — > a 
Bian ea io ee Fas a a a ea 
Ue en ee ere en, oe) (BB) 
Be aT, 
and 
m’* M,, P—Pxk 
ia ee Ls aay odd aie eee eS (54) 
A RT; m,, kyym3, @lk 
To a first approximation (52) is a parabola on which 
Te o or™s0 le et 9 torltsn 
dv* My, ky, 


as in the case of the border curve of the pure substance. 
The apex of the border curve is the point of the maximum co-existence 


1) We obtain the same formulae if we replace in equation (26) x7 by its value 
(17), put T= Ter and %rr= 4%, solve Tr and substitute it in (39) and (40). 
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pressure '). Let Pan, Vim» Tom, be its coordinates, then we find by 
putting g” =0 and ®" = vyn— vex 


Pen = Pek Fa SOE eer ssy 
tem =a + | mane 8) bg (mbm Sou) (66) 
Pen = Tat Gp j= lcs ema 

Hence to the first approximation psm = px, and Ty, —= T,,, but 
Vym — Vrr = _ ae Seer er hie 


for real mixtures, that is to say «>>0, the latter expression is neces- 
sarily negative, so that the critical point of contact is always situated 
on the descending (right) branch of the border curve. We cannot 
call it the vapour branch, because here the apex of the border curve 
is not the plaitpoint as in the p,v,a-diagram. The critical point 
of contact is situated thus, because the critical isothermal touches the 
border curve at that point, and because on that isothermal and hence 
also at the critical point of contact 7,,>> 7, (at least for real mixtures), 


0 
therefore <0 for the border curve. This corresponds to a diagram- 
(2) 


matical representation of a p, v, T-diagram for a mixture given by 
Kurngn *) and also with the experimental diagram for the mixture: 
0.95 carbon dioxide, 0.05 hydrogen which I have given in my thesis 
for the doctorate. In spite of the small value of x, terms of higher 
order appear to have such a great influence in the case of this mixture 
that the apex of the border curve lies far outside the area investigated, 
and the border curve at the critical point of contact is no longer 
concave towards the v-axis but convex. 

The plaitpoint elements for the mixture of composition a are found 
by substituting 7,,. for JT and «@ for ®T)1 in equation (26), by 
solving Zz; and substituting that value in (27) and (28). Then 
we find 


Bae | = Ta — EEE 1s 
KR) 


k,.m? km 
Pat =pe+| pub 4 ak pe - + (60) 
pet Ad 


1) Comp. Hartman, Journ. Phys. Chem., 5, 437, 1901. Communications Leiden 
Suppl. N° 3 p. 14. 


*) Zeitschr. f. physik. Chem., XXIV, 672, 1897. 


i m,, (2 lim 
Uxpl = Urk Se | 01 Vk(@—-B) + Bee & M191 — 3 a —m*, ) ae (61) 
’ < k kM, 


80 
which formulae, after some reductions, can be put in the form in 
which Kzrsom has given them (Comm., n°. 75). Also the following 
well known equation ') results directly from equations (59) and (60) 
Pept — Pak = ky, (Tp1— Tx) eee a: cox, (On) 
which also according to equations (49), (50), (55) and (57) holds for 
the coordinates of the critical point of contact and for the apex of the 
border curve. 

From the coordinates of the plaitpoint of mixtures of carbon 
dioxide with a small proportion of hydrogen *) (7 = 0, 0,05 and 0,1) 
I derive the following formulae 

dpi e L edd = 0,890 1-27) 
Pup = pe(l+ 4,424 112°) Sf hgeh ioe ye ek OD) 
xp) = ve (1 — 0,40 « — 8 x”) 


In connection with the formulae (16) I obtain directly from these : 


Pe = 1.66 2n); 

Tx, — Tut ( . 
in good harmony with equation (62) (k,, = 1,61) *). Using the value 
k = — 513%), I moreover find that the formulae (59) and (60) 
applied to mixtures of carbon dioxide and hydrogen become: 


eet Ak 0,03 2) and prpl = pk (1+6,42);  . (63') 


hence the agreement with the formulae (63) is decidedly bad, as has 
also been remarked by Kxxsom (loc. cit., p. 13). We cannot, 
however, draw any conclusions from this; it is improbable 
that the inaccuracy of the data should cause this great deviation ; 
but from the fact that terms of higher order produce such a great 
influence in the mixture x — 0,05, we see that quadratic formulae 
are very unfit for this comparison ®) fhe more so as it appears from 


1) Comp. v. vp. Waats, Versl. Kon. Akad., Nov. 1897. Jt also follows directly 
from the equation of state (13) in connection with (15), by expressing that the 
elements of the plaitpoint satisfy this equation and by neglecting terms of a higher 
order than the first. 

2) VerscuarreLt, Thesis for the doctorate, Leiden 1899. 

3) Comp. also KeEsom, /oc. cit., p. 14. 


RT;,..0°x 
4) Derived one — — 32,2 (Keesom, p. 12). 
PE: OWOT 


5) By introducing the values for 2 —0,2 (comp. Verscuarrett, Arch. Neerl., 
(2), 5, 649 etc., 1900, Comm. n°. 65, and Keesom, loc. cit. p. 12) they certainly 


will not become better. 
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Kerrsom’s calculations (p. 13) that tolerably small variations in the 
Se and stl a 
x dz 
Accurate observations for mixtures with still smaller compositions are 
therefore highly desirable. As the v,,;, and also the coordinates of 
the critical plaitpoint, are known with less certainty than the 77,1 
and Pzpl, & comparison of the theoretical and the experimental values 

for these quantities is practically useless. 
Again from the preceding equations pxyI=psr, Tim Tx to a 
first approximation, and 


values of a and 86 greatly influence the values of 


Wo ae 


01 01 
Vieni —= Oxp — — +m ye - of eee 
“ 2 kTym,, (Fe 


Hence the plaitpoint may lie either to the right or to the left of 
the critical point of contact; for positive « we have 


mg, > 0 my <0 


RI, ky @ me) Upto 0e lel Nel > Oa Eee 


RY yh 8 Gm?) Val Vin te C. LE Un <p ree 


If the plaitpoint lies to the left of the critical point of contact, it 
may still lie either to the right or to the left of the apex, that is to 
say either on the descending or on the ascending branch of the 
border curve. In fact, according to (58) and (64) it lies: 


1. to the right of the critical point of contact when mm, 


Ui ol 
RT; 
have the same signs, 

2. between the critical point of contact and the ee when 


ki m? Re 
hk, = iGo m:) mn 0 or 0>m,,, 2k : RT, + m.) and 


3. et the left of the apex when 


ko, a ky, (ww 
¢ 0 EN MAL 
Mo: ee 1 (Ze 4 m.)> or eae a 


In ie p, v, T-diagram the plaitpoint has no geometrical meaning. 

The expression that the coordinates of the critical point of contact 
and the plaitpoint satisfy the equation (44) gives, to the second 
approximation : 


i m e 


2 
dt — De a 2 lg ou xv 
mpl — Tr LRTdk (Te -m,) ook Neen (65) 


30°11 
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The right side is necessarily negative and therefore we always have 
fi pad i zpb Which also necessarily follows from the meaning of the 
critical point of contact. In the same way we find by means of 
equation (52) : 

LE hr ae aay Gomer Mai ntatl (A os : 
say , a 2 . (66 
Ppl Par 9 hs RPh. RT; ae Mi, k s(t i ms) & ( ) 


01 


12. The condensation. 


The line which indicates the relation between the pressure and 
the volume during the condensation, the so-called experimental isother- 
mal, extends between the two points p’,, v’, and p’, , v’, (the points 
where the condensation begins and ends) but we can also imagine it 
to extend beyond those two points, although there it has only a mathe- 
matical meaning; for beyond those two points the quantity of one 
of the phases would be negative. In order to find the equation of 
the experimental isothermal we must seek at each volume for the 
pressure at which the two phases into which the mixture splits, can 
co-exist. For this purpose I return to the projection on the «, v-plane 
(§ 8) of the w-surface belonging to the temperature 7. If v,, x, and 
v,, t, are the phases into which the mixture 2 splits when the volume 
v is reached (v,>v>>v,), the point v, w lies on the straight line con- 
necting the points v,, v, and v,, x, and hence we have this relation : 


pes ee ene (60 
2—2TRK— FG 
where ®, =, y and § have the same meaning as in § 5. If p, is the 
pressure at which the two phases x, and «, co-exist then we obtain 
the equation of the experimental isothermal by expressing the quan- 
tities ©, EB, y and § of equation (67) in p, by means of the equations 
(22), (23), (24) and (25). 
That this experimental isothermal passes through the two points 
v’,, # and v’,, « follows directly from the way in which its equation 
has been derived; we also obtain it from the substitution of v’, , 2’, — 


or v’,, 2, — for v, x, which involves the substitution of v’,, 2’; 
for v,, 2, — or of v’,, 2’, for v,, 4. 
By successive approximations (67) is brought to the form : 
m? 
— LN a ie gece lyf Sears ; : (68) 
Pp, = PpTk + M, (©—£Tk) RT, (v—opy)@+...-5 - - 
iC 


if we consider only the three first terms, this is the equation of a 
straight line, hence of that connecting the two phases where the 
condensation begins and ends. In connection with (18) we find, 
neglecting terms of higher order, 
23 
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m 01 3 
P—P, = ™, (v—v7x) (@ —2£Tk) + RI, (v—v7TE) & + My, (v—vTk)*; 


and according to (83) this may be written 
p—P, = ky. (v—vre) [(@—erE)’ — 9" ]- 

We see that in this form the experimental isothermal intersects 
the theoretical at three points’), viz. v=vrm—+ 9’, v= VTE— gy’ 
and v= vz (all to the first approximation) ; the two first points are 
the points at which condensation begins and ends (®’ has been 
neglected as being of higher order than gy’), the third les between 
the two first. 

When vu-+ 9’ >v >v7, that is to say at the beginning of the 
condensation, p>>p, and the theoretical isothermal lies above the 
experimental ; when UTE > Vv >vTK—Y; Le. at the end of the con- 
densation, p > p, and the experimental isothermal is the higher *); this, 
indeed, follows necessarily from the s-shape of the theoretical isother- 
mal, and the approximate straightness of the experimental. 

According to thermodynamics the two areas enclosed by the 
theoretical and the experimental isothermal must be equivalent *), 


that is to say: 
v's 
f (p—p,) dv = 9. 
vy 


+,’ 
for d (v—vrz) = 9, 


—,' 
and this actually follows from the form, found just now for p—p,. 
This has only been proved for the terms considered here ; but obvi- 
ously it must also be possible to prove this for terms of higher order. 


or 


13. The p, T diagram. 


a. The vapour pressure curve of the pure substance. We have 
found to a first approximation : 
Py = Pe + hy C—Te): 
As k,, is positive, this straight line rises and terminates at the 


1) Comp. for this Harrman, Comm., n*. 56 and Suppl. n°.3 p. 25; Journ. Phys. 
Chem., 5, 450, 1901. 

2) Here the proof is only given for mixtures with small composition. For a general 
proof comp. Kurnen, Zeitschr. f. Physik. Chem., XLI, 46, 1902. 

3) It has escaped Buiimcxe’s notice, who mentions this theorem in 1890 (Zeitschr. 
f. physik. Chem., VI, p. 157) that it occurs already in a treatise of van peR WAALS 
of 1880 (Verh, Kon, Akad., Bd. 20, p. 23), 
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point pr Ty. Ty is a maximum temperature, so that this curve 
lies in the third quadrant (S'O, fig. 16.) 


& 
ng 


Fa 
Je 


Fig. 16. 


b. The plaitpoimt curve. According to equation (27) 


Anes ig RT xk, ,m Tee 

PTpi=Pk+| PkB- | re of (4, ete) L—-Ty) 

This curve may have all possible directions. If we consider only real 
mixtures (« > 0), it extends only on one side of the point pz, 7%, namely 
that corresponding to such values that T—T;, and m’,, + RT, m,, 
have the same signs (according to equation 26'). 

With regard to the position of the plaitpoint curve we distinguish 
the following cases : 

1 = 08 pay — Pe k,, (V7—T;,), hence the beginning of the 
plaitpoint curve will lie either in the direction of the vapour pressure 

23* 
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curve of the pure substance or will co-incide with it as T>> 7), or 
T< T,, that is to say, according to (26'), as a is positive or negative. 
In the first case (1a), therefore, the plaitpoint curve will lie in the first 
quadrant (OS fig. 16), in the second case (14) in the third quadrant 
(OS'). We have noted that then the plaitpoint elements of a mixture 
co-incide with the critical elements which the mixture would have, 


if it remained homogeneous, hence the mixture behaves like a pure 
2 


substance. This is the case 5 =O already discussed by vAN DER 


& Ov 

Waats'); in this case there is a mixture — here it must be the 
pure substance itself — for which the vapour tension is a maximum 
or a minimum, and indeed it follows from the expression for p,—psz 


in this case *) that (=) = 


dp Tpl 
cain 
point curve lies in the angle SO Y because 7— 77, must be also positive. 

2b.m,, > Oand m’,, + RT, m,, = 0, 
ning of the plaitpoint curve co-incides with OY). 

Thus we have here the second special case of the shape of the 
plaitpoint curve investigated by van ppr Waats, i.e. where there is 
a maximum or minimum temperature, here the critical temperature 
of the pure substance. Really in this case (§ 10,2), as pry.—pzx is of 
higher order than pr,i—pr, 


2a.m,, > Oand m?,, + RT; m,, > 0. >k,, so that the plait- 


= + o, and the begin- 


Kk, 


MEE NY MS eee ; 
11 


 (PTp>1—Pr)’ 


aT’, 
hence ( HM) a0. 7 (er oe ne ay 
apna Ji > T;,, that is to say 7; is the minimum plait 


point temperature, when K > 0; this is the case where the border curve 
and the connodal line are hyperbolae (mixtures of Hartman’s third 
type). And 7’< 7%, that is so say 7; is a maximum, when K < 0; 
in this case the border curve and the connodal line are ellipses 
(mixtures of the second type). 


d 
2c. mo, > 0 and m’,, + RT, m,, < 0. a <k,,, and because 


1) Arch. Néerl., (1), 30, 266, 1896. 
*) Comp. preceding communication, p. 267; to the first approximation = =X}. 


3) Not with OY’, for, as in this case pri—pz and xry are infinitely a calkeani 
respect to pPrpi—px and Xrp (§ 10,2), according to (29) prp—pre =M Xx, so that 
for 2 > 0, prp: > pe. 
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T—T;, must also be negative the plaitpoint curve lies in the angle S’O Y. 


d, CT) 
3a. m,, < Oand m’,, + RT. m,, > 0, a < ha DULL 


and hence in the angle SOY’. 
36. m, <0 and m?,, + RT; m,,—0. The plaitpoint curve 
touches OY’ '*). Compare moreover 206. 


3c. mM, << Oand m’,, + RT, m,, < 0. 
hence in the angle S’OY’. 


dpryl 
aT 


> &,,, but T—T;, >0, 


dp Tol 


1 


From this it appears that 


can take all possible values. Accor- 


ding to vaAN DER WAALS’), however, this is not true and the case 
dpr, pk 
EL ee 
in mind that this rule of VAN DER WAALS ‘does not rest on an ex- 
clusively thermodynamic reasoning, but also on special suppositions 
about the form of the equation of state, which naturally corresponds 
to special relations between the co-efficients introduced here, and as 
a matter of course it is always possible that the numerical values 
of the coefficients are such, that one or more of the cases considered 
are excluded. 


for instance could never occur. But it should be borne 


c. The critical pomt of contact curve. To the first approximation 
PIr=pt, so that the critical point of contact curve to a first 
approximation co-incides with the plaitpoint curve and the conside- 
rations in 6 hold also for this line. Equation (48) shows moreover 
that to a second approximation : 

eae ee ree Gon, 

PIr~ PTel ~~ 4 RT yn, (m?,, +} RT ymn,,) a 
from which it follows that the eritical pomt of contact curve lies 
above the plaitpoint curve when m,, and m’,, + R7j,m,, have the 
same signs; this occurs in the cases 2a and 8c just mentioned, hence 
in the angles SOY and S'V Y'. In the other cases the point of contact 
curve is the lower. Moreover the two curves also co-incide to a 
second approximation if m,,—=0 and even if m’,, + R7;m,, = 0. 


(“oe __ pT 


Gt aT 
to the second approximation. 


=e | although in that case pr,—p7,i 1s not zero 


d. The border curves. This position of the critical point of con- 


1) prpi < pe for x>0; comp. preceding note. 
2) Arch. Néerl., (2), 2, 79, 1898. 
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tact curve with respect to the plaitpoimt curve corresponds to the 
position of the critical point of contact with respect to the plaitpoint 
on the border curves, represented in an exaggerated way in fig. 16. 
To the second approximation those border Curves are parabolae 
which touch the plaitpoint curve and have a vertical tangent at the 
critical point of contact, but to the first approximation they co-incide 
with the axis which is conjugate to the vertical chords and the 
equation of which according to (47), is: 
P = Pxk + ky (L—TVek) = pzpl + fey (T—T zp1)- 

Hence these straight lines are parallel with the vapour pressure 
curve of the pure substance and terminate, on the plaitpoint curve, 
in the plaitpoint of the mixture to which they belong. 


14. Continuation of § 9: the critical point of contact. 


Mr. Kexsom kindly informs me that the method given by him in 
Comm. N°. 75 and which leads very easily to the constants of the 
plaitpoint presents difficulties when applied to determine the constants 
of the critical point of contact. 

He however succeeded, by means of the method used by me in § 9, 
in deriving the constants of the critical point of contact from the 
formulae '), given by Kortrewre in his paper “Ueber Faltenpunkte”, 
Wien. Sitz. Ber. Bd. 98, p. 1154, 1889, and proceeded thus. 

It has been shown in Comm. N°. 59%, p. 367) that instead of 
deducing the coexistence-conditions by rolling the tangent-plane over 
the y-surface, we can also obtain them by rolling the tangent-plane 
over a w'-surface, the latter being deduced from the w-surface by 
making the distance, measured in the direction of the p-axis, between 
this surface and a fixed tangent-plane the third coordinate perpendicular 
to 2 and v. We can go a step further in this direction by deducing 
a w'-surface by means of Kortrewsxe’s projective transformation *) 


a * ! dy,’ ' Oy’ 3 
int =e ae elaey 


ree 
Here w= w—- wr) 
2 = 2 — 271 


0 = Ui Tp) 


') The simplest way of proving that the case c, = oo in Kortewee’s formula (4) 
does not influence the present deduction, is by notin, that the area over which 
the development is applied is irifinitely small in comparison with xT. 

2) Proceedings Sept. 1900, p. 296. 

3) See Kortewsc |. c. equation 38. 


dp \ (dy F 
et Ww Ab etc. 


it is also possible to obtain the coexisting phases by rolling a tangent- 
plane over this y"-surface. yw" as function of «' and v" presents 
the form 


py’ se, a? +d, x" v'? + ev"! (Kortewse’s equation 4). 
Hence for the connodal curve Kortrewre’s deduction may be 
applied, and we find for the equation of that curve 


é . 
i == —2 rs oy (equation 8 1. c.). 
3 
m is now found from 


ekg 2 
m ea -- ub ==. 0) (equation 34), 
02? ) oT 0x00 / 7 


where the differential quotients are taken for the plaitpoint, so that 
for a substance with a small proportion of one component, to the 


first approximation 
ele Op 
ae MRT, Ow ad , 
Further we may put, leaving out terms of higher order, according 

to equation (39) 

1 op \? 0?p 
ge ee Ra Ie MRT, (| —— 
é 2MRT}, ay + i Gok 


ht 1 /0*p 
ase OF N One ar 


di 
Using the property that for the point of contact igi 0, this 


v 


yields: 


aaa 
EE (¥ ) +unr.( st ) LT yl 
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dv® 


and 
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(s) 

3 dx), Op\? (03 

Lh : = ts + MRT; - B yy]. 

2 0 Oe) yT dwdv 
(MRT). x 

dat, d&T,I Oe AT gy aT gy) 

Ce teen (iH da da 

d; zr t y . YJ: 

easily derive that also = so that in the p7Z-diagram the 
wv dx 

point of contact curve and the plaitpoint curve touch at the ends. 


We find further that with the same z: 


nae 2 eke 2 
3 Ox oT (=) ale MRT, fe ie 
2 MRT)! 0p 0°p 02) oT Oxdv ) 7 
( Bae dv? }\ dvdT 
from which p,,— px, can be easily found. 


If, as in Communication N°. 75 (Proceedings Nov. 1901), we 
introduce the law of corresponding states, we find: 
Ox 
\ dwar J |” 


On 
ne p—a(=) On)? 
UT>— VI y(=9 CO, VE Pal B—a =) 
+ (a) 
—=¢ 
8 On 2 02x 2 
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Physiology. — “On the structure of the lyht-percepting cells in the 
spinal cord, on the neurofibrillae in the ganglioncells and on 
the innervation of the striped muscles in amphioxus lanceolatus.” 
By Dr. J. Borxn. (Communicated by Prof. T. Pracr). 


, from which we 


So that for z=—0O: 


Pr —T xp = 


In connection with a former note?) I mean to describe here some 
points of the histology of the central and peripheral nervous system 
of amphioxus lanceolatus, especially to follow the neéurofibrillae in 
their arrangement and distribution in the cells and in the muscle-plates. 

This paper is the outcome of observations begun in 1900 in the 
Stazione Zoologica at Naples, but then not carried any farther, to 
study the structure of the pigmented cells of the spinal cord. During 


1) Proceedings of the Royal Academy of Amsterdam. Meeting of April 19, 1902. 
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a stay av the Zoological Laboratory of Prof. Sr. Ap<rny in Kolozsvar 
once again I took up the theme, with some excellently fixed material 
I got through Prof. Aparny’s kindness. Finally the researches were 
carried on in the Histological Laboratory of Amsterdam. 

A. The structure of the light-percepting cells (eye-cells). 

In 1898 HessE') showed, that the peculiar pigmented cells, which 
are found in the spinal cord grouped round the ventral wall of the 
central canal, and which after beginning at the third segment, are 
arranged segmentally through the whole medulla, are each of them 
composed of two cells, one of them a big ganglioncell without pigment, 
the other a cupshaped cell, filled up entirely with dark brown pig- 
mentgrains; the last cell covering the greater part of the firstnamed 
cell and hiding it from view. 

The big unpigmented cells Hxessr called eye-cells, light-percepting 
cells, the cupshaped pigmented cells he called the pigmenteup (Pig- 
mentbecher), and the whole complex he compared with the cupshaped 
eyes of the Planarians, that are equally composed of two cells, and 
attributed to it the function of light-perception. 

The arrangement of these two-celled eyes in the spinal ccrd is 
strictly segmental. They begin in the fourth segment, with two eyes; 
from there each segment is furnished with about 25 eyes. In the 
region of the tail the number lessens, until a segment has only one 
eye or none at all. 

The eyes lying ventrally of the central canal are always looking 
down, their line of vision, if we may call it so, being directed to 
the ventral side of the animal, those at the left side of the central 
canal look upward and to the right, those at the right side look down 
and to the right. 

The pigmentcup consists of one cell, the nucleus, when distinguishable, 
lying at the concave side of the cup. 

The eye-cell is coneshaped, the base being covered by the pigment- 
cup, the top being drawn out into a thin process. At the basal 
side (turned towards the pigmentcup) the protoplasm is differentiated 
into a layer: of fine small rods, placed at right angles to the cell- 
periphery, and continuing in the protoplasm as a network of very 
thin fibres. Another layer of minute rods may be seen close agaist 
the pigmentcup. Between those two layers a clear space is formed, 
which is not caused by a shrinking of the cell. 

W. Kravse') did not agree with the results of Hrssz. He still 
maintained that the pigmented cells in the spinal cord consisted 


1) Zeitschr. f. Wiss. Zoologie. Bd. 63. 1898. p. 456. 
1) Anat. Anzeiger. Bd. 14. Pag. 470. Zool. Anzeiger. Bd. 21. p. 481. 
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each of them of only one cell with the pigmentgrains lying only at 
the periphery, just as Hetmans and Vv. D. Srricut ') had said in 1898; 
by Breer?) and Scunerper*) the description given by Hessp was taken 
for right and confirmed. ‘ 

As to the arrangement of the pigmentcells in the spinal cord in 
the first place, the observations of Hussr are not complete. They do 
not simply lessen in number going from before backwards. In 
young pelagic larvae there are to be seen very distinctly two groups 
of pigmentcells, one in the cranial part of the body, the other in 
the caudal half. Between those groups there are much less pigment- 
cells in each segment. In later stages however these two groups 
become fused, and then the arrangement is in the main as it is 
described by Hessr. 

As regards the position occupied by the pigmentcap on the eye- 
cell, I can in the main confirm the observations of Hxssz. The — 
eyes at the ventral side of the central canal are always looking 
down, those at the left are mostly looking upwards and to the right, 
those at the right mostly downwards and to the right. 

The histological structure of the eyes seems to me to be slightly 
different from the one described by Hesse and ScHNEIDER. 

The nucleus of the pigment-cell is never lying at the concave, but 
mostly at the convex side of the cupshaped cell; sometimes the 
nucleus is found in the middle of the pigment-cell, where often a 
clear pigmentfree zone of protoplasm may be distinguished. According 
to Hessr the pigment-cup consists always of only one cell. Now 
sometimes in young animals, where the pigment is of a light-brown 
colour and the nucleus may therefore be seen very clearly, I found 
two nuclei in the pigment-cap, and so it seems to me that there are 
sometimes two pigment-cells with one eye-cell. So the form of 
the pigment-cap in fig. 3 seems also to point to the pigment-cap 
being composed of two cells. As a rule, however, there is only 
one pigment-cell in each eye. 

In the eye-cell, lying under the pigment-cell, Hxssr describes a 
double row of small rods, lying close to the pigment-cell. This 
double row of small rods exists, but the two parts of it are not 
separate, but continuous at both ends, in whatever direction the cell 
is cut through. So a flat oval body is formed, with a striated wall, 
lying close to the pigment-cap (fig. 1. a), and following in its shape 
the form of the cap. This body seems to me to be homologous with 

') Mém. couronn. de |’Acad. roy. de Belgique T. LVI 1898. 


2) Wiener med. Wochenschrift 1900. 
8) Lehrb. der vergl. Histologie der Tiere 1902. 
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the “Glaskérper” with a striated wall, as it is found in the eye- 
cells of the Hirudines. As is the case with those eye-cells, here in 
Amphioxus too the vitreous body seems to be filled with a granular- 
looking substance (coagulation?) but this was not always clearly to 
be seen. 

Between this body (a), that lies close to the pigmented cap, and 
the nucleus (fig. 14) lying at the other side of the eye-cell, there 
is in most cases to be seen another beanshaped body, that does not 
possess a striated wall, but by a clearer tinction with protoplasmic 
dyes and a more homogeneous substance may be distinguished from* 
the darker and more granular-looking protoplasm of the cell (fig. 1). 

This body seems to be connected with the perception of light by 
the eye-cell in the same way as the vitreous body described above. 
The arrangement of the neurofibrillae in the eye-cells seems to point 
to this conclusion. Entering the cell at the ventral side of the 
nucleus, there, where according to Hesse the eye-cell is drawn out 
to a point, the neurofibril forms a loosely built network round the 
nucleus. From this network large neurofibrils ascend through the 
cell and take the beanshaped body (4) between them (fig. 2, fig. 3). 
Between this body and the pigment-cap these neurofibrils anastomose 
again and form a second net, which seems to enclose the vitreous body 
(a) with the striated wall. How the further course of these fibrils is 
between the vitreous body (a) and the pigment-cap I could not deter- 
mine with any accuracy. 

To obtain good results with the chlorid of gold-method of ApsTuy 
the sections may not be very much thinner than 10 uw. Now for 
the study of the eye-cells it is necessary to make sections of about 
6 to 7 w, because in thicker sections the black pigment of the 
capshaped cell embraces the greater part of the eye-cell and shuts 
it out from view. It is therefore not possible to get those deep 
black neurofibrillae, which may be seen so distinctly in the prepara- 
tions of ApatHy (the more so as the neurofibrillae of Amphioxus 
are thinner than those of Hirudines); and even in sections of 
6 to 7 w that part of the neurofibrillae-network, which is lying 
beneath the pigment-cap is entirely concealed by the pigment-grains. 
Probably the network is continuous and anastomoses at the other 
side with the more ventrally lying network. 

In what manner the neurofibrillae leave the eye-cell I could see 
only in a few cases. The fibril seemed then to proceed horizontally 
for some time but could not be followed any farther. 

3B. The neurofibrillae in the ganglion-cells. 

On the neurofibrillae in the ganglioncells Ill say only a few words, 
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It would lead us too far to go into details about the arrangement 
of the neurofibrillae in all the different types of ganglioncells, and 
besides, that would not be possible without many plates and drawings. 
I will therefore confine myself here to the following statements: 

According to Berar ') in most of the ganglioncells of the vertebrates 
the neurofibrillae pass through the cellbody without branching or 
breaking up into a network. Only in the spinal-ganglioncells and in 
the cells of the lobus electricus of Torpedo marmorata Brruz.observed 
networks of the neurofibrillae, and according~to this author networks 
possibly occur in the basal part of the cells of Purkinse in the 
cerebellum and in the cells of the cornu Ammonis. 

According to Bocurnek*) it is on the other hand probable, that 
in the vertebrate ganglioncells the neurofibrillae form a very fine 
network with small meshes. The very dense reticulum of neurofibrillae, 
he was able to demonstrate in the ganglioncells of Hexix, forms 
according to Bocnenrk an intermediate stage between the coarse net- 
work in the cells of Hirudines and Lumbricus, and the very fine 
network in the vertebrate ganglioncells. 

In accordance with the statements by these two authors, we should 
expect to find in the ganglioncells of Amphioxus either a dense reticulum 
or a mass of disconnected interwoven very fine threads, passing from 
one process through the cell-body into another process without 
branching. This is not the case. In most of the ganglioncells the 
arrangement and distribution of the neurofibrillae in the ganglioncells 
resembles very much that which is described by ApAruy in the 
ganglioncells of Hirudines and Lumbricus. 

Sometimes we find cells as the one shown in fig. 4, where the 
neurofibrillae pass through the cell-body without interruption, but 
this is only to be found in a few cases. 

In the bigger ganglioncells, which are lying in the dorsal part of 
the spinal cord and in the dorsal group of ganglioncells behind the 
brain-ventricle, there is always a network of neurofibrillae branching 
and anastomosing with each other. After having entered the cell in 
most cases the neurofibrillae form a network round the nucleus 
(partially distinguishable in fig. 5). From out this reticulum radial 
fibrillae go through the cell body to the periphery (often branching 
on their way) where they form a second network. With this network 
are connected fibrillae, which pass through one of the processes of 
the cell (out of the cell or into it?) — in short, a distribution of 


1) Arch. f. Mikrosk. Anatomie, Bd. 55. 1900. P. 513. 
*) Le Névraxe. Vol. Ill. Fase. I, 1901. P. 85. 
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the neurofibrillae very much like that described by Apdtay in the 
smaller ganglioncells of Lumbricus. The fibrillae however in Amphioxus 
are thinner, and the reticulum finer. 

In other ganglioncells there are not two networks (one round the 
nucleus and one more at the periphery), connected with each other 
by means of the radial fibrillae, but the neurofibrillae enter the 
cell, form a network round the nucleus and leave the cell at the 
other side, without there being any trace of a more peripheral 
network to be seen. 

A connection between different ganglioncells by means of the 
neurofibrillae, I could not yet state with a sufficient amount of certainty. 

In the colossal ganglioncells the “Kolossalzellen’’, lying just in the 
middle of the spinal cord, the arrangement of the neurofibrillae is 
very peculiar. From out the colossal nerve-fibres, the axons of these 
cells, a thick bundle of very thin neurofibrillae, arranged very regularly 
and equally in the whole axis cylinder, enter the ganglioncell; in 
the cell-body they pursue their way as a thick bundle that passes 
round the nucleus, turns upon itself, forms a sort of vortex and then 
seems to condense itself into a few thick (composed of a great 
number of elementary fibrillae) fibrillae. Where these fibrils go to, 
I could not state accurately. In the axons the extremely thin neuro- 
fibrillae ave closely set and parallel to each other, and so a striking 
resemblance is formed with the “sensorische Schlauche” of Hirudines 
and Astacus. During the course of these nerve-fibres through the 
spinal cord the neurofibrillae are seen to pass one by one every now 
and then in an oblique direction through the wall of these nerve- 
fibres; then they are lost in the nervous network without, and could 
not be followed any farther. Perhaps they are connected there with 
other ganglioncells, which should be in concordance with the character 
of the colossal ganglioncells as connecting cells (“Schaltzellen”’). 

C. The innervation of the striped muscular tissue. 

According to Ronpg?) the motor nerves simply enter the muscle- 
plates there where these end, and there is no trace of a motor nerve 
endplate; according to Hermans and vAN prR Srricut’) however the 
motor nerves of Amphioxus terminate each in a shovelshaped end- 
plate, that lies itself against the muscle-plate just as the motor nerve 
endplates of the higher vertebrates do. According to their descrip- 
tions and drawings the endplates of Amphioxus are thick shovel- 
shaped plates without branchings, without further differentiations 
(Golgi method). 


1) Scunewer’s Zoologische Beitrage. Bd. II, 1888. 
*) Mém, couronn. par l’Acad. roy. de Belgique 1898, 
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Now Apstay and Rurrtni') were able to demonstrate in homo the 
existance of /“ultraterminal” nerve-fibres, that is to say nerve-fibres 
which grow out from the branching and thickening of the motor 
nerve known as “endplate”, and enter the muscle-fibre (this could 
not be made out with absolute certainty) pass through it and in 
many cases are connected with other endplates. Only a few cases 
are described but they are sufficient to show that the so-called nerve 
end-plate is not always to be considered as the real termination of 
the motor nerves. 

The following observations seem to point to the same conclusion. 

The thin muscle-plates of Amphioxus (fig. 6a) present in longi- 
tudinal sections a beautiful cross striation. Hach isotropous disc (2) 
is divided into two dises by a delicate, but distinct membrane of 
KRavsE; each anisotropous disc (g) is composed of two dises, separated 
by a thin layer, that takes but a faint stain with chloride of 
gold, the median disc of Hensen. In the middle of this transparent 
portion there is sometimes to be seen an extremely delicate line, 
the membrane of HENSEN. 

The membranes of Kravusz form, as is known, crossnets, which 
bring the fibrillae of the entire muscle-plate in connection with each 
other. In the adult animal real muscle-cells are not to be distinguished, 
there: are only the thin flattened muscle-plates to be found, which 
however in hardened specimens sometime appear to be broken up 
into rows of flat bundles of fibrillae. This is nothing but an artefact. 

In longitudinal sections of Amphioxus in which therefore the muscle- 
plates are cut in the same direction, but mostly appear not as plates 
but cut obliquely as bundles of muscle-fibres (fig. 6a), there are to 
be found, in case the sections are coloured after the chloride of gold 
method, in many places just there were the anisotropous and isotropous 
discs meet, minute black dots, or small corpuscles; seen under a 
microscope of the highest magnifying power these dots appear as very 
delicate cross lines, thickened in the middle, running just between 
gq and z. In these discs belonging to the same muscle-plate these 
dots are lying in adjoining discs one just beneath the other, so that 
rows of black dots running parallel to the myofibrillae are formed. 
In each muscle-plate such longitudinal rows seem to be distributed 
with some regularity. These black dots were always found only 
at one side of the anisotropous disc, and, so it seems, always at 
the same side of g, viz. at that turned caudal. The black dots lying 
in the same muscle-plate in the same longitudinal row, are often 


1) Rivista di Patologia nervosa e mentale, Vol. V fasc. 10, 1900. 


found to be connected with each other by means of very delicate 
fibrillae, which are running parallel to the myofibrillae. This could 
be stated in many cases with great clearness. In some cases these 
fibrillae were straight, in other cases more or less undulating. In 
fig 6a a longitudinal section through the muscular plates (cut 
obliquely) is drawn greatly enlarged. The small dots and fibrillae 
are easily to be seen. 

In transverse sections the same rows of fibrillae and black dots 
were also to be seen, and here they are seen to be distributed 
more or less regularly on the muscle-plates (fig. 66). At both ends 
of the black dot here too a delicate black line may be seen, extending 
for some way along the muscle-plates but then being lost to view. 
By playing up and down by means of the micrometer screw of the 
microscope in cross sections too a longitudinal fibril may be made 
out extending upwards and downwards from the black corpuscle; 
this fibril is identical with that, which in longitudinal sections was 
seen to run parallel to the myofibrillae and to connect the black 
dots of a longitudinal row with each other. 

So we find here in the muscle-plates of Amphioxus an apparatus, 
which brings the anisotropous discs of the same muscle-plate in con- 
nection with each other, which seems to be distributed with some 
regularity over the whole muscle-plate, and which gives the staining 
reaction of the neurofibrillae. Although I could not find the connection 
of these fibrillae with the motor nerves, still these facts seem to 
point to the conclusion, that we may regard these fibrillae and their 
knobshaped thickenings at one side of the anisotropous discs as 
representing the real innervation-apparatus of the striped muscle-fibres. 
Sometimes I saw one of the longitudinal fibrillae near the place 
of attachment of the myofibrillae to the myosepts bend off from 
the muscle-plate; but it was lost almost immediately between the 
myofibrillae in the neighbourhood ,and could not be traced any farther. 
When we consider however the constant position of the small knob- 
shaped thickenings at one side of the anisotropous disc, the fine often 
undulated connecting fibrillae, the dark-purple tinction with chloride 
of gold (Nachvergoldung Apitxy) so characteristic for neurofibrillae, 
then, I think, it is difficult to avoid the conclusion that they are 
neurofibrillae. 

This seems to me to be important from a general point of view. 
Although the structure of the striped muscular tissue of Amphioxus 
differs largely from that of the higher Vertebrates, yet the same type 
of cross striation, that is, the same structure of the myofibrillae, is 


present in all. 
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Where now Huymans and van DER Srricut found a motor nerve 
endplate identical with those of the higher Vertebrates and at the side 
of this structure can be seen an innervation of each anisotropous disc, 
as I have attempted to show, there is room for the conclusion that 
in other vertebrates too the so-called motor nerve endplate is not the 
ending of the motor nerve, but that from here neurofibrillae enter 
the muscle-fibre, and that every anisotropous disc is innervated. The 
truth of this surmise, however, must be tested by further study. 


Amsterdam, October 1902. 


(November 20, 1902), 


J. BOEKE, On the structure of the light percepting cells in the spinal 


cord, on the neurofibrillae in the ganglioncells and on the innervation 
of the striped muscles in amphioxus lanceolatus. 


Fig. 1. 
Pigment-cup and eye-cel 
with vitreous bodies. 


Fig. 3. 
Pigment-cup and eye-cell with 
network of neurofibrillae. 
Pigment-cup and eye-cell with Enlarg : 1200. 

the network of neurofibrillae 
Enlarg : 800. 


B. eross section through 
af the muscle-plates. 


Fig. 6. 
A, longitudinal 
section. 


Fig. 5. Arrangement of the neurofibrillae in a 
section through a ganglioncell from the dorsal part 
of the medulla. Fibrillae drawn with the 
drawing apparatus in different optical sections. 
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KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN 
TE AMSTERDAM, 


PROCEEDINGS OF THE MEETING 


of Saturday November 29, 1902. 


DOCH 


(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 
Afdeeling van Zaterdag 29 November 1902, Dl. XI). 


CORN Sea Nes: 


J. J. Branxswa: “The intramolecular rearrangement of atoms in halogen acetanilides and its 
velocity”. II. (Communicated by Prof. C. A. Lopry pr Bruxy), p. 359. 

S. L. van Oss: “Five rotations in S, in equilibrium”. (Communicated by Prof. P. H. Scuours), 
p- 362. 

J. Wreper: “On interpolation based on a supposed condition of minimum.” (Communicated 
by Prof. H. G. van pk SanpE Bakuuyzky), p. 364. 


The following papers were read: 


Chemistry. — , The intramolecular rearrangement of atoms in halogen 
acetanilides and its velocity,’ UU. By Dr. J. J. BLANKsMA. 
(Communicated by Prof. C. A. Losry pr Bruyn). 


(Communicated in the meeting of October 25, 1902). 


In a former communication *) it was shown that the conversion 
of acetylchloranilide in acetic acid solution under the influence of 
hydrochloric acid proceeds like a monomolecular reaction. In continuing 
this research the object was to study the influence of: 

Ist. The dilution of the acetic acid with water. 

294, The quantity of added hydrochloric acid. 

3rd, The solvent (besides acetic acid, alcohols ete.). 

4th Different catalysers (H Cl, H Br, H, SO,). 

5th. Different groups in the nucleus and their relative positions. 

6, The temperature. 

First of all the influence of the dilution of the acetic acid was 
studied, varying proportions of hydrochloric acid being also added. 
afterwards a few experiments were made in alcoholic solution. 


1) Proc. Royal Acad. Amsterdam. June 29, 1902. 
24 
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The modus operandi was as follows: 

A definite quantity (3 to 4 grams) of acetylchloranilide was dis- 
solved in respectively 100, 150, 200 and 250 c.c. of 100 °/, acetic 
acid; to this were added 10, 15, 20 or 25 ce. of 28,67 °/, hydro- 
chloric acid and the mixture was finally diluted with water to 
500 ¢.c. The experiments were then conducted as described in the 


: sath ; A 
previous communication; by applying the formula —= ay the 
ty 
k’s were calculated; ¢ is expressed in minutes. 
The following results have been obtained : 
in 500 of solution. 10 15 20 25 c.c. hydrochloric acid. 
100 | 0.00506 | 0.00973 | 0.0189 | 0.024 
3 | 150 | 0.00846 0.0186 0.0318 0.0460 
S 
2 
3 200 0.0157 0.0335 0.0588 
inv] 
3 | 
© | 250 0.0359 0.0719 
300 0.0836 
in 500 of solution. 10 15 20 c.c. hydrochloric acid. 


| 


c.c. alcohol. 


“900 | 0.00883 | 0.0204 | oooet | 
i 
| 


By means of these figures curves may be constructed either by 
taking the figures from a horizontal row or those from a column. 
The first row for instance shows how the velocity of reaction (con- 
stant) increases in 20°/, acetic acid in the presence of a varying 
amount of hydrochloric acid (140, 15, 20, 25 ec.) ete. 

In this manner the different series may be represented by the 
lines A, B, C and D. 

The first column shows how the velocity of reaction changes with 
different concentrations of the acetic acid if the amount of the 
catalyser is constant. These columns are represented by the lines 
£, fF, G and H. The alcoholic solution has been represented in 
the same manner (A’, B’; C’, D’, E’). 

These curves show: 

1%. That the velocity of reaction, both in acetic and alcoholic 
solution, is decreased by addition of water. 
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2nd. That the velocity of reaction is much accelerated by increasing 
the catalyser. 

3d, That the curves all end in the origin of the co-ordinates 
which means that the velocity of change in water without hydro- 
chlorie acid is zero so that the substance is stable therein. { Always 
on condition that light is excluded, (compare first communication) |. 

On comparing the two tables it will be also noticed that the 
velocity of reaction is greater in acetic acid than in alcohol; for 
instance, in a mixture of 200c.c. of acetic acid and 15c.¢. of hydro- 
chloric acid, k= 0.0335; when using 200 ¢.c. of alcohol and 15 e.c. 
hydrochloric acid k = 0.0201 *). 

If we compare the curves FL, /’, G and H we notice that on 
decreasing the concentration of the catalyser, the curves begin to 
approach the abscissa axis which again shows that, in the absence 
of hydrochloric acid, the velocity of change in acetic acid or alcohol 
is zero or in any case very small, which may also be seen from the 


eurves A, ob, Cand 2). 


A 100e.c. acet.acid with water to 500c.c. LAO c.c. HCl in 500 c.c. solution. 
B 150 » » » » yy Viealay 5) » yw » » 
C 200 » » » » yD EXO >. Do > » 
D 250 » » » » San Se TH. 25— ya) De) » 


10 ‘5 40 25 ccHhCe 
aceqtic acid, 


1) If we calculate number of mols. of alcohol or acetic acid to a given number 
cof mols, of water we see that this difference in velocity of reaction is still greater. 


24* 
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A’ 200 c.c. alcohol + water to 500 c.c. C’ 40 c.c. HCl in 500 c.c. solution. 
Bi 250» » + » » 500 » DAD 2 yi) ey > » 
N HPO OY Wye he by 5) » 


10 15 Zoe HCC 


alcohol. 


Mathematics. — “Five rotations in S, m equilibriunt.”, By Dr. S. L. 
vaNn Oss, Zaltbommel. (Communicated by Prof. P. H. Scuovursr). 


In a previous paper (these Proceedings, Vol. IV, p. 218) the investi- 
gation of the elementary motion in S, was reduced to the consideration 
of the elementary motion in S, by making use of a principle to be 
read as follows: A system of rotations about planes all passing 
through one and the same point is in equilibrium when their inter- 
sections with an arbitrary S, are in equilibrium. Here we mean by 
section of a rotation with any S, the rotation of the intersecting 
space caused by its component about the plane orthogonally cutting 
this |S, in the intersection of the plane of rotation. 

As an immediate result of this principle we can state the conditions 
under which three to seven planes through one point can be the 
planes of a system of rotations in equilibrium. Thus i.a. the con- 
dition for four planes, that they must belong to a hyperboloidic 
pencil, etc. ete. 

We now wish to extend this principle in order to arrive by 
investigation also at the case, that the planes do not pass any longer 
through one and the same point. 

It goes without saying, that if a system of rotations is in equilibrium, 
its section with every S, must be in equilibrium. The question 
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here, however, is to find out how many of those intersections will 
have to be examined before we can conclude about the system being 
in equilibrium or not. 

To this end we direct our attention in the first place to the case, 
that a system @ has two sections in equilibrium, namely with the 
spaces A and B. 

If the section 2/A is in equilibrium, then 2 must necessarily be 
reducible to a single rotation about a plane in A; likewise, if 2/B 
is in equilibrium, then £2 can be reduced to a single rotation about 
a plane in the space JB. 

So from the equilibrium of the sections it does not yet follow 
that the system itself is in equilibrium, for the possibility remains 
that it may be reducible to a rotation about the plane common to 
the two spaces of intersection. 

If, however, we can point out three spaces S, not passing through 
the same point, their sections being in equilibrium, then the equilibrium 
of the system itself is guaranteed. Let us now apply this result to 
determine five planes which can be the bearers of a system of 
rotations in equilibrium. 

The neccessary condition which these planes must satisfy is that 
they be intersected by three spaces S,, not passing through one and 
the same point, in rays of a linear congruence. In other words: They 
must intersect three pairs of straight lines, the director lines of these 
congruences. 

Now we know that in S, there are just 5 planes intersecting 6 
given lines. They are the five “associated planes” of Snore (Rend. 
di circ. math. di Palermo, t. I, 1888). 

Now we have the necessary condition; we shall show, that it is 
also sufficient. 

Let 2 be a system of rotations about 5 associated planes, A an 
S, so that @/A is in equilibrium. If 2 were not in equilibrium itself, 
this system would have to be equivalent to a rotation w about a 
plane a in A. If we reverse the direction of the rotation about this 
plane, then the combination (2—w) is in equilibrium. If we now 
consider a second intersecting space B, not through a, then the planes 
of @ are intersected in 5 rays of a congruence and the plane of o 
in a line not belonging to this congruence. The section of B with 
the combined system 2—w would, however, have to be in equili- 
brium. This is impossible, unless w is equal to naught, i.e. unless 
2 is in equilibrium. 

Nothing remains but to determine the ratios of the intensities of 
the rotations of &. This should be done as follows: 
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We consider an arbitrary S, which intersects the planes of S m 
the axes of rotation of the section; the determination of the ratios 
of the intensities’ belonging to them is a well known problem. 

If, finally, we notice that between the intensities w and w! of a rotation 
in S, and its intersection with a space A the relation w! = w sim (Aq) 
exists, then in this way the intensities of the rotations about the 
five associated planes have become known quantities. 


Mathematics. — “On mterpolation based on a supposed condition 
of minimum.” By J. Wxenprer. (Communicated by Prof. H. G. 
VAN DE SANDE BAKHUYZEN.) 


For the reduction of the daily rates of the standard clock in the 
Leyden Observatory I have developed a method of interpolation, 
which may perhaps also be profitably used for other investigations. 

The following is the problem we have to deal with: a variable 
quantity, here the correction of the clock, is given for a series of 
instants, during a long period, with unequal intervals; how can we 
find an intermediate value of that correction at any moment. 

First I tried to solve this problem with the limiting condition 
that for all the intervals of time which enter into the calculation 
there is a smallest common divisor, which we take as unit of time. 

1. Let S (clock correction) be the variable quantity, and g (rate) the 
amount by which it increases during a unit of time. Let S, and S,, 
be two successively determined values of S separated by m units 
SiS, 

m 
is represented by Qn. Hence the m quantities IG s ind Sa agp ola 


of time, then is the average increase per unit; that increase 


interval considered depend on the relation == Sq — Sp = 12 Qn 
i= 

and a similar relation exists for each interval between two con- 

secutive determinations of S. 

In order to determine the quantities g, I put the condition that 
the sum of the squares of the differences of the first order for the 
whole period of observation should be a minimum. This condition 
of minimum was selected with a view to the special case where 
we have to interpolate between the clock corrections, but I doubt 
whether in all cases these interpolated values will be the most 
probable ones. Leaving aside for the moment these considerations, I 
go on developing the problem in hand. The quantities which cor- 
respond to an interval of m units occur only in the following terms 
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of the sum which according to this condition must be a minimum: 


Oran ie 01) 6 Oks + (4m —9m—1)" + (9g— 9m es 
gp» vepresents the rate preceding S, and g, the rate following Oe 
If to this quantity we add: 


2hm (9. + a+-++- + Gi eves tino) 
their sum UC will also be a minimum for the same values G. OG, 
i=m 
because Y g, = S, — S,—= mQn is constant. 
= | 


These values g,...¢m are found by means of the condition that 
each derivative of (7 taken with reference to each variable shall be 
zero. At the same time we must assign a definite value to k, in 


—m 
order to satisfy the equation + gj; = mQn. 
I 


Thus we obtain the following equations: 
—9 +29 —9, +hm= 0, 
sl oa ee VINO eet ae ald etl 


— 9-1 + 297 — gtr thy 0). . . » « (A) 


— In—2 +- 2 JIm—1 — Im + Kn a 0 
— Jmn—1 + 2 Im — Iq hn Hs. 0 
Bij taking the sum of these m equations, each multiplied by 7 (m—), 
we eliminate 9, ,9i;9m, the coefficient of each g; of that sum being 


equal to 2; hence the sum of the terms is 2 = gi 2 MQn. 
(rai 
The coefficient of kp is: 
pay . __ m(m-+1) (m+2) 
sae eo os aie 
Hence the sum of the multiplied equations is: 
m (m +1) (m-+2) 
— M Jp + 2m Qn — m gq + kin C ==) 


6 (9p + 9q — 2 Qn) 
(m+ 1) (m+ 2) ~ 

Then we determine the values of g; by multiplying the m equa- 
tions by the terms of the following series: 


1(m—i+1), 2(m—i+]),...é—1)(m—i-1), (m—i+1), {m—1),.., £2, 41 


whence fi 
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and taking their sum; in the resulting equation all unknown quan- 
tities g,... Ym except gi are eliminated. That equation got by sum- 
mation is: 


1 
= gy ntl) > (nF gi gg eg Otel) (etd) kim — 0 


which yields: 


maa " a Ae ae 
FO pet, Oe A Re a 
At m if i 
hence 9g; — Fite bl Ip _ m+1 Iq = 2 m Irn 
q al a m 1 F 
a n= ——= gg —~— mIy 
: gee etna Lamas ny a 


The quantities g, and g, are still unknown and depend on the 
quantities Q of the neighbouring intervals; they may be derived 
from them by means of successive approximation. 


1 
It gives some advantage to determine — 5 (Ie 91) ) and = gut 9 


by approximations, because then we ee have to fee 
only one quantity for each S. me approximation aa, be made 


in the following way: we _ put 5 grt9) == and == (gmt) =F 


then we obtain: 


kn weg +o — 2 Qn) 
oe 3m 2m*-+1 Hira 
fe Oe ee 
are, _ 38m _ mi—1 2m?+1 
By SF TR neg a € * sera) . 


For the next interval of 2 units of time between the determinations 
S, and S, we have the following equation: 


2n? +1 Poi) 
ae a) °F ne p2) 


AS 9g + 9n= 2, we obtain when finding the summation of the 
two last equations a recurrent equation containing 3 consecutive 
quantities ¢, so that cy can be expressed in c, and c,. This equation 
can also be written thus: 


ite naa rg Gt (At 
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2m?*+1 2n? +1 fs moet 
m(m*+-2) — n(n? + 2) hee — m(m? +2) ? Ty 9 Qn Bs 
3 n?—1 
ee Pe IN ys UNS in” euk! iivga do's (B) 


n?+2 n(n? +2) 

For the first interval considered here the first of the equations 
(A) is y,—g,+hn=0. This equation may also be written in the general 
form by’ putting — g, + 29, —g, + kn = 0, thus assuming that the 
value of g preceding g, and c¢ belonging to the first observation are 
both equal to g,. In the same way c belonging to the last observation 
is equal to the last g of the last interval. Between each three 
consecutive quantities c, therefore, a relation exists of the form (B) 
and two other equations are added to the beginning and to the end 
of this series, each containing only two values c derived from the 
formulae for g, and gy. Let cq and cy, be the first two and cy and 
c: the last two quantities c, then we obtain by substituting cg for 
Jp = and cy for cy the first condition, and by substituting c, for 
Jq = Cy and cy, for c, the last condition of the series which determine 
the values c. 

If the lengths of the limiting intervals are represented by uw and 
vy these equations are: 

(2p?+-1) ea = + 8u7Q, — (W—1) es 
(2y?-+-1) ec, = + 3n7Q, — (v*—1) cy 

The series (B) and these two equations determine all the quantities 
c. If we solve them by approximation our purpose is soon gained ; 
we assume to the first approximation c, = ee and ¢q and c¢, 
equal to the values of Q of the first and the last interval respectively. 
From the equations (B) we derive the first corrections A, cy, A, ¢g, 
etc. and A, ¢g is derived from the formula: 

Sree on dala aie luted Slay Semi Hele 
| n(n?-+2)\ 7 4 m(m?+2) sou n(n3+2) 
In this interpolation we determine g; and jS; of an interval of m 

units according to the formulae: 


a5 ie Cp—Cq m+1 Cyp—lg\ , dy a 
n= (Ghat ot a )-( pr awe Fees batag mt 


1 ; m Cy—Cg\ ., 1 ig 
= 5 + (9-5 he)i— (Gao t a) sr Me 


2. In the previous section the observed and the interpolated 
quantities jS, occurring in the problem discussed, form a series of 
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discrete values corresponding to an arithmetical series of the argu- 
ment; now I will remove the restriction of commensurable arguments 
and will make this mode of interpolation applicable to a continuous 
varying quantity and an arbitrary argument by putting for the 
ratio of that series the infinitely small value dt. The condition 


i Gs 2 
of minimum then becomes (=) at =n. 
a 


The formulae for this continuous interpolation may be derived 
independently, but it is shorter to derive them from the corresponding 
formulae of the discrete interpolation developed above. For the present 
I shall put for the lengths of the intervals between which we have 


dS ee 
to interpolate m’ and n’, for the derived values e of the interpo- ..*: 


lated function g’, to distinguish them from the letters we have used 
in the former problem. 


! If 

m n 
Instead of m and n we have — and —; for G, G, 
dt dt ight 


substitute the quantities g'p dt, g', dt, g',dt, and for Q, and Q, the 


Cr We must 


g 


S~—S, S 
quantities “——* dt and — 
m 


dt or Qn dt and Q, dt. 


n' 
After dividing the relations (2) by dé? and omitting the infinitely 
small values we have: 
Ds fee ae Ligclgenee 3 Vie 

(ta)e Sa ad 2 cee i eae 

from which, after dropping the accents, we get: 
a9 = nQm + MQn 4 Masr aon ARs an ge) 
m +n 2(m +n) 2 (m+n) 


to which we must add as first and last equations: 


reac 


Qu—9 hays 
ga = Qu + =" and eee aes 


: 6 
For kp» we substitute oa (J'p tG'¢ — 2 Qn’) (dt); for 7 we substitute 
aie 
5 if ¢ represents the time between the last preceding observation at 
the moment for which we interpolate. These substitutions in the 


formula for S, yield a formula for S:, which, after the omission 
of infinitely small values and accents, is: 
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3 Ip— ¢ + 9,— 2Q 
= Ip— Iq Ip T Iq m 
8 =§,+0t—| 54, + 0g — 2 Qu) + BME] 4 EB e 
m 2m m 

By substituting in the above formula m—t' for t, we obtain for S; a 
formula developed according to the ascending powers of ¢’, the interval 
between the moment for which we interpolate and the moment of the 
next observation. It is simpler to find the same formula by imagining 
the interpolation to be made in the inverse direction, so that the quantities 
g and Q change signs and the indices p ee places. Hence: 
Ip+9q—2Qm 3 


2 


m 


[oy Wee ier oie Sy—I qt + ise (Ip =e Iq 2Qm) == Sa ee 


For S; to be interpolated in the following interval we use: 


The Ui —2Q) ue 


te 


SS 


3 
Se == Sq + got le (9 4 


Therefore the formulae on either side of each observation are 
different. If in the latter formula ¢ is negative and —‘?' is substituted 
for it, the resulting formula differs from the preceding one only in 
the coefficients of the terms of the 3"¢ degree. The coefficients of 
the terms of the 24 degree have become equal by satisfying the 
relation (C’). 

Therefore we also obtain the interpolated function if, by starting from 
a value (S,) derived from observation, we represent the values of 
S_, and S4; for the moments between that observation and the next 
preceding one and those between that observation and the next 
following one by the formulae: 


S_4 = Sq — gat + egt? — ent® and S4e= Sq + gat + egt + ent. 
Taking this as basis, we find: 


+9 ce +299 29g BQnm Gr, Ip + 9q-2 Qin P 9g tGr-2Qn 
GE aaa eR A | 


7 
n m n? 


Cg = 


The integral I Ge >) de which becomes a minimum through this 


nterpolation, is equal to the sum of the integrals between two con- 
secutive observations, and each of these integrals can be expressed 
in the coefficients of the interval in the following manner: 


3g gr 2Rn)" 4 % (9g 91)" __ a nags (94 a 
Jn aa (Gr) n n paemgs 
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For the total integral S /, we can also derive a simple form by 
integrating partially: 


~ 


2/4281 dS @Ss 7d PS 
pee a a = So a a ee le 
al i dt dt? a: dt dt? 


a a a 


Ss ’ 
For the first moment @ and the last moment z , ee as follows 
It 


from the first and the last equations belonging to (C). For each 
' ‘ 
a . 

interval between two observations ne is a constant quantity. Hence 
at” 


we find: 

I= 26 e%(S,—S) 
where the summation extends over all the intervals between the 
observations. We can easily find a simple expression for the differential 
quotient of / according to each of the observed values, which may be 
useful when we want not only to interpolate for an intermediate moment 
but when at the same time we have to determine the most probable 
values of the observed quantities. For then the difficulty presents it- 
self how to find the best method for diminishing the amount of the 
minimum value / by applying corrections to the observations, of 
which corrections the mean value is known. 

In doing so heed must be taken that these corrections, being 
errors of observation, shall satisfy the law which determines their 
probabilities as functions of their magnitudes. 

I have not yet reached a satisfactory solution of this problem. 
The following remarks, however, on this subject seemed important 
enough to be communicated. 

3. Let L,, Lj, L, be the observed quantities, free from errors of 
observation, and fp, fy, jf, the errors themselves. 

If we have developed the interpolation by means of the quantities 
LI and f separately, we obtain the formulae: 

Ty Diy tt ee 
= Jy = Bg tak Yq@ + ent. 


By means of the summation of these two formulae we get: 
Se= Sy + ggt + eg 0? + ent’. 
2 


ne *"L af 
If we apply a partial integration to f Gates dt, we get: 
a 
z z 


@L af aL df 
dt? dt =f dt dt 
a 
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dL @f| (aL af, 
‘dt de | J dt de 
a a 
In either case the integrated parts are equal to 0, because at the 
2 2 
and — are zero. 
dt? 


beginning and end 


dt? 
In this way we find the relation: 
= Ey, (fo—Sr) a (Ly—L,). 
In the same way we find the relation: 
SAS 
By applying the corrections —/, the minimum /s becomes the 
minimum J; = Is—f. 


Ig — f= = 6 (a—&) (Sy—fy—S- +f) = 
= J 6 en (Sg—S,) — = 6 & (Sy—S,) — & 6 en (Fg—Sr) + & 6 &n (Fg—f) 
which expression by means of the latter relation may be reduced to: 


Ig — faJIg—12 2 ea (fg—fr) + & 6 &n (Sg—Jr)- 
For infinitely small values /, the last term in the expression 


ol 
given above becomes of the order jf? so that we find 55 = 12(en—en). 


Sq 

This result enables us to determine the set of small corrections, 
which, when applied to the quantities S, diminish Js by the greatest 
amount. These corrections will be proportional to the abrupt changes 


The variations in the interpolation coefficients g, c, ¢, resulting 
from these corrections are found by repeating the interpolation, 
with this sole difference that for the observed quantities S we sub- 

3 
stitute the abrupt changes of 

As a rule a set of corrections of this kind will not show the 
character of the errors of observation and therefore be dissimilar to 
the set of errors which actually exist in the observed quantities S. 
We may also determine a limit which should not be passed in the 
rectification. 

If the quantities / represent the real errors, we have: 


Ig = Ip 2 12 Ey (fg—fr) + = 8 €n (Fgh) 
The coefficients / of the interpolation formula between the 


correct quantities S and the errors jf being as a rule entirely 
independent, we must assume that in = 12 E, (fy—/fr) the positive 


(32 


and negative terms neutralize each other for the greater part. Hence 
the difference /s— Jz, does not exceed = 68, (/,—/,), the value 
of which depends only on the errors and the lengths of the intervals; 
the mean value of this expression for every possible distribution of 
the errors of the observations may be derived from the mean error 
of those observations. 

This is the utmost limit to which by means of corrections to the 
observed quantities |S we can diminish Js, lest the interpolation 
curve found should assume a less sinuous form than would be 
probable with regard to the results of the observations and their 
precision. 

Here follows an example of the computation. 

The annexed table contains the interpolation coefficients of a part 
(period 1882 June 8 to August 30), taken from a longer series of 
observed rates of the clock Hohwii 17. Therefore the coefficients 
at the limits of this period are not in accordance with the boundary- 
conditions supplying the formula (C). 

We compute the interpolated clock corrections by means of the 
formula: 


: t ix 
St Se Sy is t (s, = MG a Sie n? en =) 


S, is the clock correction of the last preceding observation and 
the coefficients ga, NCq, Wen are given in the columns 5, 6 and 7; 
they are expressed in the unit 0°.001. The values Yq and neg to 
be used are placed a little above the horizontal line corresponding 
to the length of the interval expressed in days, which interval 
contains the moment ¢ for which we interpolate. Because of its 
connection with the constant derivative of the third order of the 
interpolation curve within each interval, the coefficient ne, for each 
interval has been placed on the horizontal line of that interval. 

The 8'> column contains the coefficients e and the 9 their differ- 
ences 6 by passing from one interval to the other. For each of 
these differences I have calculated the variation Ao, of a given 
6,, as the corresponding correction of the clock S, inereases by 
-++ 03.100 while the other corrections remain unmodified; they are 


given in the 10 column. By the increase AS, = — a x 08.100 
(GE 
q 
the difference 6, becomes zero, so that by means of this increase we 
obtain the same result as if in the determination of the interpolation 
curve we had omitted the observation , y Hence the correction of 


the clock .S, derived from this interpolation is equal to the observed 
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S, diminished by x X 08.100. These differences Obs.—Comp. given 
q 


in seconds of time, are contained in the 11 column. 
From the developed formulae I derived for these 24 intervals the 


4 
value. [3 = = "aa (cq? + ¢ger + ¢,?) = 69500, while for all the dif- 


ferent manners of distribution of the errors of observation the mean 
of all the values Zy= = 6 &,(fg—/;), which values depend only on 
the magnitude of the errors and on their distribution is equal to 
30500. In the computation the mean error of the observations has 
been put 0.028, which value must be regarded as the smallest that 
can be assumed on the strength of other investigations. Therefore 
the sinuosity of the interpolation curve must be ascribed for a great 
part to errors of observation, 
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The following papers were read: 


Chemistry. — “Vin amalgams’. By Prof. H. W. Barus Roozssoom., 
(Communicated in the meeting of November 997-1902): 


As the number of properly studied amalgams is still very small 
I directed Dr. van Hereren to conduct an investigation on tin 
amalgams in connection with the research on cadmium amalgams 
by Dr. Bun. The more important results are communicated here. 

In the liquid condition tin and mercury are miscible in all a 
portions. From the different mixtures a solid phase is deposited a 
different temperatures. The points at which solidification begins are 
sndicated in the accompanying figure by two lines AC and CB 

; 25 
Proceedings Royal Acad. Amsterdam, Vol. V. 
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which meet each other at C (0.3 at. °/, Sn and —34°.5) in a sharp 
angle. 

As the line CB ends in the melting point of tin, the solid phase 
which deposits on cooling must be either tin*or mixed crystals in 
which ordinary tin occurs as a component. On analysis, the solid 
phase which has separated from the liquid amalgam at 25° was 
found to be composed of 94 atom °/, Sn. 

On account of the difficulty of obtaining trustworthy results in, 


O°" 26°50. Po oe EF fo 90 fe 


re) Of 7.0 AX say 21°) 
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LINE BC. 

At. /) Sn. Temp. | At, 9) Sn. | Temp. 
400 231°.6 20.37 90°.0 
89.95 214 36 LORS IR) ok 
76.62 183 .7 5eA7 65 .2 
61.44 4155.2 4.20 25 .0 
49.99 133 .4 0.60 0 .0 
35.33 107 .4 0.36 1020 
28.96 99 .0 | 0.30 —34.5 


this manner, measurements of the /. W/. 7’. were also made at 25° 
of amalgams of 0.001—100 atom °/, Sn against an amalgam of 16 
atom °/,. 

These measurements led to the results that the unsaturated amalgams 
have a “7. M. F. rising with the amount of tin until at 1.2 atom °/, 
saturation sets in. From this concentration up to 99 atom °/, the 
potential remains unchanged, consequently two phases of unchange- 
able concentration must exist between these limits; one of these is 
the liquid one of 1.2 °/,, the other the solid one containing 99 
atom °/,. 

At 25° the crystals deposited therefore consist of nearly pure tin 
which is the case in a still greater degree at higher temperatures. 
By a comparison of the values of the 4. J/. /” for amalgams of which 
the whole mass was liquid at 25° and 50° the heat of amalgamation 
could be calculated. The introduction of 1 gram-atom of Sn into 
a liquid amalgam with 0.01—1.00 atom °/, Sn, therefore nearly 
pure Hg, absorbs about 38000 calories. 

The line ('B may also be considered as the line of the solutions 
saturated with Sn. It takes a very peculiar course. The part from 
120° up to the melting point of tin is nearly straight, the centre 
part shows a very rapid increase of the solubility with the tempe- 
rature, the lower part, however, an exceedingly small increase and 
also an eaceedingly small solubility so that the lime approaches 
very closely che Hg-axis. In the lower part of the figure (p. 374) 
this part with its course towards the melting point of Hg has been 
drawn on a larger scale. 


25% 
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The extraordinarily great curvature of the central part of the line 
would lead to the supposition that the liquid mixtures of Sn + Hg 
in the absence ‘of a solid phase would on further cooling separate 
into two layers. : 

On cooling below —34.5° a change takes place in all amalgams 
from 0.3 to 85°/,, accompanied by a decided evolution of heat and 
decrease of volume. With increasing concentrations of Sn it first 
increases but then decreases in intensity. The maximum lies near 
50°/,. This change occurs in the figure on the line CD which 
therefore 1uns to at least 85 °/,. 

The change causes a new phase to appear which also belongs to 
the second solidifying-line CA. The maximum in the intensity of 
the change on CD at about 50°/, would lead us to suppose that 
mixed crystals having about this composition are formed. The modi- 
fication of tin therein contained must differ from ordinary tin. 

Between —34°.5 and —38°.5 these mixed crystals continue to be 
deposited from the mother-liquor (which moves along the line CA), 
this is accompanied by expansion. This change in volume diminishes 
as the amount of tin present increases and dies out near 75 °/,. 
The solidification point of pure mercury and also the final solidifi- 
cation point of all amalgams containing up to about 60 °/, Sn, lies 
at —38°.6 (line AH). As the line CA of the saturated solutions 
also ends here it would seem that at the solidifying point of Hg, 
the solubility of tin has decreased to 0, so that instead of a eutectic 
mixture only the remaining mercury solidifies. 

Still, the point A bears quite the characteristic of a eutectic point 
as not only the line AZ is horizontal, but all mixtures up to 60 °/, 
Sn also remain a shorter or longer time at this temperature which 
proves that a residual liquid is solidifying completely. 

A great uncertainty still exists as to the nature of the tin-modifi- 
cation which occurs in mixed crystals below —34°.5 chiefly because 
it has so far not been possible to discover the part played in the 
amalgams by the grey modification of tin which may occur below 
20° ©. 

But from the change in volume which takes place in the different 
transformations at and below —384°.5 we may argue that the specific 
volume of the tin must be smaller than that of the grey modification 
and larger than that of liquid and, therefore, also of ordinary tin, 
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Chemistry. — “Benzidine wansformation.” By Dr. J. Porrur van 
Loon (Groningen). (Communicated by Prof. C. A. Lopry DE 
Bruyn). 


(Communicated in the meeting of November 29, 1902). 


It is known that hydrazobenzene when treated with a dilute mineral 
acid is converted into benzidine and diphenylene, benzidine being, 
however, the main product. 1 endeavoured to ascertain the proportion 
in which the isomers are formed and in how far this depends on the 
temperature and the concentration of the acid and I further attempted 
to measure the velocity with which the transformation takes place 
under definite circumstances. 

Benzidine was obtained pure by recrystallisation from water and 
distillation in vacuo; the melting point of this substance was 128° 
which is in agreement with the statements of Mprrz and Srrassmr. 
@ommnet. Pract. Ch N. i. -00, 186). 

For the preparation of hydrazobenzene, azobenzene was used as 
the starting point: this was purified by distillation and then reduced 
with zine dust in an alcoholic alkaline solution. The hydrazobenzene so 
obtained was dissolved by warming in alcohol and the still yellow 
liquid decolorised by means of ammonia and zine dust: the filtrate 
deposited pure white crystals of hydrazobenzene which could be 
separated unaltered from the liquid. A determination of the melting 
point gave as result 122°. 

For the study of the transformation it was necessary to have a 
method for the quantitative determination of benzidine. It was found 
possible to do this gravimetrically by adding potassium sulphate to 
a solution containing not too much free acid and so precipitating the 
base as sulphate which was then collected on a weighed filter. According 
to my experiments, the slight solubility of benzidine sulphate amounts 
to 5—6 milligrams per 100 cc. of water at the ordinary temperature 
and consequently a correction should be applied. To ascertain in 
what proportion the two bases are formed during the transformation 
of hydrazobenzene, weighed quantities of this substance were put 
into bottles of about 120 ce. capacity and then shaken with a definite 
solution of an acid until all had dissolved. The benzidine present 
in the solution was then estimated, as directed, and the proportion 
calculated from the two data. 

At the ordinary temperature, N/10 hydrochloric acid used in this 
manner causes 84 per cent of the hydrazobenzene to be converted 
into benzidine. Normal hydrochloric, hydrobromic acids convert 90 
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per cent of the same into benzidine. At a higher temperature the 
proportion is another, for in four experiments with one-tenth normal 
hydrochloric acid; nitric acid, sulphuric acid and hydrobromic acid 
the proportions at a 100? were respectively 66.4, 67.3, 63.1 and 
65.8 per cent, therefore, much lower. 

To get some data respecting the velocity of reaction a beaker with 
50 per cent alcohol which contained hydrochloric acid in tenth- 
normal concentration was put into a thermostat and while stirring 
violently and passing a current of carbon dioxide over the surface 
a few erams of hydrazobenzene were introduced into the liquid in 
which that substance is but little soluble. 

At 25°, the velocity appeared to be dependent on the concentration 
of the acid and it increased more rapidly than the concentration. 
The experiments are being continued in the two directions indicated 
above. 


(Chem. Lab. Univers. Groningen). 


Physiology. — ‘On the duration of the compensatory pause after 
stimulation of the auricle of the mammalian heart.” By Prof. 
K. F. Wrvxckrsacu. (Communicated by Prof. PrkELHarine). 


(Communicated in the meeting of 29 November 1902). 


When an extra-systole is set up by artificial stimulation of the 
ventricle or auricle of the beating frog’s heart, this extra-systole is 
followed up by a pause longer than the pause succeeding a spon- 
taneous systole. This long interval was studied by Marny, Dasrre 
and others, and called a compensatory pause, because the longer 
quiescence of the heart was regarded as a compensation for the extra 
activity of the heart muscle. And it was not without reason that 
the word “compensation” was used, because the pause after an extra- 
systole is of such length, that the following spontaneous contraction 
just commences in the moment when it would have set in if, instead 
of an extra, a spontaneous systole had preceded. ENGELMANN (6) 
has given a simple and exhaustive explanation .of the pause: the 
normal, physiological stimulus to contraction reaching the heart from 
the vena cava and causing it to contract finds, after an extra-systole 
auricle and ventricle in a refractory phase and so it cannot cause 
a contraction. It is only the following stimulus which finds the 
heart again in a condition in which it can react on that stimulus; 
the contraction (the “post compensatory”) then commencing, presents 
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itself precisely in the moment in which it would have commenced 
if the heart’s action had been disturbed; so the rhythm of the 
physiological stimulation is not disturbed. In fig. I') the case is 
represented schematically. An artificial stimulus t reaches V. When 
the second stimulus arrives it finds the ventricle still refractory ; so 
one systole is missing, but the following third stimulus, causes just 
at the right time again a normal systole. So the pause following 
the extra systole is with regard to its duration just compensatory ; 
the time taken up by a spontaneous systole + extra systole and pause 
is just equal to that of two normal systoles. 

If, however, we stimulate the frog’s heart at the vena cava where 
the contraction always sets in, the compensatory pause is entirely 
missing and the following spontaneous systole succeeds the extra 
systole after a period equal to the normal period of contraction. In 
Fig. I the second artificial stimulus ¥ reaches the vena cava; the 
following spontaneous contraction sets in after the usual interval 20, 
a compensatory pause is missing. Whilst the interval between the 
systole preceding the extra systole and the one following the extra- 
systole after stimulation of the ventricle (or of the auricle) was 
double the normal period = 40, the same interval is here only 


124-20 = 32. 


j 4o Fig r 


From this ensues that the stimulus is not rhythmically induced from 


1) In these schemes answering to those used formerly by Encetmann and by me 
the time‘is indicated on the three abscissae, and this is done for the duration of the 
phase and the stimulation of vena cava (Ve), auricle (A) and ventricle (V). | = 
physiological stimulus, ¥= artificial stimulus. The perpendicular lines represent the 
contractions of the heart-cavities. The slanting lines connecting the base points of 
the systole-mark indicate the direction in which the stimulus is conducted. If 
these lines are dotted the conduction does not actually take place. The duration 
of the spontaneous period is put at 20 abscis unils (= 1 mM.), the interval from 
the moment of the physiological stimulus to the ventricular contraction (Ve — Vs) =9 
units. 
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outside to the vena cava, but that it originates in that place in a 
definite period. It is certainly the most natural and the most suitable 
explanation of the phenomenon to assume that at the venae cavae 
(as is known to be the case in less degree in the other parts of the heart) 
continually stimulating matter is formed, till this obtains such a 
strength that a contraction is caused. When however, the muscle 
fibres contract the stimulating matter seems to have been used up 
or at least to have been destroyed, so that every time after a con- 
traction the same time is wanted to produce new stimulating matter 
to such a strength that again a contraction follows. This destroying 
of the stimulating matter (dissociation in Ions, chemical changes 
or whatever this may be) always takes place when there is a 
contraction, whether the systole is caused by the stimulating matter 
itself or caused by a> stimulus induced from elsewhere. For it 
is a well-known fact, that by artificial stimulation of the auricle 
or the ventricle, more frequent than the spontaneons rhythm, the 
latter can be entirely overpowered. 

Another explanation is that at the vena cava there is a continual 
stimulation constant in strength, expressing itself periodically in 
systoles, because with each systole irritability, contractility and con- 
ductive power of the heart muscle are neutralized; so if a systole 
has taken place it always again lasts a certain time before the heart 
has recovered itself in so far that another contraction is possible. 
ENGELMANN objects to this, that the explosion brought about by the 
contraction in the molecular system of the muscle cell will destroy 
the stimulating matter in stock together with the other properties of 
this muscle cell, (irritability, contractility and conductive power); 
moreover did) ENGELMANN show that the period of the formation of 
the stimulus can be changed independent of the irritability in the 
wall of the vena by chronotropic nerve influence. So we must 
assume that the systole destroys the stimulating matter and that 
every time the latter must again develop itself after every systole 
to active power. The law of the preservation of the physiological 
period of stimulation dominating the duration of the compensatory 
pause and all the important data come to light by means of “the 
method of the extra-systoles” for the frog’s heart have been traced 
by CusHny and Marrumws (1) for the mammalian heart. These in- 
vestigators showed that the mammalian heart obeys the same laws 
as the frog’s heart, that its activity is dominated by the same fun- 
damental properties of the fibres of the heart musele, that the same 
theories hold good for both. 

Only in one respect they found a difference: when the auricle is 
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artificially stimulated, the compensatory pause after the extra-systole 
is not as in the frog’s heart truly compensatory but mostly of too 
short a duration. Sometimes it was completely compensatory, it was 
never entirely missing, it was generally shortened and then at any 
rate not equally shortened. 

They say on this subject (l.¢. page 226): ,,As long as the interval 
“A,—A, .is of considerable length the compensatory pause in the 
“auricle is truly compensatory, that is the interval between the last 
“spontaneous contraction and the post-compensatory is equal to two 
“auricular eycles. When however the stimulus falls earlier in the 
“irritable period, no true compensation occurs, the post-compensatory 
“contraction being premature,.... when A,—A, is short the com- 
“pensation (of time W.) before the first natural contraction is always 
“imperfect.” 

The explanation of this difference is according to them: “either 
“the contraction wave passes from the auricle to the great veins 
“and there sets up a forced contraction which returning to the 
“auricle causes the premature systole, or the irritability of the auricle 
“oradually increases until it culminates in a contraction which is 
“independent of the great veins and initiated in the auricular muscle 
“itself. As to which of these two is the correct explanation we are 
“unable to give any opinion and feel that it would be useless to 
“balance probabilities before the movements of the great veins have 
“been examined.” 

Formerly I myself expressed the supposition, that the mammalian 
auricle might possess a greater automatic irritability, because in the 
phylogenetic development a part of sinus and vena would be taken 
up in the auricle. 

H. E. Herine (2) has also been able to establish the difference 
described for the first time by Cusuyy and Marrurws; he says: 

“The earlier the moment of stimulation falls in the irritable period 
“of the auricle, the shorter the artificial bigeminus is (interval between 
“last spontaneous and post-compensatory systole); the later it falls, 
“the more the duration of the artificial bigeminus approaches that of 
“two normal cardiac periods.” He continues: “the pause (after the 
“extra-systole of the auricle) lasts longer according to the moment 
OL stimulation falling earlier in the irritable period.” So here too 
he assumes the law of the conservation of the physiological period 
of stimulation: “aber die Bezichung ist keine so einfache wie am 
Ventrikel’”’. 

We had all overlooked, that Mackrnzin (3) had become convinced 
already in 1894 after a careful analysis of the venous and liver pulse 
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that also in the human heart a “premature” contraction coming from 
the auricle is often succeeded by a too short compensatory pause. 
The possibility * of distinguishing in this way between auricular and 
ventricular extra systoles had not escaped his attention. 

When reflecting upon the consequences which extra systoles coming 
from the auricle must have on the action of the heart and the cir- 
culation of the blood of man, I found the following simple explanation 
of the above mentioned phenomenon, an explanation from which 
ensues that we have not got anything to.do with a difference in 
principle between the frog’s heart and the mammalian heart and 
that it is founded on an anatomic difference between the two hearts. 

EnerLMANN (5) has shown that in muscular tissue of equal com- 
position the stimulus to contraction is conducted also at an equal 
rate in all directions. So when an artificial stimulus is given to the 
auricle, a contraction stimulus and with it a contraction wave will 
pass from the stimulated point not only to the lower parts of the 
auricle and to the ventricle, but also to the higher parts of the 
wuricle and to the vena cava, so to the place where normally the 
stimulus is formed and the contraction begins. ENGELMANN (6) has 
already pointed to the importance which this “antiperistaltic” move- 
ment may have for the action of the heart, Cusuny and Marrurws 
have also seen the possibility of it. 

When a stimulus is applied late in the irritable period of the 
auricle, so just before the moment when the following physiological 
stimulus was to come from the vena cava, the stimulus (and the 
contraction) will not be able to reach the vena cava any more 
before the physiological stimulus has had its effect there: auricle and 
ventricle will obey the extra stimulus, the spontaneous contraction 
ready begun will not go on, but the rhythm at the venae is not 
disturbed. 

If the extra-systole sets in a little earlier, the extra contraction 
might reach the vena cava just at the moment that the physiological 
stimulus had developed to the necessary intensity ; then also auricle 
and ventricle obey the extra stimulus, the physiological stimulus is 
neutralized or it finds the whole heart refractory, but here too the 
rhythin of the formation of the stimulus is not disturbed and the 
pause of auricle and ventricle is completely compensatory. 

When however the auricle is stimulated still earlier, the extra 
contraction will reach the vena cava before the moment, in which the 
stimulus to contraction forming there, had attained at sufficient strength 
to cause a contraction. The stimulating matter found there at. that 
moment will be destroyed by the extra contraction : from this moment 
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New stimulating matter is being formed and after a certain time 
equal to the normal period it will have obtained enough intensity to 
cause another contraction. So the following spontaneous systole will 
not fall in the moment it would have done so if an extra systole 
had not been set up, but just so much earlier as the extra contrac- 
tion reached the vena cava before the moment in which the following 
spontaneous contraction would have occurred. 

In the diagrams II and III an attempt has been made at making 
these observations clear for a particular case. 
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In fig. II the auricle is artificially stimulated respectively 18, 15 
and 12 units of time after the previous spontaneous contraction, 
auricle and ventricle follow the extra stimulus; in the first two cases 
the extra contraction moving to the vena cava intercepted the spon- 
taneous contraction coming from the vena cava. In the third case it | 
arrives in the vena cava just at the same time as the physiological 
stimulus becomes active. In all these cases the rhythm remains un- 
disturbed and the compensatory pause is complete for the auricle as 
well as for the ventricle: the interval between the systole preceding 
the extra systole and the one following it is double the period of 
the heart, in this case — 40. 

In fig. III an earlier stimulation of the heart is shown, 10, resp. 
8 and 5 units of time after the preceding systole the auricle is 
stimulated. The extra systole formed by the first stimulus arrives in 
the vena cava 4 unifs before the following spontaneous contraction. 

The stimulating matter present al that moment is destroyed and 
a certain time = 20 has to pass before the stimulus has increased 
to sufficient strength. So the interval of the spontaneous contractions 
is not = 40 but = 16+4.20=—36. 


According to the extra auricular contraction falling earlier, this 


interval must become shorter, a fact which goes without saying, in 
fig. IIT vesp; =, 35. cand ==. 34. 

From this ensues, that when the stimulation is effected late in the 
writable period the compensatory pause is complete and farthermore, 
the earlier the stimulation is effected the shorter the interval between 
preceding systole and following spontaneous systole. 

Another influence is still at work, which also governs the length 
of the pause. The earlier the stimulation is effected in the irritable 
period of the auricle, the slower the stimulus is conducted through the 
wall of the heart, for the conductive power of the cardiac muscle 
returns but gradually after the preceding systole. So the interval A.—Ve, 
will be longer according to the stimulus being effected earlier and 
as this interval also dominates the moment in which the stimulating 
material is destroyed by the induced extra contraction it will also 
influence the length of the auricular interval. In fig. HI where the 
slower conduction when the stimulus is effected earlier is taken into 
account this influence is illustrated. And in this way it is to be 
explained, that the wterval is longer after an auricular extra-systole 
according to the moment of stimulation falling earlier in the irritable 
period of the auricle following quicker upon the preceding systole. 

The differences in length of the compensatory pause after stimu- 
lation of the auricle are in this way easily explained and it appears 
that the rules established for the amphibian heart hold good for the 
mammalian heart, in the sense however, as Hrrine says, that “die 
Beziehung keine so einfache ist’’. 

The peculiar modifications in the course of the extra contraction 
when the auricle is stimulated, derived by Mackenzim from the venous 
pulse, by Cusuyy and Marrnews from the tracings of the auricular 
movements, will probably find their explanation in the way in which, 
as is proved in fig. H, the contraction waves meet here in the auricular 
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wall and the differences will depend upon the spontaneous or the 
extra contraction being the most considerable. 

The question must however now be put: why does a complete 
compensatory pause always (or almost always, ENGELMANN °) follow 
the extra systole of the auricle in the amphibian heart and why in 
the mammalian heart only under certain conditions ? 

The answer may run as follows: In equally built up parts of the 
heart muscle the stimulus is also equally conducted to all sides, but 
where for whatever reason the state of the muscle fibres is not 
everywhere the same, the conduction of the stimulus will neither be 
the same. This is the reason that the conduction of the stimulus of the 
auricle on the ventricle, in general of one division of the heart on 
the other, takes place much slower than inside the wall of auricle 
or ventricle. When conduction takes place in the direction opposed 
to the normal, this distinction will not make itself less felt. And 
just as the slower conduction may be the cause that extra-systoles 
of the ventricle never recede quickly enough to have a disturbing 
effect on the rhythm of the great veins, the differentiation between 
veins, sinus and ventricle in the frog’s heart will be the cause, that 
here a stimulation of the auricle is not quickly enough conducted 
through the transition places to disturb the rhythm at the venae 
cavae. Moreover this possibility seems so much the slighter, because 
in the frog’s heart muscle fibres with a strong automatic irritability 
ascend high up in the vena cava and so cannot be reached so easily 
by an extra stimulus. As this differentiation of the cardiac muscle 
between vena cava and atrio-ventricular limit is missing for the 
mammals, it is no wonder that the disturbing influence on the for- 
mation of the stimulus at the vena cava occurs just in the mammalian 
heart. 

If finally this explanation is the right one, the place w here the 
auricle of the mammalian hearth is stimulated, will have its effect 
on the length of the compensatory pause: perhaps it will be possible 
to establish for not too small hearts and where the conduction 
of the muscle has already somewhat slackened, that for auricular 
stimulation far from the vena cava the compensatory pause 1s 
longer or even complete, whilst the pause becomes shorter Reoordtig 
to the auricular stimulation taking place closer to the vena cava. 
For such an experiment the stimulation would always have to be 
effected exactly in the same moment of the heart period, every time 


equally long after the preceding systole. 
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Mathematics. — “On the gevmetrical representation of the motion 
of variable systems”. By Prof. J. Carpinaat. 


1. In two communications *) some theorems have been developed 
by me, relating to the motion of variable systems. Also in this sub- 
division of the doctrine of motion the method of the geometrical 
representation occurring so frequently in Mathematics can be applied. 
The following communication has in view to mention some parti- 
culars on this subject. The representation in question is treated a) 
by R. Sturm. From this treatise I derive the short sumunary, which 
must needs appear here as an introduction to the subject. 


2. In the quoted considerations two complexes of rays plaved 
an important part, namely the tetrahedral complex formed by the 
directions of the velocities of the points of the moving system and 
the rays of a focal system belonging to it; the latter consists for 
the motion of an invariable system of the normals of the trajectories 
of the points and for a projectively variable system of rays whose 
construction took a great part of the considerations. The purpose 
must be to obtain a simultaneous representation of complex and focal 
system; it will prove desirable to give the foremost place to the 
representation of the focal system. 


3. Let thus be given the focal system situated in the space >’. 
According to the method of Syivester let us suppose two planes 
§ and §' with two projective pencils of rays situated in them with 
their vertices VY’ and NX situated on the line of intersection gS’ = a, 


1) Proceedings of the Kon, Akad. van Wetensch., section of science, vol. IV, 
pages 489 and 588. 


*) Die Gebilde ersten und zweiten Grades der Liniengeometrie, I, p. 257. 
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x being an homologous ray of both pencils. The rays of A are the 
transversals of two homologous rays of CY§’) and (Y’8). 

Let us now take two sheaves of rays in the space XY, with the 
vertices .Y, and Y’, and establish a projective correspondence between 
these sheaves and the pointfields § and §’, in such a way that the 
pencil of planes through the axis .Y, 1’, is homologous to the pencils 
(X§’) and (.A’§). Let / be a ray of A, cutting two homologous rays 
of (Y§’) and (Y’S), to which in the homologous plane 4, a ray /, 
out of A, and a ray /’, out of X’, correspond; /, and /, intersect 
each other in a point 4,. This point is homologous to the ray /. 
So a projective correspondence is established between the points of 
the space =, and the rays of the focal system /. 

As is the case with every representation, also here the knowledge 
of its principal curve cannot be dispensed with. It is a conic X,? 
through the points .Y, and X’, situated in a plane §,. Its points are 
homologous to the pencils of rays of A situated in planes through .. 
The plane §, (principal plane) itself is homologous to «. 

To an arbitrary pencil of rays of 4 a right line corresponds cutting 
X,?, to a hyperboloidic system of focal rays a conic having two 
points in common with X,’, to a linear congruence belonging to a 
quadratic surface through X,’. 


4. Let a projectively variable moving spacial system be given; 
let as before PQRS be the tetrahedron of coincidence of two suc- 
cessive positions and let the corresponding focal system A be deter- 
mined by PQ and RS as conjugate polars and the conic A* touching 
PR and PS in R and S. According to the indicated method the 
focal system can be represented in the space =,; for the tetrahedral 
complex of the directions of the velocities, however, we need an- 
other representation, which can be taken in such a way that the 
same principal curve is retained; we shall succeed in this if we do 
not represent the complex itself, but its section with the focal system A. 
This gives rise to a congruence (2,2) which we shall first investigate 
more closely. 


5. Let A be an arbitrary point, @ its focal plane; at the same 
time A is the vertex of a quadratic cone, geometrical locus of the 
directions of the velocities through A, but of which only one is the 
direction of velocity of A itself. This cone will cut in general a into 
two rays belonging to the congruence (2,2); in this way we can 
construct the whole congruence. By this we have determined the 
construction, but not the geometrical character of the congruence ; 
this can be done in the following manner: 
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Let the direction of the velocity a of a point A intersect the 
plane of coincidence ?/2S in L; now the focal plane of A intersects 
this plane in the polar » of 4 with respect to the conic K?*. The 
rays of the complex, at the same time rays -of the conjugate focal 
system, are situated in the focal plane a of A; from this ensues that 
these rays intersect the plane PAS in two coincident points, at the 
sume time conjugate with respect to A?%; so these rays will intersect 
/‘ and now ensues the theorem: 

“The rays of the congruence (2,2), which is the section of the 
complex with the focal system, have a point in common with the 
conic A*; so they are found as rays of 4 cutting A.” 

So the congruence (2,2) arising from this belongs to those con- 
gruences, not possessing a focal surface, but a singular or double 
curve '), geometrical locus of the first series of foci of the congruence. 
6 The congruence can be constructed as a whole out of points 
of the conic A®; for these points have the property of being the 
points of intersection not only of two but of a whole pencil of rays 
of the congruence (2,2), situated in the focal planes belonging to 
each of the points. These focal planes envelop a quadratic cone 2?, 
with the vertex 2; so the congruence must touch the cone. From 
this ensues the following construction : 

“Let a point A be taken on A?, the focal ray 2A be drawn, 
cutting A? for the second time in A’. Let the two tangential planes 
to P? be brought through PA; each of these planes contains a pencil 
of rays of the congruence, the vertex of one pencil being A, of the 
other A’.” 


7. We now proceed by giving some visible properties of the con- 
eruence (2,2). 

a. The two foci of each ray are the points of intersection with 
A® and the point of contact with 22. The focal surface of points 
becomes /*; the focal surface of tangential planes consists of the 
tangential planes of A’. 

6. All vays of the congruence (2,2) belonging to a congruence of 
rays (1,1) of A cut two conjugate polars of A, and cutting at the 
same time A? they form a ruled surface of order four with a suuple 
come and two double lines. 

c. The rays of the congruence (2,2), lying on a hyperboloid of 


1) Congruences of this type are ranged in the “Index du répertoire bibliogra- 
phique des sciences mathématiques” under V21¢2 and placed by R. Srurm in 
a separate division; see “Liniengeometrie”, Il, p. 323. 
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A, pass through the points of intersection of the latter with A’?; so 
they are four in number. 


d. Let A? be veal and let P be situated within A?; all focal 
rays through 2, the focal point of plane PRS, now cut A?; so all 
pencils of rays are real. If / lies outside A? two tangents out of 
P can be drawn to A?; these tangents are the lines of intersection 
of the cone J with plane P/iS. The planes touching /? according 
to these lines of intersection are focal planes, in which two pencils 
of rays have coincided; rays through /?, not cutting A’, give rise to 
imaginary pencils of rays of the congruence (2,2). Further ensues 
from this: 

“If A? is veal and all the vertices of the tetrahedron of coinci- 
dence likewise are real, the congruence (2,2) is built up of real 
and imaginary pencils of rays, where as a transition two are double 
ones; if A? is real but the vertices R and S are imaginary, all the 
pencils are real.” 

e. The cases in which A? is imaginary, or also those in which 
all tlre vertices of the tetrahedron of coincidence are imaginary, do not 
vive real congruences; so they are not under consideration. 


8. We now pass to the representation of the congruence (2,2) 
by which the image is obtained of the connection of focal system 
and tetrahedral complex. 

a. The congruence containing 2% pencils of rays which are 
represented in , by straight lines having a point in common with 
NX,’, the whole congruence is represented by a ruled surface passing 
through Y,?. To a straight line /, in ~, a hyperboloidic system of 
focal rays corresponds, which has four points in common with A; 
so it contains four rays of the congruence and the representing sur- 
face S,* of the congruence (2,2) is a ruled surface of order four. 

4. An arbitrary pencil of focal rays of 4 contains two rays of 
the congruence; the straight line in >, corresponding to them cutting 
NX, has another two points in common with S,*; so X,* isa double 
conic. of, O7. 

c. To the pencil of rays in 2 with P as vertex and PRS as 
plane a straight line p, in =, corresponds, cutting V,?. Each vay of 
the pencil P/?RS belonging to two pencils of rays whose vertices are 
points of intersection with A’, in all points of p, two generators 
ot S. concur; from this follows that S,t is a ruled surface having 
as dounie curve a conic with a straight line cutting it; with this the 
type of S,‘ has been established. 

26 
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9. A closer acquaintance with the form of S,* is obtained by 
tracing the pinchpoints on the double curve; there can be two of 
them on p, and two on X,’. Those of p, depend on the position 
of P with respect to A’. 

a. Let P be outside AK?. When a ray through P cuts A? in two 
points, we get two pencils of rays of the congruence, to which two 
real generators of S,‘ correspond, concurring in a point of p,. For 
the tangential lines out of P to K? these two generators coincide, 
so the point of S,*, from which they are drawn is a pinchpoint; so 
for this position there are two real pinchpoints on p, ; from this ensues : 

“If P lies outside K?, p, has one part appearing as double line and 
another which is isolated; two pinchpoints separate these two parts.” 

6b. Let P lie within A®. All focal rays through P cut K’; there 
are no tangents to A?, so there are no pinchpoints on p,. So the 
double line p, is in its whole length really double line. 

Besides the pinchpoints on p, the surface S,* has also pinchpoints 
on X,°. To find these we must keep in view that the points on X,? 
correspond to the pencils of rays whose vertices He on AX’ =a, 
which are thus situated in planes through z. Let y be a plane through x 
and C its focal point; the pencil of rays (Cy) has two rays cutting 
Kk? viz. the two rays connecting C and the points of intersection 
B and B' of y and kK’. These two rays are represented in 2, 
by a single point B, of X,?. Now CB belongs still to another 
pencil of focal rays, viz. to the pencil whose vertex is Band whose 
plane is the plane CBP=3}. The latter pencil belongs to the con- 
eruence (2,2) and is thus represented by a straight line through B, 
lying on S,*. In a similar way it appears that also a second straight 
line of S,* passes through 6,, namely the one which is represented 
by the pencil of rays (5’p') lying in plane CB'P. Now again two 
principal cases may occur: 

a. wv cuts the plane PRS in a point T outside K*?. The pencil 
of rays 7’ lying in this plane has rays cutting K? in two points, 
touching /¢? or having two imaginary points in common with /?. 
In this case these are parts of X,? through which two generators 
of .S,* pass, which have thus to be regarded as points of a double 
curve, and parts which are isolated; the transition is formed by two ’ 
pinchpoints, through which two coinciding generators pass; and these 
last correspond to the pencils of rays, having their vertices on the 
tangents drawn from 7’ to K? 

b. The above mentioned point of intersection 7’ lies within X,?. 
All rays through 7’ cut A’; through each point of X,? two generators 
pass, so the whole conic X,’ is a double curve. 
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10. Among the particular sections of S,‘ the conics of this surface 
come into account. These conics have two points in common with 
X,’; so (8) to these must correspond in Y hyperboloidic systems of 
focal rays of 4. These can be constructed in the following way : 

Let again a point A be taken on K?, its focal plane a be deter- 
mined, moreover the second point of intersection A’ of a with K? and 
the focal plane a’ of A’. If now a pencil of rays be drawn in a’ 
through A (which rays are not focal rays) and likewise through A’ 
in a, the pencils (A, a’), (A’,a@) consist of conjugate polars of A 
between which a projective correspondence is established by means of 
the focal rays. In connection with Y,? each pair of conjugate polars 
causes a hyperboloidic system of focal rays to appear. These two 
pencils generate them all, so their number is o. 


11. Finally a few particular cases ask for our attention. 

a. The line of intersection wv. cuts the plane PRS in a point of 
the tangent plane PR. The pencil of focal rays in the plane PR 
has as vertex this point of intersection; to this pencil corresponds a 
pinchpoint on X,2, but at the same time this pencil of rays has more- 
over a ray in common with the pencil of rays in the focal plane of 
the point 22; so the obtained pinchpoint is at the same time a point 
of p,; from this follows that in the point of intersection of X,’ and 
p, two pinchpoints have coincided; so through this point only a single 
generator of S,* can be drawn. 

6. Application to the motion of an invariable system. In this case 
kK? is imaginary (the imaginary circle in the plane at infinity); so 
the congruence (2,2) consists entirely of imaginary rays. The pencil 
of rays P/PRS, however, remains real; so the representation in 
becomes an imaginary ruled surface S,‘ with real double curve con- 
sisting of a straight line and a conic intersecting it. The same obser- 
vation can be made for other cases where AK’? becomes imaginary. 

c. Another particular case occurs when the ray XX’ — « is taken 
in such a way that it cuts the conic K,?; by doing so the character 
of the congruence does not change, but its representation does. If 
we now consider a pencil of rays in a plane brought through «, it 
is apparent that always one of the two rays of congruence to /’* coin- 
cides with x Of the two rays cutting in =’, the double conic X,’ only 
one is situated on S,‘, the other one passes into a ray situated in , ; 
from this follows: 

“When the focal ray w cuts the conic A’ the surface S,* breaks 
up into §, and a cubic ruled surface S,* of which p, 1s a doubie 
line; so this gives a simpler representation of the congruence ‘2.2) 
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Physiology. — “A new law concerning the relation between stunulus 
and effect.” By Dr. J. K. A. Wartuem SALOMONSON, Commu- 


nicated by Dr. C. Winkner. (Communication LV). 


In three papers, bearing the title “a new law concerning the relation 
between stimulus and effect I, II and III, I have tried to prove that 
by increasing a stimulus, the effect too will increase in a definite 
manner. : 

The relation was expressed by the formula 
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In deducing this formula I assumed that the transformation of 
chemical substance caused one and only one well-defined effect. 

In most cases however from such a transformation several conse- 
quences will result, constituting together the total effect : e.g. a mecha- 
nical, a thermal, a chemical, an electrical effect may be caused simul- 
taneously by some changing of the protoplasma. 

The question arises, whether our mathematical expression may be 
applied as well to the different parts of an effect as to the total 
effect. In order to obtain an answer to this question, we have to con- 
sider again the differential equation: 


dB = PEIR SE OR ee) 


expressing, that by an infinitesimal increment of stimulus an infini- 

tesimal proportional part of the transformable substance was trans- 

formed, and at the same time stating the quantity of this transforma- 

tion. The quantity —d# represents the increment of the effect, In 

the case of the effect being composed. of several different parts,. 

the same equality will prevail for any of them, e.g. the i part, and 
a 


so we shall obtain for a purtial effect the equation 


1 
dE SBE IR “s) (s tye een) 


n 
in which » > 1. 
From this formula we get the expression 
BS al eee pe 


wherein @ represents another constant than A, and wherein n is a 
number larger than 1. 


This formula for a partial effect is identical to the formula:for a 


( 393 ) 


total effect the only difference being that the exponential constant in 
the case of a partial effect is larger than in that of a total effect. 

The muscle may be taken as an example. Every contraction brings 
about a mechanical effect, whilst at the same time an electrical response 
is given. Finally the production of heat may be taken for the total 
effect, at any rate in the case of isotonic or isometric contractions 
where the mechanical effect is afterwards converted into heat. Thence 
we are justified in presuming that our statement about the formulae 
for total and partial effects, may be applied to the thermal effect and 
mechanical effect of muscle-contractions. 

I have tried to ascertain whether the numbers, given for the thermal- 
effects by different authors are in accordance with our law. 

In Danizewsky') I found several series of numbers, from which 
the following tables were calculated 


iy og el Be pen 
Danitewsky, |.c. pag. 184. 
Isometrical contraction. Initial 
load 40 gram fig. 1. 
Av==723 153 = AVS Cas: 


Kw 
R Lo cal observ. 
20 4 54 AE 


30 6.97 A.D 
AO 41.09 41.4 
50 14.18 16. 


bo 


800 23. 24.2 


In this table, as in the following R represents the magnitude of 
the stimulus: /,, observ. the thermal effect as observed by DANILEWSKY. 

1) B. Daniewsky. Ergebnisse weilerer thermodynamischer Untersuchungen der 
Muskeln. V.e. A. Fick. Myothermische Untersuchungen 1889. 
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i, cale. the thermal effect, as calculated with the constants given at 
the head of each table. 


TAB LE 
° Ib. Initial load 80 Gr. fig. 2. 
A DARD, BOOS 24 CG == XY), 


Ew 


R Ew calc. olsen 
TG 6.7 6 


TA Bsa 
Ib. Initial load 300 Gr. 
fig. 3. 
A=20.8x B=00217 C1674 


Ew 
# Ew cale. observ. 


30 5.3 5.5 
400 17 4 18 
400 20.7 20 
800 20.8 24.5 


The first of the next-following tables, which are much more 
important, is also taken from the experiments of DaNiLEwsky Les, 
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whilst the observations in the 5t» and 6t table have been published 
by Nawanicuin'): the school of Hemennain and that of Fick are 
both represented. 

The higher importance of the series given hereafter, consists chiefly 
in the fact of their having served to determine as well the mechanical 
response as the thermal effect with stimuli of increasing magnitude. 

In the series of Danitewsky a double thigh-muscle-preparation of 
the frog after the method of Fick was employed, whilst NawaLicHin 
made use of a single gastrocnemius. 

The muscle contracted isotonically, whilst simultaneously the thermal 
and the mechanical effect of each contraction, were recorded. As it 
has been proved with sufficient accuracy in our first papers that 
our formula may be applied to isotonic twitches, these may now 
serve us aS a means of control. 

In the following series the magnitude of stimulus is again indicated 
in the first column by &. The second column contains the calculated 
height of twitch, the third column the observed height; the fourth 
column the calculated and the fifth the observed thermal effect. 
The constants A,, B, and C, were used for calculating the thermal 
effects, the constants A;, 2, and C), for calculating the heights of 
the contractions. 


TABLE IV. 

Danitewsky l.c. Load 60 Gr. fig. 4. 
A; = 40 Bp 0809 Oj, = alt 
Aya 14,06 S02 Cy = 14.4 

f Ui tane, Aaa p Be cals, Hein) 


20 Data 9.8 4.54 0.7 
30 21.66 27.7 3.90 4 
50 33.25 33 7.41 Tod 
4°0 39 45 39.4 14.92 sla 


300 40 .00 40 14.50 14.5 


1) Nawauicuin, Myothermische Untersuchungen. Pfluger’s Archiv, Bd. 14, p. 297. 
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TL ACB TE Ve 


Nawanienn lc. pag. 297. Load 30 Gr. fig. 5, 


Ay == GES 5 By, = 0.0086 Ch== 205 
Hives 17) By = 0.00085 Cin = 205 
R | Ea cale. | ee, | Dw cate. | ee 
aa NR A ce We lit 
60" Beamiin| Big a Savane) 

450 «3.66 3.8 3.90 | 35 
S00. 14.081 Wo.) Pecas 4 
600. 4.74 49° % FRA 4 
800. «5.2 SW Pe Rhe. a) 
1500 | G48 5.7 | 44.8% | 40.5 
2000 | 6.28 G Latoeou 1305 
9500 6.25 62 ALOU as 
2500 |) 1G. 950 Ne Si Lannea 


TAB KVL, 
Ib. Load 90 Gr. fig. 6. 
Aye Op 155 Mest UNM gs) C= 660 
A pele (ey WANOE C., == 660 
it Hi cale. observ. Eq ealo. observ. 


700 3.40 3.5 4.70 4d 
| 
750 5.27 5.3 8.80 9.5 
900 6.42 6.4 14.64 19 


4000 6.50 6.5 16.00 416 


4500 6.50 6.5 | 17.10 47 


Considering that the degree of accuracy with which the thermal 
effects were measured is not very high, we have some cause for 
satisfaction about the results of our calculations. Though only a first 
approximation has been effected throughout all these series, the errors 
remain wholly within the limits of the mean errors of observation. 
Moreover in some cases it is even possible to apply a correction. 

Looking at series VI, we see immediately that the observed numbers 
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corresponding to the stimulus 900 are rather too small, as well for 
the height of twitch as for the heat-production. Calculating from the 
observed lifting-height the corresponding magnitude of stimulus, we 
find 810 instead of 900. Now taking this number 810, to calculate 
the heat-production, we obtain 12, in perfect accordance with the 
observation. The supposition that the number 900 is an error and 
that 800 was meant is not very hazardous. 

From the communicated series we may draw firstly this conclusion 
that the heat-production, considered as total effect, increases virtually 
with increased magnitude of stimulus in the manner indicated by the 
established formula. 

In the three last series B,, the increment-constant for the thermal 
effect, proved to be always smaller than the 5, corresponding to it, 
a fact predicted already in our deduction. We found for the number 
n= in series IV, V and VI the value 2.5, 4.23 and 2.31. Though 


w 
of course even by this fact our deduction may not be deemed absolutely 
proven, it nevertheless affords a valuable support for considering the 
deduction proposed by me as a most useful working-hypothesis. 


Bacteriology. — “On a colourless bacterium, whose carbon food 
comes from the atmosphere.” By Prof. M. W. Brtertnck 
and A. VAN DELDEN. 


We give the name of Bacillus oligocarbophilus*) to a colourless 
bacterium, whose carbon nutrition in the dark (and likewise in the 
light), takes place at the expense of a not yet well-known atmospheric 


1) It is probable that W. Herazvus (Ueber das Verhalten der Bacterien in 
Brunnenwasser sowie tiber reducirende und oxydirende Eigenschaften der Bacterien. 
Zeitschrift f. Hygiene, Bd. I, pag. 226) already in 1886, has had cultures 
of B. oligocarbopnilus before him. He says the following: ....  ,Ausser- 
ordentlich auffallend war das Ergelniss dieser Versuche in der Hinsicht, dass eine 
Vermehrung der Bacterien in einer Fliissigkeit eingetreten war, welche keine 
organische Verbindungen sondern nur Salze enthielt. Ein unansehnliches, kaum 
sichtbares Piinktchen von Bacterienzoogloeén hatte sich im Verlaufe vom zehn Tagen 
so stark vermehrt, dass die ganze Oberfliche der Lésung vor einer dicken Haut 
bedeckt war.” Analytical results are not given, and the remark makes the 
impression of being accidental and is lost among insignificant observations. — 
Winoerapsky’s statement, concerning the accumulation of organic carbon in nitri- 
fying solutions, evidently refers likewise to this microbe, but his description suffers 
of indistinctness (Annales de l'Institut Pasteur, T. 4 pg. 270 et 462, 1891).-- In the 
experiments of Gopieswxi (Bulletin international de |’ Académie d. sc. d. Cracovie, 
Dec. 1892 pag. 408 et Juin 1895 pag. 178), the vanished CO? is not, as he thinks, 
absorbed by the ferments of nitrification but by the Mg O.Mg C03. 
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carbon compound (or compounds), from which the energy, wanted 
for the vital processes, is also derived '). 

The culture of this bacterium on solid media or in nutrient 
solutions, containing soluble organic substances has not yet succeeded, 
which may, of course, have been caused by an erroneous choice of 
these substances. On the other hand, pure cultures on solid and in 
liquid substrata, without soluble carbon compounds, are easy to be made. 


1. CRUDE CULTURES OF BACILLUS OLIGOCARBOPHILUS. 


Bacillus oligocarbophilus is obtained by the following accumulation 
experiment, which, because of the purity of the thereby resulting 
vegetation, may be called a “perfect accumulation experiment.” 

Into a large Eruunmnyer-flask a thin layer is introduced of a 
nutrient liquid of the same composition as used for the water culture 
of higher and lower green plants, but with alkaline instead of acid 
reaction. 

One takes for instance: 

Distilled water 100 


Kaliumnitrate 0.01 to 0.1 
Dinatriumphosphate 0.02 
“Mineral solution” 1 drop. 


This “mineral solution” contains in one drop: 


8 Merms MeSO7 = 7 TO 
0.05 I MnSO, 4 H,O 
0.05 FeCl, ahs ae 


If from this liquid nitrogen, phosphor, kalium or magnesium is 
left out, special experiments have proved, that no, or but an insigni- 
ficant growth is obtained. As to the necessity of the likewise added 
elements sulphur, manganese and iron, there still exists some doubt. 

The inoculation is made with a not too small quantity of garden- 
soil, the flasks are closed with a cotton plug, or with filter paper, 
without impeding the entrance of air by diffusion, and the culture is 
left in the dark at 23—-25° C. After two or three weeks, the fluid, 
which itself remains perfectly clear, is seen to cover with a thin, 
white, or feebly rose-coloured, very dry film, difficult to moisten, 
and macroscopically resembling a Mycoderma-tilm, but consisting of 
minute bacteria, microscopically often invisible without staining, and 
sticking together by a slimy substance. This is Bacdllus oligocarbophilus. 


1) We also found another, rarer species, belonging to the genus Streptothrix 
Cony, with corresponding properties. It will not, however, be further discussed here. 
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The growth of the film continues for months, whereby a considerable 
accumulation of organic carbon may be observed, which is not only 
visible to the naked eye by the vigorous bacterial growth, but can also 
be proved by direct weighing, and by a comparison of the perman- 
ganate numbers found before and after the experiment, of which some 
instances are given below. 

As there is reason to admit that our bacterium is generally dis- 
tributed in garden-soil, and was without doubt always present in the 
crude material used for the inoculation, the failing of the film-for- 
mation in some of the flasks must necessarily result from the chosen 
culture fluid being less favorable to the feebler germs and not allowing 
their growth. So we observed that water, distilled in a copper apparatus, 
caused many more failures than when distilled in glass; we there- 
fore afterwards always used the latter. In other cases monads, which 
immediately devoured the bacteria, were cause of the failure; by transfers 
and by the use of pure cultures, these voracious organisms could 
be rendered harmless or removed. When the distilled water is replaced 
by tap-water, the number of flasks remaining without growth after 
inoculation with the same quantity of garden-soil is much smaller. 

If once a pellicle has formed, transfers into the said culture liquid, 
prepared either with distilled or with tap-water, come easily and 
without exception to development. 


2. SOURCE OF NITROGEN REQUIRED. 


In the above mentioned nutrient liquid we have chosen kalium- 
nitrate as source of nitrogen. As well, however, kaliumnitrite or 
some anorganic ammonium salt may be used. . Very good results were 
obtained with: 


Distilled water 100 
Ammonium sulphate (or NH, Cl) 0.01—0.1 
Dikaliumphosphate 0.02 
“Mineral solution” 1 drop 
and with: 
Distilled water 100 
Kaliumnitrite 0.01—0.1 
Dikaliumphosphate 0.02 
“Mineral solution” 1 drop. 


As both these liquids answer to the conditions of life of the microbes 
of nitrification, the formation of nitrite or nitrate is actually to be 
observed when using them, and when inoculating with earden-soil 
or with crude cultures. With the easily produced pure eultures 
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of B. oligocarbophilus, of which more below, a good development of 
the film is possible, by which experiment it can at the same 
time be proved, that this microbe itself does not nitrify. Hence, 
ammonium salts or nitrites, added to excess can, even for a 
year or longer, continue unchanged under the luxuriantly growing 
pellicle of B. oligocarbophilus, whereas, in the presence of mitrifying 
ferments, they completely disappear in a few weeks, being then 
found back as nitrates. If the ferments of nitrification alone are 
present, there is no question of film-formation and the nutrient 
solutions. remain perfectly clear. 

Not only the nature of the nitrogen-furnishing substances, but also 
their quantity can in these experiments, as already inferred in the 
recipes, vary between fairly wide limits, and the same may be said 
concerning the conditions for the water culture of higher and lower 
ereen plants. The limits allowable for B. oligocarbophilus, have 
not vet been precisely fixed, but they certainly have a broader range 
for this organism (circa 0.1—10 pro mille) than for the Iigher 
plants (0.5—5 pro mille). 

By many experiments it was established, that in absence of kalium, 
phosphor, and magnesium, a still slighter growth occurs, than when _ 
no nitrogen compounds are given. Evidently B. oligocarbophilus tinds 
in the almosphere, in a condition fit for nutrition, a quantity of 
nitrogen, which, although insufficient, should not be overlooked. 

If the distilled water in the artificial solution is replaced by tap-water, 
a somewhat higher rate of organic substance is produced. As in tap- 
water a small quantity of nitrogen compounds occur, — here, at 
Delft, about 0.4 milligrams of combined nitrogen per litre, — 
whilst it contains the other necessary elements (phosphor and kalium, 
of course, excepted) in an obviously favorable form for the nutrition 
of our mikrobe, one can simply use for its culture: 


Tap-water 100 
Dikaliumphosphate 0.02. 


It should, however, be kept in view, that the productivity in bac- 
terial substance, in consequence of the film formation, is not deter- 
mined by the volume, but chiefly by the extent of the surface of 
the medium, which is in free contact with the air. Hence, in avery 
thin layer of tap-water, the nitrogen may soon be consumed, whereas, 
with tee same amount of nutrient liquid, but with a smaller surface, 
corsequertly in a thicker layer, the provision of nitrogen will suffice 
for a longer time. Therefore, in order to obtain from a flask of 
determined size, the maximum production of B. oligocarbophilus, a 
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nitrogen compound should be added when a small quantity of tap- 
water is used, which addition is not necessary when cultivating in 
a greater quantity in a flask of the same size. 


3. PURE CULTURE. 


Our bacterium does not grow at all or only to a slight extent 
on the commonly used bacteriological media, these containing too 
much organic food. But it is easy to produce pure cultures on solid 
media, when observing the same precautions which I described in 
the Meeting of the Academy of 27 June 1892 for the pure culture 
of the ferments of nitrification on agar-plates’), and to which I 
referred in the Meetings of 30 March 1901 (Proceedings p. 586) and 
25 May 1901 (Proceedings p. 5) when discussing the culture condi- 
tions of the oligonitrophilous Cyanophyceae. 

In all these cases it is necessary as completely as possible to 
remove all soluble organic substances from the solid medium, which 
is to be effected by a prolonged washing with distilled water. The 
agar thus prepared, with the required nutrient salts, for instance in 
the proportion : 

Distilled water 100 


Agar de, 
KPO 0.01 
KNO, (of NH,Cl) 0.01 


is boiled and plated, and used for strew-or streakcultures originating 
from a film of B. oligocarbophilus. Very soon the common saprophytic 
bacteria which never lack in the film, are seen to develop on the 
plate and when these by their growth and respiration have consumed 
the soluble carbon compounds, which were not yet removed from the 
agar by the extraction with water, B. oligocarbophilus itself begins to 
grow. This is usually the case after 14 days. Then, however, the 
colonies become easily recognisable, our bacterium being the only 
species which in the given circumstances can feed on the atmospheric 
carbon, and so go on growing, whilst the growth of all other 
species soon comes to a stop. 

Even the colonies of the nitrifying ferments, which, as I have 
demonstrated before (1. ¢.), can grow fairly well on this medium, when 
instead of nitrate an ammonium salt is used, remain very small, 
never exceeding 1 mM. or less. On the other hand, the colonies 
of B. oligocarbophilus attain dimensions of 1 eM. and more and 
may then easily be transferred in a pure condition into test-tubes 


1) Nature, Vol, 46, pag. 264, 1892. 
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on the said medium. They grow on the agar as thin, snow-white 
or rosy-tinted, very dry, flatly extended layers, which strongly remind 
of the pellicle floating on the liquid. 

Also on silica plates, prepared in glass dishes, which, after extraction 
of the chlorides are soaked with a nutrient solution, B. oligocarbophilus 
can produce very fine cultures, appearing after some weeks, as 
snowwhite colonies with indented margin, and which by a right 
selection of the salts, can finally spread over the whole plate. 
Then the remarkable phenomenon is observed, that the silica liquefies 
a little in the centre of the colonies and sinks in by evaporation. 

The silica plates are made as follows. A commercial solution of 
potassium silicate, diluted with a known quantity of water, is titrated 
with normal hydrochloric acid. As the solidification is much favoured 
by an alkaline reaction, a complete neutralisation at the preparation 
of the plate should not occur, and as a plate, with a high percent- 
age of silica, contracts strongly after coagulation, and expresses much 
water, the dilution must be sufficient for this contraction to be delayed. 
Into a small beaker-glass was introduced, in a certain case, 5 cM? 
of potassium silicate diluted with 25 cM® of water, and into a 
second glass the required quantity of hydrochloric acid, amounting 
to 10 cM’ of normal acid. The acid is mixed with the diluted 
silicate and the mixture poured into a glass dish. The solidification 
delays the longer as the mass is more diluted, but it is easy, after 
some practice, to make very solid plates. The plate is first freed 
from the chlorides by streaming tap-water, then washed out with 
boiled water, and afterwards treated with the solution of nutrient 
salts. When these have sufficiently diffused into the plate, the glass 
dish is gently warmed at the underside, until the adhering water 
has evaporated and the plate shows a “dry”, glossy surface. The 
surface is flamed in the Bunsen-burner, by which only a partly but 
sufficient sterilisation is to be attained. 

Not only B. oligocarbophilus, but also the ferments of nitrification 
grow on this medium very well. By mixing of the diluted solution 
of the silicate with chalk, magnesium carbonate, or ammonium- 
magnesium phosphate, snow-white plates may be obtained, which 
are particularly fit for the culture as well of all these microbes as 
of several lower algae. Even earth-diatoms, of the genus Notzschia 
will grow thereon. 

Once more it must be observed, that im the silica plates organic 
substances must be absent, even fragments of cork, fallen into the 
silicate solution, may disturb the experiment. 

The pure cultures, obtained on agar or silica plates, are as well fit 
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for the further experiments on liquid media as the crude cultures, 
of which many experiments, continued for years, have convinced us. 
Every thought ‘of symbiotic relations on which the carbon assimilation 
by our bacterium might repose is thereby exchided, so that at least 
the biological side of this part of our problem is clear. 

Concerning the further properties of our bacterium in pure cultures, 
we can be brief. In the films, as well as on in the colonies on the 
solid media, it consists of minute, thin and short rodlets, probably 
always immobile. They are ca. 0.5 a wide and 0.5--4 long. The 
len¢gth however is very variable and frequently particles are seen 
0.54 wide and 0.7—1 uw long. Often, when not using reagents, such 
as dyeing substances or acids, no structure at all is to be observed, 
neither in the colonies nor in the flowing pellicle, but the bacteria 
at once become visible by staining the preparations. The thick cell- 
walls form the chief constituent of the colonies; albtminous matter 
is only present in a slight quantity in this bacterium. 


4. THE NUTRITION WITH ATMOSPHERIC CARBON. 


A good appreciation of the carbon accumulation may be had as 
well by a direct weighing as by the permanganate method. 

For both determinations it is possible, to suck off the fluid, which 
is practically free from bacteria, wholly or partly from beneath the 
film, so that the quantity of the culture material, destined for the 
filtration or the determination of the permanganate number, is not 
too voluminous. 

In our experiments there only resulted a precipitate of calcium- 
phosphate or calcituncarbonate, when we had used our tap-water, 
which is rich in lime, and when kalitmphosphate to excess had 
heen added. These precipitates can, however, be dissolved beneath 
as well as in the film by dilute acid, and then the acid can be 
expelled by further washing. The film is so dry and wetted with 
so amuch difficulty, that all these manipulations may be effected 
without much loss of material. 

The permanganate munber was determined after KvBEL’s ') method. 

In relation to the quantity of organic matter found by direct 
weighing or by the permanganate method and formed Hoan the 
atmospheric carbon, the following should be well observed. 

As Bb. oligocarbophilus grows only on the free surface of the 


1) Tremany-GArtver’s Handbuch der Untersuchung der Wasser, 4e Aufl. pag. 255 
1899, 
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medium, and not in the depth, the thickness of the layer of the 
nutrient solution and consequently its volume, is, as already observed, 
actually indifferent. That is to say, by enlarging the surface of the 
solution, a bacterial film of any dimensions is to be obtained, which 
circumstance is of importance for appreciating the productivity of a 
certain quantity of a nutrient solution, the more so as the thickness 
of the bacterial film is usually only one cell-layer. How very thin 
the required thickness of this layer can be, growth being still 
possible, may be derived from the fact, that, especially when using 
distilled water with nutrient salts, the film can mount at the appa- 
rently dry glass-wall from 1 to 1.5 decimeter high, and not seldom 
extends on it nearly to the cotton plug. Only in certain vinegar 
bacteria I observed the same. 

As it seems that our bacterium forms no compounds prejudicial 
to its growth, so the only circumstance, which governs its increase 
relatively to a given volume of liquid, provided its surface be of a 
sufficient extent, is the lack of one or more elements necessary for 
the nutrition. Carbon cannot be among the number, our experiments 
being made with free entrance of air. 

Although it is thus established, that only the number of bacteria, 
produced in a certain time per surface-unit, indicates the rate at 
which the atmospheric carbon is assimilated, we will yet give the 
quantities in relation to the volume of the solution, because then a 
comparison can be better made with the numbers found by other 
authors for polluted waters. 


5. HOW MUCH CARBON IS ASSIMILATED. 


First we determined by an experiment, in which, after vigorous 
shaking, a culture was divided into two equal portions, how much 
one half contained at direct weighing, of bacterial substance, whereas 
the other half was titrated with kaliumpermanganate. We used for 
this a three months old culture on: 


Tap-water 100 


Na, HPO, 0.02 
KCl 0.02 
KNO, 0.02 


The film from the part, destined for the weighing, was separated from 
the liquid by filtration, washed out on the filter with strongly 
diluted hydrochloric acid, and subsequently with distilled water, to 
remove the chlorids. Subsequently the filter with the film was 
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dried, first at 40°—50° C. and then at 100° C., until the weight 
remained constant. So we found that per litre 180 milligrams of 
bacterial matter: were produced, and that, after deduction of 14 
milligrams, used by a litre of our tap-water itself, the corresponding 
permanganate number was 94. We can thus, with an accuracy 
sufficient for our purpose, accept that the relation between the two 
figures is as 2:1, that is to say, that the doubling of the permanganate 
number gives the weight of the dry bacterial substance, and, as 
this latter number is much more quickly, to be found than the 
weight, we have contented ourselves with it in most of our further 
determinations. 

We shall now give some more figures. Like the preceding they 
all relate to bacterial films produced in Ertenmeyer-flasks on 100 cM’. 
liquid with a free liquid-surface of about 80 cM’. 


By weighing we found in one case on: 
Tap-water 100 


KCl 0.02 
KNO, 0.02 
K, HPO, 0.04 


after 5 months’ culture 235 milligrams per litre. On: 
Distilled water 100 


KCl 0.02 
KNO, 04 
K, HPO, 0.02 


“Mineral solution” 1 drop 


after 5 months 220 milligrams per litre. 

Some numbers, found by the permanganate method follow, and 
in the first place some relating to tap-water. 

The greatest production which we had, was obtained with tap- 
water 0.02 K,HPO, and 0.02 KNO,, after a year’s culture and 
amounted to 250 mgrs. of permanganate per litre, nearly corresponding 
with 250 > 2 = 500 milligrams of dry bacterial substance. 

After a shorter time the production is likewise smaller; so we 
found in a culture on: 


Tap-water 100 


Na, HPO, 0.02 
KCl 0.02 
K NO, 0.02 


after 5 months’ culture (January to May) 202 mers. of permanganate, 
corresponding with 404 mers. of bacterial matter per litre. 
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If the tap-water was replaced by distilled water, the production 
of dry organic substance was commonly smaller, which cannot, how- 
ever, result from the nutrition by substances in the tap-water, oxidisable 
by kaliumpermanganate, for the 14 mers. of permanganate, which 
our tap-water consumed per litre, we found quantitatively back, at 
the end of the cultivation period, in the clear liquid beneath the 
pellicle of B. oligocarbophilus, which liquid can easily be sucked off 
with a pipette, without any considerable bacterial contamination. 
Moreover the experiments with distilled water have likewise exhibited 
great divergency in production, and though the cause has not been 
established with perfect certainty, we still think it probable, that 
these differences result from the greater or smaller density of the 
cotton plugs, by which the speed of air entrance is greatly influenced. 
We base this supposition on results obtained with flasks, only 
differing in the width of the mouths, and to which we shall refer 
later. It is furthermore certain that we have not to do here with 
the infection of other bacteria, or with monads, for the pure cultures 
displayed as considerable divergency as the crude ones. Neither can 
the chief cause be attributed to a change in percentage of the air 
in gaseous carbon compounds, the differences being observed simul- 
taneously in cultures placed side by side in the same locality. 

But we now give some further numbers. In an experiment with: 


Distilled water 100 


K, HPO, 0.02 
KNO, 0.4 
KCl 0.01 


“Mineral solution’ 1 drop 


sterilised and inoculated with a pure culture of B. oligocarbophilus, 
were found, after 37 days’ cultivation (2 Jan.—1$ Febr.) at 23° C., 
66.6 mers. of permanganate, corresponding with circa 133 mers. of 
dry bacterial substance per litre. 

In another experiment with: 


Distilled water 100 


Na, EO; 0.02 
KNO, 0.01 
“Mineral solution” 1 drop 


likewise sterilised and after a culture of 40 days, at 23°C. the per- 
manganate number amounted to 60 mgs., corresponding with 120 
mers. of dry bacterial matter per litre. 
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In a third case in: 
Distilled water 100 


KyHPOy 0.02 
(NH,), SO, 0.02 
Na, CO, 0.01 
“Mineral solution” 2 drops 


after cultivating from 5 May to 1 Dec., 155 mers. of permanganate 
per litre were found. 


In a culture in: : 
Distilled water 100 


Na, HPO, 0.02 
KCl 0.02 
KNO, 0.02 
“Mineral solution” 1 drop 


from 1 June to 1 Dec. we found 165.5 mgrs. of dry bacterial sub- 
stance, corresponding with ca. 83 mgrs. of permanganate per litre. 
As we see, the differences are considerable. 

When a little natrium acetate was added to the anorganic solution, 
and when using a pure culture for inoculation, we could neither 
state an augmenting nor a diminishing of growth. 

Thus we obtained in: 

Distilled water 100 


KCl 0.02 
KNO, 04 

Natriumacetate 0.02 
K,HPO, 0.02 


“Mineral solution” 1 drop 
by means of weighing, 220 mgrs. of dry bacterial substance per litre, 
corresponding with 110 mgrs. of permanganate, which figures are 
not exceedingly high and might likewise have been producedi n the 
same time (4 months) from the air alone, without acetate. 

In all these experiments with distilled water, the free surface of 
the liquid was also 80 cM’, and the air had to pass through a 
dense cotton plug, with which the ErLenmeryrr-flasks were closed. 
Already before we drew attention to the importance of the way in 
which the flasks are closed; be here still mentioned that we made 
some special experiments, which proved that a very narrow opening 
of the flasks, slackens the growth of B. oligocarbophilus, so that years 
may go by before the film has vigorously developed. We could 
not, however, expected anything else, for the considerable volume of 
air, required for the growth of the said quantities of bacteria, can 
only very slowly diffuse inward and outward-through the narrow canal. 
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6. CARBONIC ACID CANNOT SERVE AS FOOD. 


Various experiments were made to establish what may be the 
volatile atmospheric carbon compound which renders the growth of 
B. oligocarbophilus possible. That it cannot be carbonic acid, whether 
free or combined, resulted from the following experiments. In closed 
culture-flasks with the best nutrient solutions, and arranged in such 
a way, that at times a little free carbonic acid mixed with pure air, 
could artificially be introduced, it was not possible to get any growth. 
This experiment, which seemed of particular interest, has been so 
frequently repeated, and so long continued under different conditions, 
that we consider it as quite certain, that free carbonic acid cannot 
serve for the nutrition of B. oligocarbophilus. 

For testing the influence of combined carbonic acid, cultures were 
made, firstly in the following solution : 


Tap-water 100 
Dikaliumphosphate 0.01 
Kaliumnitrate 0.01 


Natriumbicarbonate 0.1 


When cultivating at the free air surely a luxurious growth was 
obtained, but it was by no means more vigorous than when the 
bicarbonate was left out. 

If in this liquid the nitrate was replaced by an ammonium salt, the 
result was quite the same. 

Secondly, the bicarbonate was replaced by common natrium car- 
bonate, the same quantities of the different salts being used. But in 
this case the action proved rather injurious than favorable. It is true 
that the film had become considerable after a few months, but it 
was directly to be seen that the growth was so much inferior to that 
of cultures obtained in the same circumstances but in absence of car- 
bonate, that the determination of the permanganate number seemed 
superfluous. Here, too, the replacing of nitrate by an ammonium salt 
or by a nitrite caused no change. 

As a remarkable fact it may be mentioned, that in these experi- 
ments, in our large flasks, containing a litre of air, the thin bacterial 
film mounted very high up the dry glass-wall, which is likewise often 
observed in the solutions made with distilled water, and may repose 
on the absence of dissolved lime salts. 

If the tap-water was substituted by distilled water, the addition 
of natrium carbonate did not cause an increase of bacterial growth 
either. We found, for instance, in: 
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Distilled water 100 


K,HPO, 0.02 
Na,CO, 0.1 - 


“Mineral solution” 1 drop 

after 7 months (5 May—1 Dec.) 155 mers. of permanganate, corre- 
sponding with ca. 300 mers. of dry bacterial substance per litre, 
which production is less than that, obtained in other cases under 
the same circumstances but without carbonate, so that here also, 
the action of the carbonate, the long time of cultivation bemg taken 
into consideration, was not favorable. Quantities of carbonate, 
smaller than 0.1 °/,, were neither successful. 

The results of this examination can be thus summarised, that for 
the growth of 5. oligocarbophilus an atmospheric carbon compound 
is actually consumed, but that this cannot possibly be free carbonic 
acid. Furthermore, that also combined carbonic acid cannot serve 
for its nutrition. 


7. NATURE OF THE ASSIMILATED ATMOSPHERIC CARBON COMPOUND. 


If the carbonic acid of the air cannot be the food of B. oligo- 
carbophilus, what other atmospheric carbon source might then come 
into consideration? 

It is clear, that we should think here of the carbon-containing 
component of the air, discovered in 1862 by the botanist Hurmann 
KarsTEN *), and recently discovered anew by French experimenters, 
especially by Mr. Henrmr’). It is true that the chemical nature of 
this substance has been hitherto unknown *), but yet it is certain that 
we have here to do with an easily oxidisable compound (or com- 
pounds), for a prolonged contact with alkali and air will already 
suffice to split off carbonic acid from it. Furthermore, according 
to the statement of the French investigator, the substance probably 
contains nitrogen. 


This latter circumstance gives rise to the question whether this 


1) H. Karsten. Zur Kenntniss des Verwesungsprocesses. Poggendorff’s Annalen 
Bd. 191, pag. 343. 1862. To this place, as also to the not unimportant older literature 
on the carbon compound of the air, my attention was drawn by Mr. G. van Irerson. 

*) Comptes Rendus T. 135, pag. 89 et 101. 1902. 

*) Henrier thinks that the substance must be a monosubstituted formamid with 
the formula HCO.NHR, where R represents a still unknown alkylrest. But then it 
is not easy to understand, why the production of carbonic acid takes place so 


readily. It might then rather be expected that, with an alkali a formiate would 
result and no carbonate. 
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nitrogen, like the carbon, is fit for assimilation by our microbe. 
Though this question has already partly been answered in the negative 
by the preceding experiments, it should still be remarked here that in 
nutrient liquids, without an expressly added nitrogen compound, for 
instance in: 


Distilled water 100 


K, HPO, 0.02 

Mg, 5S, Mn, Fe traces. 
Or still better in: 

Tap-water 100 

K HPO; 0.02 


without any further addition, a not inconsiderable growth of B. oligo- 
carbophilus may occur, so that at least traces of an assimilable nitrogen 
compound may be drawn from the air by this bacterium, whereas, 
for the possibility of assimilation of the free atmospheric nitrogen 
no indications were found. 

We now turn to another question, which the assimilation of the 
atmospheric carbon gives rise to, namely: How great is the quantity 
of the volatile substance wanted for the formation of the bacterial 
film produced in our cultures? This question is closely connected 
with the following: How much of the compound is moreover consumed 
by the respiration of our bacterium, escaping as free carbonic acid ? 
For answering these questions we have to measure the quantity of 
the carbonic acid corresponding with a determined weight of dry 
bacterial substance, granted that the carbon percentage of this sub- 
stance be known. : 

Our experiments relating to the measurement of the quantity of 
carbonic acid produced, are not yet closed, but as to the first part 
of the question, we give the following calculation to fix the volume 
of air wanted for the production of the carbon, actually accu- 
mulated in the bacterial films. We hereby make two chemical 
suppositions which, to be sure, are fairly well in accordance with 
truth. First, we admit that the carbon, freed from the unkown 
compound, as carbonic acid by a prolonged contact with alkali, 
is consumed quantitatively by our bacterium and, secondly, that the 
bulk of the bacterial cells consists of a substance possessing nearly 
the composition of cellulose *). 


1) If accepting that the composition of the bacterial cells corresponds with 
that of albuminous substances, then, instead of 44°/) C., 52 to 55"/) C. should be 
brought into account, and in this proportion the volume of the air should be 
augmented. 
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Let us now consider the case when, in ?/, litre-flask with 100 cM’. 
of fluid and a free surface of 80 cM’, after a month’s culture a 
quantity of 20 ‘mers. of dry bacterial substance is formed, which, 
calculated as cellulose, contains 44 °/, C.; we then find in the 20 mers. 
of dry matter 8.8 mers. of carbon. According to Henri the atmos- 
pheric carbon compound, present in a certain quantity of air, under 
prolonged action of alkali, gives out as much carbonic acid as occurs 
already in a free state in the same volume of air, that is per litre 
0.3 cM’. = 0.6 mers., in which 0.163 mers: of carbon are present. 
Thus, for 8.8 mers. are wanted 55 litres of air. Consequently, in the 
course of a month these 55 litres of air must have diffused through 
the cotton plug inward and outward of our *‘/, Jitre-flasks, in order 
to produce the found quantity of carbon, that is 76 cM’. hourly. 

Though this figure should not be considered a priori as impossible, it 
still appears to be very high, and the difficulty of accepting it increases, 
if still the addition has to be made of a yet unknown, but apparently 
considerable amount consumed for the bacterial respiration, which, as 
remarked above, seems necessary. We therefore think that it 
must be admitted that the quantity of the atmospheric compound (cr 
compounds) assimilable by B. oligocarbophilus, is much larger in our 
laboratory atmosphere, than in that of the Paris boulevard, analysed 
by Henrret, and that we have here to do. with an extremely 
variable factor. The circumstance, too, that we have not as yet been 
able in our greenhouse, where the air, in the common sense of the 
word, is surely much purer than in the laboratory, to obtain a vigorous 
growth of B. oligocarbophilus pleads for this view. But here we 
could not always keep the temperature high enough, so that we 
consider our experiments in this direction not yet closed. Besides, we 
should observe, that in an empty, isolated room of the laboratory, 
the quantities of combined carbon drawn from the air, were as great, 
or only little less than in the laboratory itself, where the air was 
certainly impurer. 

We are accordingly conscious that further experiments, with fresh 
atmospheric air are wanted to decide, whether the carbon compound 
occurs in the atmosphere in a constant or in a varying percentage. 
Only thereby it will be possible to ascertain the distribution of this 
compound, by which, at the same time, the signification of B. oligo- 
carbophilus in nature will become clearer. 

As to this signification, the question arises whether our microbe 
in substrata containing sufficient mineral nutrients (N, P, K, Mg, S, 
Fe, Mn), but being poor in organic substances, is able to build up the 
latter in the dark from the volatile carbon compounds occurring in the 
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atmosphere of the surrounding medium. And furthermore, whether 
carbon nutrition takes place exclusively in the floating dry films, 
— hence, in the earth, only on the relatively dry surface of the 
earth particles, — or that also in the depth of fluids growth and 
carbon assimilation be possible. The hitherto gathered experience 
about the self-purification of rivers and the biological purification 
of water in general, seems to exclude the latter hypothesis, and 
our own experiments too, render it not probable. The result of 
these experiments consists, in Our opinion, in the very discovery of 
a microbe, which, in consequence of the film-formation, has the spe- 
cific faculty, to absorb for its nutrition and multiplication, from a 
gas, namely the air, traces of volatile carbon compounds, by which 
the struggle for existence with the rest of the microbic world can be 
successfully sustained. The biological purification of water would, 
according to this view, find a counterpart in the biological purific- 
ation of the air by Bacillus oligocarbophilus 


: é é : 
Physics. — “The calculation of — from the magnetic rotation of 
m 


the plane of polarisation, for substances without an absorption 
band in the visible spectrum.” By Dr. Ll. H. Siertsema. (Com- 
munication No. 82 from the Physical Laboratory at Leiden 
by Prof. H. KameriincH ONNES). 


Starting from Firzguratp’s') simple explanation of the magnetic 
rotation of the plane of polarisation derived from the ZEEMAN effect, 
and also from the supposition that the result of the magnetic force 
is only shown by the displacement of the dispersion curve of the 
medium (n==/ (4)) over a distance J, Havto ”) finds for the magnetic 
rotation w 


where z represents the thickness of the medium. Hat1o’s investigations 
are concerned with the parts of the spectrum in the neighbourhood 
of an absorption band and for these we are justified in making the 
above supposition, as appears from a formula derived by Vorer 


1) Firzgeratp. Proc. Roy. Soc. G3upy oll. 
2) Hatto. Diss. Amsterdam 1902, p. hs 
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from a more rigorous theory’). If, however we want to apply it to 
points at a greater distance from an absorption band, as is the case 
with the magnetic rotation of transparent substances, we must turn 
to Voret’s more general formula ’) 
2 
&, 8 (9 — 9, +o RD) 
2 i ¢ 2 

(H—9, +o RD)? + HH 

If we may assume that only one term occurs under the summa- 
tion in the second member, and also that ¢,R and 9%, are small 


compared with #, a simple reduction shows that the new dispersion 
curve may be derived from the original one by moving each point 


n=1+2 


2 


over a distance */, c.f a which depends on ® and hence also 
a, 

on the wave-length. In this case Hat1o’s relation will hold, if & is 

not supposed constant, but proportional to 2?. 

Though it is uncertain whether for a given transparent substance 
we are entitled to accept the formula for » with only one term 
under the summation, we may investigate to what results this would 
lead. From the elementary theory of the Zeman effect it follows that 


whence for the displacement of the dispersion curve 
CLE VR ECE)? 
m 4x m4nV- 

This value has been derived for the absorption band. From the 
above considerations it follows, however, that we may apply it for 
each wave-length, and hence we find 
beer e aera: See 
A m AnVda m2V dz 


d=27 —1= 


Oa 


Whence follows for the rotation constant = = : 
z 


o= 


a 
wale aes 
which formula corresponds with one, given by Voicr®), if we replace 
the £ occurring there by: 

erent: 
Mentha) in 
m 2 

1) Vorer. Wied. Ann. 67 p. 351. 

*) Voier. Wied. Ann. 67 p. 349. 

5) Vorer. Wied. Ann. 67 p. 351. 
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which value may also be derived directly, if we equate the magnetic 
1 
displacement 5 c, R after Vorer with that resulting from the elemen- 


tary theory. The dispersion of the magnetic rotation expressed by 
this formula is the same as that resulting from BecquErEt’s *) relation 
and found by him to be confirmed in the case of carbon disulphide 
and creosote. 


. . é 
The relation found for @ enables us to compute — as soon as we 
m 


dn 
know the rotation constant @ and the dispersion ie of a substance 


for the same wavelength 2. For we have 
e 2V da 
== ; 
We shall make the calculation for some substances at a value of 
4= 589 wu. The rotation constants 7 being usually expressed in 
minutes we have 
20 
Q SESE Sa 
360 X 60 
and hence we find 
aS OG 2a a en vig can ee 
m 589 360 x 60 dn dn 
1. Avr (100 KG., 13°.0). I have found ?) 7 = 553.10-". Perruav °) 
finds for the refractive index at (1 atm., 0° C.) 
2 = 644, n—np = 85.10-8 
538 88:10-5 


da 
whence ee 0.65  10* and 0.58 >< 10%, on an average 0.61 X 105. 


n 
Supposing 2—1 proportional to the density, it follows that for air 
(100 kilogram, 13°.0 C.) di/dn = 0.648 & 10° and we find: 
es 2.96) K 693 X< 03648 & 10* =A06>< 10". 


m 


In the same way is found for: 
2. Carbon dioxide (1 atm. 6°.5). r= 8.62 « 10-° 


1A 
= (1 atm. 0°) = 3.42 ><10 
n 

(1 atim.,62.5)-= 3.50 ><10' 


1!) BecguereL. C. R. 125 p. 679. 
*) Stertsema. Comm. Lab. Leiden. Suppl. N’. 1, p.86; Arch. Néerl. (2) 2 p. 376, 
3) Perreau. Ann. de Ch. et de Ph. (7) 7 p. 289. 
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* — 0.89 < 10°. 
m 


3. Hydrogen (85.0 Kilogram,"0"o C.) ’ “r==4o0) nO 
da/dn (1 atm., 0° C.) OF 
(85.01KG349%5 (Cj 2183 i 108 
Se ATP SAO! 
m 
4. Water. From refractive indices of Dursr’) and the magnetic 
rotation constant 0'.0130 we get 
SS 495 S107, 
m 
5. Carbon disulphide. In the same way with r= 0'.042 we 
find from vAN DER WILLIGEN’s *) refractive indices 


£ — 0,745 X< 107. 
m 


6. Quartz. r—0.01684 *). By means of VAN DER WILLIGEN’s refrac- 
tive indices we find 


fs e410". 


m 


é 
It may be remarked that the values of — found here correspond 
m 


in order of magnitude with those found in other ways. - 


1) Durer. Bull. Soc. Minér. 8 p. 218. 
*) V. p. Wituieen. Arch. Mus. Teyler IIL. 1. p. 55. 
$8) Bore, GC. R. 128, p. 1095. 
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A. Smirs and L. K. Wore: “The velocity of transformation of Carbon monoxide”. (Com- 
municated by Prof. H. W. Bakiruis Roozesoom), p. 417. 

J. J. van Laan: “The course of the melting-pvint-line of sulid alloys or amalgams”, First 
communication). (Communicated by Prof H. W. Bakuvis RoozrBoom), p. 424, : 

J.J. van Laan: “On the potential-difference, which occurs at the surface 
different non-miscible liquids, in which a dissolved electro] 
municated by Prof. H. W, Bakiuis Roozenoon), p. 431. 

J. J. Haro: “The value of sume magneto-optic constants”, (Communicated by P. 
p-. 438. 

J. K. A. Werrurim Satomonson: “A new law concerning the relation betwee 
and effect”, (V). (Communicated by Prof. C. Wiykirr), p. 441, 

D. J. Kortrwee: “Plaitpoints and corresponding plaits in the nei 
the ¢-surface of van DER Wa4ars”, p. 445. (With one plate’. 

A. H. Sirxs: “Some remarkable phenomena, concerning the e 
(Communicated by Prof. H. A. Lorentz), p. 465. 


of contact of two 
yte has distributed itself”, (Com- 


rof. P. ZEEMAy), 
n stimulus 
ghbuurhood of the sides of 


lectric circuit in electrolytes”, 


The following papers were read: 


Chemistry. — “The velocity of transformation of Carbon monowide.” 
By Dr. A. Smits and L. K. Wourr. (Communicated by Prof. 
H. W. Bakuuis Roozesoom). 


(Communicated in the meeting of December 27, 1902). 


From the researches of Boupovarn’) on the equilibrium 2COSCO,+C, 
where use was made of the accelerating action of the metals Ni, Co, 
Fe, it follows that they do not modify the equilibrium but only 


1) Ann. de Chimie et de Physique [7] 24, p. 5 (1901). 


28 
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exercise an influence on the velocity and are, therefore, catalyzers. 
It was shown by Boupovarp that, whilst CO, in contact with C is 
practically totally converted at 1000° into CO, the amount of CO, 
in the gaseous mixture in equilibrium increases at lower temperatures 
in accordance with the sign of the heateffect CO,+C=2CO—42000 
eal. until at 445° the CO -is practically completely converted into 
CO, and C. 

From this follows that below 445°, CO exists in a metastable 
condition. 


INVESTIGATION. 
a. Preparation of the catalyzer and prelininary experiments. 


1. The following research was instituted with the object of 
determining velocities of reaction in the metastable region in presence 
of a catalyzer. The apparatus employed by us was in the main the 
same as that used by van’? Horr in his research on the velocity of 
transformation of detonating gas into water. The reaction vessel, 
however, was filled with a catalyzer obtained in the following manner. 

Pumice stone was broken up into small lumps, drenched with a 
solution of Ni(NO,), then dried, ignited and finally reduced in a 
current of hydrogen or carbon monoxide. 

This reduction, it was observed, takes place in two stages. The 
greyish-black surface of NiO first turns yellow owing to the formation 
of a suboxide (Ni, O?)') and afterwards on complete reduction again 
becomes dark-grey. When operating at a high temperature, reduction 
with H, or CO. gives apparently, the same imaterial. If, however, 
the reduction takes place in a current of GO at 445° a layer of 
carbon is deposited on the reduced nickel. 


2. The experiments with mickel-pumice obtained by reduction 


with either’ H, or CO ‘at a igh temperature gave the following 
result *), 

At 310° (boiling point of diphenylamine) the activity of the catalyzer 
did not appear constant. Successive fillings continually gave smaller 


diminutions of pressure in the same length of time. 


1) Miuer, Bell (Chemical News 20, 258). 


*) Coating the inner wall of the reaction vessel with nickel did not appear to 
affect the result, probably because the surface of the glass w 


all was very small 
as compared with the surface of the catalyzer. 
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We found for instance: 


310°. 
Diminution 
Filling. in mM. He. 


during 10 minutes, 
a 


dst 5,68 

2nd 5,00 

3rd 3,80 
ect. 


As we suspected that the retrogression of the activity of the 
catalyzer was due to the ever increasing layer of C, which deposits 
on the catalyzer during the experiment and fillings, we next used a 
nickel-pumice which had been reduced at 445° and was in consequence 
already coated with a layer of carbon. Although at first there was 
still a perceptible diminution in the activity, the differences in suc- 
cessive fillings become gradually smaller and finally, the activity 


was constant as seen from the following table: 


310° 


Diminution 
Filling. in mM. Hg. 
during 10 minutes. 


4st 4,88 ° 
2nd 1,80 
3rd 1,78 
4th 4,74 
5th AE TESS 
6th 4,74 
7th 1,74 


Being satisfied with this result, we started our investigation with 
the catalyzer of constant activity obtained in this way. 


bh. Measurements concerning the order of the reaction. 


For the determination of the order of the reaction the method of 
van ’t Horr was first of all applied. It is given in this case by 


the equation: 


i de, de, 
Nope ads 


OS Nog: AG 6) 


28* 
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The determination was made at 310”. 
In the first experiment the pressure of the CO was 786,8 mm. 


He at the commencement; after 30 minutes the pressure amounted 
to 739,9 mm. Hg. The diminution of pressure in 30 minutes there- 
fore amounted to 46,9 mm. Hg. 


de ane : 
If we take for — the diminution of pressure per minute then 


de, 
— becomes 1,56. 


In the second experiment the pressure of the CO was 535,3 mm. 
Hg at the commencement and after 30 minutes the pressure had 
come down to 501,7 mm. Hg. Here, the diminution of pressure 


de 
in 30 minutes amounted, therefore, to 33,6 mm. Hg or 2s AD: 


C,=aver. of press. at beginn. and end at the 1st experim.=763,35mm.Hg. 


CSO tr ree " i pea Oe SS OLO,S Wiper tg 
If from this we calculate n, we find 
7 = 0/86, 


from which it is apparent that the reaction is a monomolecular one. 
In order to make more certain of this, the order of the reaction 
was also determined at two other temperatures according to the 
method given by Noyes. In this case » is calculated from the 
following formula: 
log 
n=1+ .— 


¢ 
log— 
Cy 


in which ¢, and ¢, are the times during which the same part of the 
original quantity is converted when starting from different concen- 
trations c, and c,. 

At 256° we obtained the following result: 


192 
OU ame 
200 
i Meee nee =f cree Bae od 4 
a 525,1 é 
log 
770,9 
The experiment at 340° gave 
60 
log Fe 
ome ; 
a Poe: oe 
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The observations at the three temperatures 256°, 310° and 340°, 
therefore lead to the conclusion that we are really dealing here with 
a monomolecular reaction. 


ec. Determination of the reaction-constant at 256°, 310°, 340°. 


These determinations were conducted with the same reaction vessel 
and the same catalyzer. 


256° (boiling point of amyl benzoate). 


Time in minutes. | Pressure 
ae p 
| in k Ol op 
4 | 2 | mm. Ig : Va 
| a. 
0 | 761.0: | = 
| | 
5 0 | 758.9 | 0 000464 
10 | 757.6 0.000381 
40 | 736.4 | 0.000287 
90 | 754.4 0.000276 
| 
SOT, igtet © 000277 
40 | 719.3 | 0.000278 


average 0.000279 


The following may serve to clucidate this table: 

At 256° the catalyzer seemed to still perceptibly absorb the CO, 
which caused the diminution of pressure during the first 5 minutes 
to be excessive. The values for & are, therefore, not constant when 
we start from the pressure corresponding with the time O, but they 
gradually diminish which may be seen from the first two figures in 
the last column of the table. To eliminate the error caused by absorp- 
tion, we have, when calculating /:, started from the pressure corre- 
sponding with the time 5 minutes (column 2) and, therefore, have 
called this pressure P,. As the CO concentration had diminished very 
little in 5 minutes the error thus introduced could be disregarded. 
The values obtained for & are found in the last column beneath the 
dotted line. The following table relates to the temperature 310°. 


310° (boiling point of diphenylamine) 


Pressure ‘ai p 
Time in minutes in k= ee log Spy P, 
m.m. Hg 
0 786.8 

410 769.8 0.00192 

20 754.8 0.00184 

30 739.9 | 0.00184 

40) | 725.6 0.00184 


average 0.00186 
As was to be expected, the absorption at this high temperature 
was scarcely perceptible and in the following table, which shows the 


results obtained at 340°, no absorption whatever was noticed. 


340° (boiling point of phenantrene) 


| Pressure 

Time in minutes in = : log fs 
| a pea 
; m.m. He | 


0 | FO1.4 
40 2 a 0.CO524 
20) | 705.9 | 0.¢0527 
30 OGSnT | 0.00536 
50 i) C1207 0.00521 


average 0.00527 


In order to make sure that the activity of the eatalyzer had not 
diminished during these three series, a series of experiments was 
finally taken at 310° with the following result. 


( 423 ) 


310° 
Pressure ‘ i ; Jags 
Time in minutes i ae ; 
ime in minutes m t / 2P,—P, 
m.m. Hg 
0 805.5 

10 788.3 Ono ee 

20 773.0 0.00183 

30 757.8 0.00182 

40 | 742.8 0.00184 


average 0.00184 


The activity of the catalyzer had, therefore, undergone no change 
during these measurements, so that we were justified in calculating 
the temperature-coefficient from the results obtained. The result was 
as follows: 


k 
Temperature. hk eapal 
ke 
256° 0.000279 
1,4 

310° 0.00186 és 

BS 
340° 0.00527 


d. Mechanism of the reaction. 


What idea are we to form about the mechanism of the reaction 
if this takes a monomolecular course ? 

If we assume the formation of Ni(CO), with an immeasurably 
large velocity and the subsequent breaking up of this compound 
according to the equation 

Ni (CO), = Ni-+ 2CO, + 2C 
we must also accept the equilibrium 
Ni (CO), S Ni + 4CO 
of which the constant is given by the equation: 


Cr 


i= 
Cy; (co), 


This would then necessarily lead to the conclusion, that the velocity 
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of reaction should be proportional to the 4! power of the CO-con- 
centration whereas it appears to be proportional to the 1st power 
of the CGO-concéntration. Rejecting this hypothesis two further sup- 


positions remain. 


Firstly : 
1 CO = C+ O (with measurable velocity) 
Il. CO + 0= CO, (with unmeasurable velocity). 
Secondly : 


I CO+ Ni=C+Ni0 ‘ 
II.. CO + NiO = CO, + Ni. 

In the last case it need not be assumed that one of these reactions 
takes place with unmeasurable velocity, but only that the second 
one proceeds more rapidly than the first. 

As regards the nature of the catalyzer we think we may conclude 
from the result of several experiments, that it is not the carbon but 
the finely divided nickel which possesses the catalytic action. 

Amsterdam, Chem. Lab. University. Dee. 1902. 


Chemistry. — Professor Baknuis RoozEBoom presents a communica- 
tion from Dr. J. J. van Laar on: “The course of the melting- 
point-lines of solid alloys or amalgams.” (First Communication). 

(Communicated in the meeting of December 27, 1902). 

4. In the researches of vaN HeETEREN ') on Tinamalgams a mel- 
tingpoint-line occurs *) of a kind, which has not as yet been studied 
over such an extended course (from 0 to nearly 100 atom °/, of mercury). 
This is chiefly due to the fact, that the temperatures of fusion of the 
two metals are so very different; tin 231°, mercury —38.6°. In 
consequence the meltingpoint-line of the tin meets that of the mercury 
practically at 100 atom °/, mer- 
cury, so that the meltingpoint- 
line of the mercury has not even 
been observed. We therefore 
see for the first time a melting- 
mercury tin point-line in its full course, and 
the question arises whether the 
course, found by van Hrruren, 
may be predicted theoretically. 

The answer to this is in the 
affirmative. Let us, to start 
Ben wie with, take the most simple view 

Fig. 1. as regards the molecular poten- 


{y= 232° 


1) Dissertation 1902, (also Report Meeting 29 Noy. 1902). 
PV MS Gs johten tltsy, 
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tials gw of the tin as solid substance and aw, of the tin in the liquid 
amalgam, namely that 

pee of ) 

pie ae eR Plog Wee) ike oN a ye (1) 

In this it has been assumed, firstly that the tin, crystallised from the 
amalgam, does not consist of mixed crystals, but of pure tin — a suppo- 
sition, which has been proved by experiment to be nearly correct — 
and secondly, that the energy-quantity e is no function of x. Later 
on we will drop this last simplified supposition, and demonstrate, that 
& more accurate calculation of the function «, affects the course of 
the meltingpoint-lines quantitatively, but not qualitatively. Then it is 
our object to demonstrate at once, that the entire qualitative course, 
as represented in the figure, follows from the equations (1) in con- 
nection with the course of the logarithnuic function of 1—wx. By 
putting the two potentials equal to each other, we obtain: 
(e, — e) — (ec, —e) T= — RT log (1—a), 

or calling e, —e=q (the heat of fusion of the solid tin, when passing 
into the amalgam), and the quantity c, —c=y: 


q— yl = — RT log (1—2), 
from which follows: 


q 
T= —————. . 2 
y—R log (1—z) o 
This is then the most simple form of the meltingpoint-line. 
On introducing the temperature of fusion of pure tin 7, 7 becomes 


O, and we obtain: 


Sa i. 
v 
so that we may also write: 
th a 
oo : — Aa eRe Se, Wnaeey Cc) 
LL: 1—G@ log (1— x) 


1 — —log (1—2) 
q 


ry) 


if we abbreviate —— to 0. 
q 


We notice at once, that on the development of the logarithmic 
function, the formula, for very small values of wv, passes into 


baad y 


RT, 
Tae 


xz 


that is to say into T, — T=——2, 


the ordinary formula of van ’r Hore for extremely dilute solutions. 
If, however, the solutions are no longer extremely dilute, we can 
no longer be satisfied with one or two terms in the development of 
loy A1—w), but oy 1—r) must remain. 
I will now show, that the approximative relation 
= PT, 
~ 1l=Obg—z).* 


yf 


gives indeed the observed course qualitatively. For ae find : 
wv 
aT Ge 0 
de)’ MUO log a\y" se 
Whilst ~Z' itself, for 20, passes into 7’, and for #= 1/into 
T= 0, which already agrees with the steadily declining course — it 


ryy 


a. 
appears from as that this quantity, for «0, becomes: 
ae 


al’ Phas 
tl ee oe ’ 
to dz /, q 


the limiting value of van ’t Horr, whilst for 
v=1 it passes into —o. It may now 
still be asked, whether there will be a point 
of inflection or not. In the case, examined 
by van Herrren, a point of inflection plainly 
occurred at about w = 0.8, but it may also 
be possible, that the course was like the 
one in the following figure, without point 
of inflection. Let us therefore determine 


| a? th 
Fig. 2. dx? 
ale Mis i? iP) ae. 
de? (1—G log (1—2))? (L—x)*  -N* 1a)? N? G—a)? | WV } 
Evidently ——= 0; when 20==.N, that 1s to say, When 
Cr 


1--0 log (1—-x) = 20 


1 
slog (lata) eee 
og (1—«) 7 


ry. 


As 0= — will be positive, we see, that the point of inflection ean 
Y 
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only occur if @ is situated between '/, and o. For 0=— UN orient Oe 
for O=o we find on the other hand «= 0.865. A point of inflection 
further than i= 0.865 can only oceur with negative values for 0 


(A2=—o till 0=—0, when «= 0.865 till «x — 1). But there is no 
point of inflection if 0 <'/,, that is to say, if 
Ge 2a. 


or in gram-cals. 
(o> ALF. 

In our case therefore, where 7, = 505 — when q > 2000 gram-cals. 

This last conclusion will however be modified, when we apply 
the necessary correction to the approximate formula (3). But the 
fact of the possible occurrence of a point of inflection may already be 
completely explained by the simple formula (3), and this by the course 
of the function /oy (1—2). 


Il. We now proceed to write down a more stringent relation 
than (3). 

Assuming an equation of condition of the van per Waats’s kind, 
the value of uw, (the molecular potential of the component 7,) becomes 
as follows: 


t= —h Peg T—2) — RT (eg (V9) — 1) + (@). — PO4).) + 
=n, kT 1/42 . 
+ ia ee — crate Magers ge elie tel Lior, eg (4) 
For 6 has been written: 
b=n,b,+n,b,+. 
whilst for a the quadratic relation 


——. 2 
ON? Oy At 2 Ny MEO 


has been taken. 

Now, log (V—) can be supposed to be independent of «, whilst 
the expression 

Sn, is RT 

Be Smuts) = ae b, =(- w)a,,+wa,,) 
in regard to wv will become not of the order x, but of w*. Let us, to prove 
this, rather start from a more general expression for the total poten- 
tial § (in our case we have only to deal with two single components 
m, and 2,), namely 
My "Alyy ESM Maly, TE Ma Us 


M, + 2, 
— + n, log 


n oa i a 


1 


§ = 7% (Hy)o 1H % (la)o + t 


+ RT (>. log 
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We then find: 


0S, 
1 = SW), - os aay eu idla UL br, M4” Uys) 
Heppner 1 Hay + MMi) + AT log - aap ; 


With n, +2, =—1, n, = 1—2, n, =a we. obtain: 


= (44) .-[0-2)" 4. + 2a(1- #)Uy + ws] a a 2[(1-a)u,, le xu,,|+ RT log(1- ®), 
or after simplification: 


ty = [ero + ta) — 2 i — 2 tas + ae) + BT log (1 — 2). 

In analogy with (4) we may therefore write: 

vw, =e —e, T+ a, 2? + RT log (1—z2). 

The terms with 7Z'log T have not been taken into consideration, 
because they disappear on account of the equality of the quantities 
k, and & in the liquid and in the solid phase. 

If, for the sake of a closer approximation, we take up some higher 
powers of v, we finally get: 

(solid tin) ee Batra 
(tin in liquid amalg.) p;=e,—¢, T+ (407+ 8,2°+-7,2)+RTlog(1-a)} ©) 


Equating, we then find as in § 1: 


gQ—-yYT=—(a,¢ 4+ 8,2 + y¥, #) — RT log (1—a), 
or 
Got leya? +B,08 + 9,0" 
p= tet ert a Se 
y—fk log (1—«) 
The heat of fusion of the solid tin in the amalgam is now plainly : 
C= aire Nae Be eye ye ok ee) 
For «= 0, (6) passes into 
T=? 
ey 
so we may again write: 
14 tt Ba be 
Ae os T, = Jo , 
1 * log (1—) 
a 3 
or with — =a, Pa ae i % pa 
% Jo %o 
77 1+ (az*+ Bu*+ yo‘) 


RE Ere tee 
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and this is the more accurate formula, which has taken the place of 
the simple relation (3). 
IN. We will now show, that the above formula quantitatively 
yields the values, found by van Herren for 7’, in a satisfactory manner. 
dT i 
As — Sot age I’, 0,9 may be determined with great accuracy from 
bee: 
the beginning course of the meltingpoint-line. From the values, found 
for 7’ (on pg. 16 of the dissertation) for «= Oatom"/, of mercury 
(pure tin), v = 0,1005, « = 0,1716 and wv = 0,2338, the average value, 


y 


. a . . . . ” 
obtained for — fe is = 200. From the determinations of Hrycock and 


Av 
NevinLE between «= 0 and v= 0,1 it also follows, that — = 200) 
v 
For 0 we may therefore take (7, = 505): 
OOF 
= = 0.4) 
506 = 
I caleulated the values of a, B and y as follows: 
fe US257 + Be = LA oy 1,88: 


Formula (8) thus becomes: : 
1+.(0,8252?—1,11le? 4 1,330) 
1—0,4log(1—a) 

and so we find the following values for 7’. 

The agreement is as good as can be expected : the difference between 
the calculated value of 7 and the observed value generally amounts 
to fractions of a degree, average 0°,8; as regards to the absolute 
temperatures the deviation is only average 0,2°/,. Only the two last 
values are too low (the last 3°/,), but then the influence of a small 
inaccuracy in the determination of the coefficients 6 and y makes 
itself strongly felt. If we except these two last values, the calculated 
meltingpoint-line fully coincides with the observed line in the scale 
of the figure in the dissertation. And by means of a slight alter- 
ation in the value of @ and y we might perhaps cause the two last 
observations to agree. Let us not forget, that the formula (8) 
always remains an approximate one. In the last values of « the 
composition of the separated tin must also make its influence felt. 
For this is no longer pure tin but contains certainly 1°/,, or perhaps 
even 6°/, of mercury. 

As regards the value of ¢ (the heat of fusion of tin, when passing into 
BY 010 
Asien, ei 
— 2550 gram-cals. At 25° our formula is no longer available, as 


T=T, 


’ 


the amalgam) — when « = 0,¢ = y%, that is to say = 
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© v2 a a - log (se) Numer. | Denom. | yeas | =e A 
| 
0,1005 | 0,0101° | 0,00101 0,0001 92" 0,1059 4,0023 | 150424 212,4. 211,6 0,8 
01716 | 0,0294% | 0,0050%? 0,0008973 | 0,4883 1,0051 | 41,0753 | 41989 198,6 0,3 
0,2338 | 0,0546° | 0,01278 |0,0029"* | 0,663 | 14,0076 | 11065 | 186,7 | 183,72| 3,02 
0,2969 | 0,08819 | 0,02617 00,0077" | 0,353 | 41,0099 | 41,1409) 1738 | 1730 | 08 
0,3856 | 01487 | 0,0573% 0.02211 0,4872 1,0144 | 41,1949 155,4 155,2 0,2 
0,5001 | 0,2501 | 0121 0.0625" | 0,6933 | 41,0256 | 41,9773 | 1393 | 133,4 |—4,1 
0,5973 | 03968 | 02131 [01973 | 09005 | 40488 | 43038) 1452 | 1152 | 0, 
0,6467 04482 | 02705 [0,1745 | 1,010% | 4,0682 | 41,4161  407,7 | 107,4 | 0,3 
0,6754 | 0,462 | 0,3081 10,2081 | 4,1952 | 1,0830 ) 41,4501 | 104,0 | 103% | 0,6 
0,6813 | 0,4642 | 03162 0.2155 | 41,1435 | 4,0866 | 44574) 1033 | 102,4 | 0,9 
0,7104 | 0,5047 | 0,3585 (09547 | 14,9393 | 11047 | 41,4957) 998 | 99.0 | 08 
0,7155 | 0,5149 | 0,3663 0,2620 14,2570 41,1083 | 41,5028 | 99,2 98 ,8 0,% 
0,7477 | 0,5591 | 0,4480 |0,3126 4.3772 1,1335 | 4,5509 919 95,4 0,5 
0,7547 | 0,5696 | 0,4299 (03244 | 41,4053 | 11393 | 4,562! | 95,1 | 940 | 4,1 
0,7963 | 0,634 | 0,5049  0,4021 1,5012 | 41,1805) 46365) 914 | 900 | 4,1 
0,8189 | 0,6706 | 05492 04497 | 41,7087 | 14,2064 14,6835 | 887 | 84 | 03 
0,8921 | 0,7958 | 0,7100 06333 | 9,9966 | 41,3198 4,006] 77,5 | 79,7 |—22 
0,0483 | 0,8993 | 0,8528 |0,8087 | 92,9693 | 41,4012 | Q189/ 55,3 | 65,9 |-9,9 


according to the above table it only yields trustworthy values for 7’ 
up to about 90°. At 90° «= 0,8, and then, according to (7), we have: 
q=q [1 + (aa? + Ba® + y x4], 
7 = % (1 4: 0.325 w? — 1.11 2 + 1.33 4], 


or 


that is to say 


q = 1.185 gq, = 3020 eram-cals., 


whilst van Hurgren (at 25°) found +3000 eram cals, by means of 
ae 8 N) 


electromotive measurements '). 


The concordance is absolute. 


We, finally, wish to remark, that according to the determinations 
of vAN Herrren and of Heycock and Nevinne, regarding the lowering 
of the temperature of fusion of tin on adding small quantities of 
mercury, ¢, Ist be = 2550 cals. We therefore see, that the value, 
assigned by Person, namely 14.25 & 118.5 = 1690 gram cals., is much 
too small. In a later communication I will show, that the heat of fusion 
of mercury, given by Pxrson, is also many times too small. 


Dec. 1902. 


1) Dissertation pg. 49. 
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Chemistry. — “On the potential-difference, which occurs at the 
surface of contact of two different non-miscible liquids, in 
which a dissolved electrolyte has distributed itself.” By Dr. J.J. 
VAN Laar. (Communicated by Prof. H. W. Baxuuis Roozepoom.) 


(Communicated in the meeting of December 27, 1902.) 


1. It has already been demonstrated by Nernst in 1892, that 
a potential-difference must occur at the surface of contact of two 
liquids, which le together in layers, such as for instance water and 
phenol, on account of the unequal distribution of the neutral molecules 
and the Ions of a dissolved electrolyte. It is true, that his expression 
for the electromotive force relates to the case, that one of the two 
phases is a solid solution, but it will be perceived at once, that the 
same formula also applies to our case *). 

There is, however, at present no prospect of obtaining direct 
measurements of this potential-difference *). But as RigseNreLp*) has 
lately been experimenting on the subject, although in another direc- 
tion, it may be as well to give the exact theory of the phenomenon, 
which I worked out about a year ago, when engaged in writing a 
book on electro-chemistry, which will be published later. 

Suppose we have a solution of KCl in the solvents A, and A,. 


A, A, 
| i 
| Cl] K | 
| KCl, cif K KCl, 


Clik | 


If now equilibrium has been established between the non-dissociated, 
electrically neutral portions of the dissolved KCI in the two phases, 
there need not be equilibrium between the /ons in the two solvents.. 
Indeed, equating the thermodynamic potentials for equivalent quanti- 
ties of the non-dissociated portions in the two phases (equilibruin 
of partition), we get: 


Hci — “Ken, (1) 
But the two dissociation-equilibria give: 
== oe Pie ht) Nabe th vent | 0 l tl 
US Ssh mea CR Ae NO 1 mo fa, (2) 
Yonsequently it will suffice if . 
- aay) -u eta oe ie ao 
Lae al Mon, YK = Mor, : ( ) 


1) Zeitschr. fiir Physik. Chemie 9, 137 (1892). 

2) Compare Rresenretp, Wied. Ann. (4) 8, 617 (1902). 

3) Ibid, Ie ce: 

4) Nerysr und Riesenrevp, 1. ¢. p. 600—608; Riesenrery, 609—610 ; 616—624, 
id. Inaug. Diss., Gottingen 1901; Hirrorr, Wied. Ann. (4) 9, 243—245 (1902). 
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and it would be a sheer accident if we also had: 
| Ma Sh Ny = By 

There exists therefore as a rule no equilibrium of partition 
between the /ons in the two solvents. For example there may be 
in the second solvent relatively too few K-Ions, too many Cl-Ions. 
Since a system out of equilibrium tends to pass into a condition of 
equilibrium, K-Ions from A, will migrate to A,, and remain there 
in the boundary-layer, while the corresponding liberated Cl-Ions 
remain in the boundary-layer of A, (inversely Cl-Ions will migrate 
from A, to A,, whilst the corresponding liberated K-Ions remain in 
A,. Both add themselves to the above mentioned similar ions in the 
boundary-layer). The consequence is the occurrence of an electrical 
doublelayer and therefore of a potential-difference. And it is this 
potential-difference, which wil! restore the originally non-existing 
equilibrium between the Ions. 

All this may be put into a very simple mathematical form. 

Let V, be the electrical potential of A,, V, that of A,, so that 
4 = V,—V, represents the potential-difference at the boundary (in 
the case we are dealing with, 4 is therefore positive), then the 
formula for the equilibrium of the K-Ions will be: 


Ub, 
2 ERIE PELL SG By 
& 


which is at once obvious, when we consider the virtual passage 
from the left to the right over the boundary of such a quantity of 
K-Ions, that the quantity of electricity transported is de. As the 
quantities je relate to equiva/ent-quantities, and as these do not cor- 
respond with one electric unit, but with ¢ (= 96530) electric units, 
Ua — My must be divided by «. 
For the equilibrium of the Cl-Ions we find in the same manner: 
Bey Me —Ade=0. 
é 
The sign at 4 is now negative, because on account of the negative 
charge the change in the electrical energy is — A de. 
We therefore obtain from the two relations, after dividing by de: 
A & i) BEE Gane: Weis eae (4) 
& & 
That these two equations for A are not conflicting, is at once 
apparent. For the relation, resulting therefrom 
UKs Ss Hen tne 
leads at once to (8). 
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If we introduce: 
u=uwu + RT loge, 


in which c¢ is the concentration of the Ions, we may also write: 


1 ' t ry can 
A=— | Kyl Kk) + RT log = 
Sits dad) 
ea =| —y')4-RT log 4 
& Cl, y Ch, ‘ C Ch 


Il. Now everywhere cx =cq (only in the boundary-layer an 
excess of positive or negative Ions is present, owing to the for- 
mation of the doublelayer), therefore also 

ies i AGE 
a 
and so we find’) by addition of the two equations (5): 
i! 
4 =| aa) ai (1) | peat re pete (8) 

From this last relation it follows at once, that in dilute solutions, 
where the quantities w' are almost independent of the concentration, 
the potential-digference L will be also independent of the concentration. 
Whether much or little KCl is distributed through the two solvents, 


we will always notice about the same potential-difference A. 
If we deduct the two equations from each other instead of adding, 


. : OTe aie 
then we obtain [ observing that —~ = : 
Ck Cl, 


CK, OY eae | 
SS = = ‘wu eas 
RE bg 2 = — 5 g Faw digest | (7) 
If now we put 
Meee = RT log i | 

ul, == RT log Ki, | v1 
es ical a aa it Gl | 
in which Kx and Ky are quantities, which depend on the nature 
of the two solvents (and which in dilute solutions will only be func- 
tions of temperature) — they are the so-called partition-coefjicients 


of the positive and negative Ions — then (6) and (7) pass into 


See gs ON pe og ne ae (3) 
€ 


LN 
ES gencuriet ge clie hhh Vhs, Dee 4) 


1) The formula (6) was given already, though with a somewhat different notation, 
by Lurner [Z. f. Ph. Ch. 19, 537 (1896)]. The first thermodynamic theory of the 
equilibrium of partition was given by me in a paper of 1895 (Z. f. Ph. Ch. 18, 264—267), 

29 


Proceedings Royal Acad. Amsterdam. Vol. Y. 
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Nernsv’s formula for A, obtained in a different manner, is identical 
with our formula (5). (As Nernst’s H= V,—VJ,, our A= — £&). 
For if we replace Boy by RT log Kx and #',—w'g, by 


RT log Kj, then (5) passes into 


RT CK. Jeol cy 
A = — — log Kx Ky = — log Kc ee ’ 
é CK, & Gl 


and this is Nernst’s expression. As has already been observed, the 
quantities Kx and Aq are the so-called ‘“partition-coefficients”’ of the 
positive and negative Ions. For instance for the positive Ions we should 
have, when equilibrium of partition occurs: 


or 


(% 
so that we obtain: — = Kx. The same for the negative Ions. 
: ' 
The relation, given by Nernst ') 


gE: 
Kee Keys a < Kxei, 


2 
in which Axo is the coefficient of partition of the neutral KCl- 
molecules, and C, and C, are the dissociationconstants in the two phases, 
follows directly from the thermodynamical meaning of these quantities.. 
For if we write this relation in the form 

RT [log Kx + log Kei] = RT [log.€, — bog €, + loy Kxca], 
it passes, taking into account equation (a) and the relations 


RT log Kxci= Koh" Keh} RT bog Cen Ke Ko, ; 


RT log C, = pe 


' ! 
KC) oe 
immediately into the identity 


! ! ' ! (as ' ee ie ee ll whi 
(HE) TOG, Hy) = Kay HH KO on) 


— (cy KH oy) FH Ke H Ken) 

Not the formula (5), but the formula (6) or (6a), derived by us from 
(5), deserves however ‘the preference, because the concentrations of 
the Ions have been eliminated therein, and an expression has been 
obtained, in which only the coefficients of partition Ax and A” occur. 


Ill. If the dissolved electrolyte has now distributed itself so, that 


1) Z. f. Ph. Ch. 8, 138 (1891). 
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the total concentration is c, in A, and c, in A,, we shall have: 
CK, a,¢, 3 °K, = 4, ¢,, 

in which the quantities c, and c, may be found by chemical analysis, 

and a, and a, by determinations of the conductivity. As soon as 4 


5 Ki 
can be determined by experiment, = may be calculated from the 
K 


equation (6a), and Ax & Aq from (7a), and we can therefore get 
to know separately the quantities A, and Ac, consequently also 
the quantities 

wk,—wk, and w'c, — uch - 

From (6a) it further follows, that A will be positive (as supposed 
in the figure), when 

Ko > Kx. 

Only when by accident Ke =Kx, 4 can be 0. In general a 
potential difference will always occur between two non-miscible solvents, 
when an electrolyte ts partitioned between them. This potential-difference 
is given by (6a). 

From the equation (7a) it follows, that the relation of the eoncen- 
trations of the Jons in the two solvents in the case of dilute solutions 
will be practically independent of the total concentrations. This 
equation may also be deduced directly from (3). For this, being a 
result of (1) and (2), that is to say of the equilibrium of partition 
and the two equilibria of dissociation, may be written : 


' ’ ' ee) a 7 a eeh “CL, 
(u kot Kk) i (u CE u Tse RI Ee cK, ne lo es CC } 
and this after substitution fe at once into (7a). For 
CK. Ore NE 
2 == 2 log ne = — tay ( ay. 
im ck, CK, 


The equations oe and (7a) moreover lead to an important conclusion. 

As the quantities Ax and ‘cq are, in the case of dilute solutions, 
specific quantities, we must therefore find about the same values for 
these quantities in the case of other salts, when employing the same 
solvents A, and A,. For NaCl for instance we will have : 


Rie Ke c 4.3 5) 
A' = — log = ( zi ) = Kya X Ker 
Nay 


cd Oi 
from which by experimental determination of 4’ and the quantities 
Cva, and yq,, the two quantities Kya and Ke may be determined. 
The value, found for Aq from KCl-solutions in A, and A,, must 
then be practically identical with the value for Ay, determined from 
solutions of NaCl in these solvents. 


29* 
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The quantities A will show an almost complete additive character, 
on account of Ay and Ky, being independent of the concentration 
in the case of dilute solutions. For instance, in the same solvents 
A, and A, we must find: 

Axca—Anact = Oxkno,—Anano, - 
And the same for other combinations. 

The above considerations may be readily extended to the case of 
non-binary electrolytes such as CaCl,, ZnCl,, ete. In the different 
equations the valencies » of the Ions will then also occur, because 
the fundamental relation (4) then passes into the more general one: 
Ap leck fai ine 
ETE is) ieee eee ty 


gee ——— ma = 
vE VE 


A= — 


IV: The question in how far and in what manner the value of 
A, given in (6) or (6a), is still dependent on the concentrations of 
the Ions, can only be answered, when we calculate the values ofp’. 


1 
ete. with the aid of an equation of condition. If we accept the 
equation of vAN prr Waats as also applying to liquid-phases, we 
obtain for instance for the molecules bs 


Bp == — kp T (log T—1) — RT (v9 — 


=n, 


2 - il eh Cae 


L RT =n dp, + 2, Ay, +») + RT log 


V— a 
ny 
mn, stands here for the molecular number of the solvent. For 6 
and a we write: 


b=n,b,+n,6,+ . 
OS Na, 2 nen, i ae N,M,,+ . 
Let us now calculate the value of 
(u ea ci) ae (u oma kK) 
or, what amounts to the same, of 
(WH Gy) — OR —¥ @,): 
If we indicate the solvent by the index~1, the non-dissociated KCl, 


dissolved therein, by 2, the two Ions by 3 and 4, we obtain for 


! ! 2 
i eeury the expression 
u Ky f Ol I 


a a ~kj)P (log Tl) [Cs i)e) = (isa) Ig) Vite 
2 
4-RT= Vos hs SON es pls (@5:-@,4) N, (255-245) 5 (@53—@43) td Ce a 
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Remembering, that n,=n,, a 
simplified to | 


2 
5 ple (@3,—4,,) =f Ns (a,,—2,,) at ue (a,;;—4,,)]- 


For eae eh we find a similar expression. In this, however, 


a1 = 4,,, the last term. may be 


the quantities /,, 4, (the heat-capacities of the same Ions, at infinite 
volume) and (@3),, (€4)o> (Ms)o» (M4)) (the energy and entropy-constants 
of these Ions) will be exactly the same. a,,, @,,, @,, and a@,, will also 
> ] ‘ ‘ ‘ “y)* : 5 Mae Bee Zee (Caneeee h 

remain unaltered, so that for the difference (u K, Woy) (u Kye ci) 


we may write: 


RT ee (b, vA = Pt AN L(Y, bb! | 5 loa A mente) a0 
sires a ; V Ve 


Sas 2) (B-F) + Gor “(3 7) I 


The quantities, relating to the second solvent, are indicated by 


accents. 
We may now go a step further and accept as a first approximation: 


= tr yih —— 
pmo pe Li =| NE Paez 
If we then also write 
V Va n 
— =, =U ; h, = n(l—a) , —=e, ete, 
i} 


n, A, i, 


we finally obtain for A: 


= ! wey, 7 ess ! | 1— ; 
A= ate ! = — @ a) (G55 == S75) C ot a = ) oe 
€ v Y 2 2 


1—a')c 
As, in consequence of the equilibrium of partition, an 
constant, 4 will have the form 
A=A, + 4(1—e)e, 
Sah Pe tao rs (ac)? 
or sinee, on account of the equilibrium of dissociation, (i. ) = 
—a)c 


constant, also the form 
A=—4A,+4' (ac)’. 
Whether A will be positive or negative, depends chiefly on 4,. If 
a, — tl Woops 


I 
31 41 3) 
z Oo ; ’ 


(0) Uv 


A will be positive. We also see, that A—A, will increase or decrease 
with the second power. of ac, that is to say in the case of strongly 
dissociated electrolytes, where @ is nearly 1, almost with c’. 


Dec. 1902. 
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Physics. — Dr. J. J. Hatio: “The value of some magneto-optic 


constants.” (Communicated by Prof. P. Zurmay). 


In my doctoral thesis, on The magnetic rotation of the plane of 
polarisation in the neighbourhood of an absorption-band*), 1 have cal- 
culated the values which three of the constants, occurring in VoicT’s 
theory of magneto-optic phenomena, asstme ina particular case. I did 
not then know as yet, that Drupx had already tried —- in his Lehrbuch 
der Optik (Leipzig, 1900) — to make some estimate as to ihe order 
of magnitude of a constant 7, introduced by him, which is connected 
in a simple manner with one of the constants of Voret’s theory, of 
which I have determined the value. Therefore I beg to be allowed 
to mention here my results and those of Drupr, and to examine in 
how far these results agree. 

If , 9, 3 are the components of the electric polarisation in some 
medium, Voigt assumes that every one of these components exists 
of a part X, Y, Z, relating to the free ether, and a series of other 
parts ¥,, 91, 31, indicating the state of the ponderable matter. He 
therefore assumes : 


Eo X + DE; Pete: 


A representation of the phenomena of selective absorption, in which 
the influence of a magnetic field with components A, 3B, C is also 
taken into account, is gained when the sets of vector-components 
A, B, C ave subjected to the conditions: 


OX), Dad), oY), 03; 
X,, + an — + bp — + op (c y; Sh 


) == 'F7.2k, ebe. 


The constant 46, appears to be equal to 1,2/42?, if r, is the vibratory 
period of a free vibration of the absorbing medium; I have derived 
the values of the constants a, ¢, and &, for the line D, from the 
results of my measurements in a particular case (for a flame which 
contained very much sodium); the values I have found are (vide 
p. 85 of my thesis) : 

es 10g IDs 
Ch ==10,2, P0gsee 
Sy Eat, Oo LOO. 

The constants a, and e depend on the density of the sodium- 
vapour in the flame, the eenstant c, does not so far as we know. 

The data which served for the calculation of these constants are 
the following: a, was caleulated from the width of the absorption- 


1) Amsterdam, 1902. 
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band, which is proportional to it; this width was about 4 Angstrom 
Unit; ce, was caleulated from the magnitude of the Zruman-effect ; 
for this magnitude in the field which I used — of 9000 GC. G.S. 
Units — I took '/,, part of the interval between the two sodium- 
lines; @, was calculated from the value of the rotation of the plane 
of polarisation in the neighbourhood of the absorption-band; on the 
magnitude of this rotation as a function of the wavelength, for dif- 
ferent intensities of the magnetic field and different widths of the 
absorption-bands, I have made measurements of which the results 
have been recorded in the tables given in my thesis. From these 
tables I shall quote one series here, giving the numbers from which 
the above-mentioned value of e, was deduced (vide p. 42 of my 
thesis, table 24 1): 


J % J % 
AS &8 50 41 
20 51 55 10 
D5 31 60 9 
30 23 65 8 
35 18 70 6 
40 14 7D 5 
45 12 | 


Here Jd is proportional to the difference between the wavelength 
of a given kind of light and the wavelength which corresponds with 
the middle of the line D,; the coefficient of proportion may be found 
from the face that the difference between the wavelengths of the two 
sodiumlines corresponds with a value d= 1380; xy represents the 
rotation of that particular kind of light in my experiments, expressed 
in a unit of which the value is determined by the fact that a rotation 
of 180° corresponds with a value y= 105. Thus we read from the 
series, given above, that for a value of d corresponding with 
35 : ‘ a he 4,2 LB 
—~<6A.U. the rotation of the plane of polarisation is — * 180°; 
130 105 
from these corresponding numbers the value of ¢, is deduced in the 
way which I explained in my thesis. 

Drupg, in his Lehrbuch der Optik which I mentioned above (p. 353), 
in his version of the theory of dispersion gives the equations of 
motion of an electron in the form: 
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076 Ame? 0S 
Sa lai ae 

Here m is thé mass, ¢ the charge of the electron, § its displacement 
parallel to the axis of X from a position of equilibrium, X the com- 
ponent parallel to this axis of the external electric force acting on 
the electron; r and ® are positive constants. 

In working out the theory it appears that Voier’s constant a, is 
identical with the expression 7/4 of Drupr. Now the value of & 
was calculated by Drupx himself (p. 490) from the vibratory period 
of the sodiumlines; he finds the value of this constant to be 7,6 . 10-8; 
from this value and that of Voicr’s constant a, which I mentioned 
just now, we find: 


m 


r — 1650; 
here we must bear in mind that this value applies to the particular 
sodiumflame to which my measurements relate; 7 must, as well as 
a,, depend on the density of the sodiumvapour in the flame. 

Drupk tries in his book to fix limits, between which the value of 
ry must lie. He finds a lower limit by deducing from theory the 
proportion between the quantity of light, which the absorbing sodium- 
flame itself begins to emit under the influence of incident radiation, 
and the quantity of incident light which is absorbed. This proportion 
he finds to be 0,126/r. From the fact that reversal of a sodiumline 
is possible, he concludes that this proportion must be considerably 
smaller than 1, and he therefore fixes the lower limit for the value 
of r by assuming: 

> LO: 

A higher limit is found by Drupg from the consideration of the 
phenomena of interference. He deduces theoretically the value of the 
coefficient of damping y of the free vibrations of the electron and 
finds for this: 

DUO RAY i 1G exit 

Now this coefficient must be small, as with great phase-differences 
interference-phenomena can still be observed. With sodiumlight inter- 
ference-phenomena have been observed with a phase-difference cor- 
responding with 200000 wavelengths; therefore 200000 y must still be 
smaller than 1, therefore in this case: 

p< 7100: 

It is evident that this result is not at all incompatible with the 
value of » which I caleulated above. In order to observe interference- 
phenomena with such great phase-differences it has been necessary 
to use a source of light showing very narrow sodiumlines; with 


( 441 ) 


the width of the sodiumlines to which my measurements relate 
(which was about 1 Angstr6m-Unit) the greatest phase-difference with 
which interference-phenomena can be observed is one corresponding 
with 3000 wavelengths; the higher limit is therefore raised to 7000, 
so that 7 must in this case lie between 10 and 7000, which it 
really does according to the calculations given above. 

Some further deductions which can be made from the comparison 
of VoreT’s equations with those given by Drupr, have already been given 
on pp. 90—95 of my doctoral thesis, with reference to LoRENTz’s 
paper in the Report of the Congres International de Physique, held 
in Paris in 1900, and I will here only refer the reader to that part 
of my thesis. 


Physiology. — “A new law concerning the relation between stimulus 
and effect.” V. By Dr. J. K. A, Wertnem Satomonson. 
(Communicated by Prof. C. WINKLER.) 


From the law connecting excitation and effect, 


die AN Neer tr) or ay eletrmee. 4. ye AL) 
we may obtain by differentiating 
qé = VAISS e—B(R—-C) 
dk 
or also 
dE 
dh = eB R—C) By Was, war eee) 
Ze 


Introducing differences instead of differentials, with this limitation 
that the differences should be very small, and taking according to 
Fecuner, AVL, the differential sensation-threshold as a constant quan- 
tity, we obtain 

pe Ee ar og MO gta Oey ora 4) 
or, by putting the constant e~?Ck, =k 
Dee ade gee re lee dd) 
the latter formula containing an expression for the absolute differen- 
tial threshold-value. We might employ this formula for psychical 
impressions of peripheral stimuli, if the peripheral stimulus had caused 
excitation of only peripheral neurones with equal stimulation-constaits 
B, and moreover if all these neurones had been uniformly stimu- 
lated. Under a similar limitation we might also admit the validity of 
the formula for the relative differential threshold-value deduced from 
(4) by dividing both terms by &; we then obtain: 


k R 

As a rule, however, this formula may not be applied in the 
case of psychical processes, because the above-stated conditions have 
not been fulfilled. It is impossible to suppose the case of a peripheral ' 
stimulus hitting only one single peripheral neuron, or of one single 
group of neurones being exposed uniformly and with equal force to 
that stimulus. 

Let us see, what happens when a sense-organ in the living human 
organism is subjected to a stimulus. For instance we may consider 
the action of pressure on the skin. 

Suppose the compressing object to be in contact with a limited 
surface of the skin at the moment the pressure commences. We 
may take it for granted that all end- 
organs situated within the limited skin- 
surface in direct contact with the com- 
pressing object, undergo an equal and 
uniform pressure, and that in the case 
of this pressure being increased, its action 
will remain uniform. To the neurones con- 
nected with the nerve terminations @,7,4,q, 
our deduced law (5) may be therefore 
applied. As soon as the pressure increases 
the skin-surface will undergo a change 
of shape and be compressed (see fig. 1). 
This implies that nerve-endings 4, 6, situ- 
ated outside of the originally compressed 
surface, will also enter into an excitatory 
state. If this deformation be a slight one, 
only the nearest end-organs 6, 6 will be 
compressed. By inereased pressure the more distantly situated ones 
c, c, d, d ete. will also be stimulated. To all these end-organs, 
situated outside of the originally compressed surface, impulses are 
given, which are conducted to the central nervous system. From all 
the combined impressions finally results the sensation by which our 
judgment is decided. 

The neurones connected with 0, 6 c,e d,d ete. will likewise obey 
the law of stimulation and effect. The intensity of stimulus however 
is different for all these neurones, and also different from that for the 
neurones a, a,a. Therefore, whilst for the neurones aaa, the expression 

dR eBR 


ee 
Marae R 


Fig. 1. 
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might be employed, we must use for the neura b,6 c,c d,d ete. 
the expression 
ge Br gp Bry ‘ Ebr; 
e=K—, 9,=K—, @9,=Kk 


r q 2 


ete. 
i 


3 

As the stimuli 7,, 7,, 7, ete. are proportional to &, we may sub- 
stitute for these m,R, m,R, m,R ete. 

The question arises next: how shall we psychically combine these 
impressions in order to make use of them for the special purpose 
aimed at by our experiment, i.e. to decide whether two stimuli are 
different from one another? Summation or addition is out of the 
question: this would be in contradiction with the experience that by 
fixing our attention on a definite sensation, other sensations are 
weakened. It is clear that we will conform our judgment to that part 
of the sensation that is best fit for our purpose. Starting from this 
fact we may continue to treat the question mathematically. 

In the first place it ought to be taken into consideration, that by 
increment of a stimulus not a small number of new peripheral 
neurones are stimulated, but generally a great many. In the case 
of a pressure e.g. not only nerve-endings lying sideways of the 
compressed surfaee, but also more profoundly situated end-organs 
will be acted upon by increased intensity of stimulus. For every 
individual neuron we shall have to put in another coefficient m. If 


Fig. 2. 


we construct therefore a great many curves @,, 9,, Q, all these curves 
will onty be different on account of the constant m being changed. 
We now suppose the final judgment fixed each time by a part of 
a farther situated curve. Thence it may be concluded, that the 
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enveloping curve will represent the manner in which a judgment 


about the final result originates. To obtain the envelope of the 


oa emBbh , ; 
group of curves @ eae ynrts if the constant m is changed, we put: 
nh . 


emBR 6 
f= o0— K Stee ELS ee ete 
e aR (6) 
‘alculating the value of m corresponding to as 0, and substi- 
m 


tuting this value into the equation “” = 0, we find the formula for 
the enveloping curve. We may state: 


oF —_— — os emBR, Le — 


= OiNoret sasha ence Mea tamtihal 
Om R m? i) 


1 
From which follows m = ae which substituted into # = 0, gives: 


Oe BE SS eee Pe ao) 
proving that the relative differential thresholdvalue is constant. 

By this process we have deduced from our formula the law of 
WEBER. 

From our deduction may be inferred that the area, wherein the 
law of Wesgr prevails, is a limited one. The validity of this law 
commences within the area of the enveloping curve, and a look on 
the figure 2, will make it clear that the first part of the whole 
sensation-curve is given by the descending part of the curve 

eBR 


aK The horizontal part then represents the area within 


the limits of which the, law of Wnrbrr prevails, whilst in the ease of 
very great intensities of stimuli the ascending part of the curve 
BmR 
é 


ie. G will appear. 


m 
There remains still another conclusion to be drawn from our 
deduction. This latter was founded on the supposition that the increment- 
constant 4 was the same for all stimulated neurones. This, however, 
is highly improbable: in the most favourable cases we may only 
suppose that the 4-coefficient of the homogenous neurones will 
possess approximatively the same value, from which follows that 
we may admit the law of Weare at best as an approximation. 
Finally it may be mentioned here that apart from the above- 
demonstrated correction for obtaining an approximation in the direc- 
tion of the law of Wrerr-Frcuxnr, probably still another means of 
correction exists in some of our sense-organs; I shall prove this ina 
later communication. 
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Physics. “Plaitpoints and corresponding plaits in the neighbour- 
hood of the sides of the w-surface of VAN per Waats.” By 
Prof. D. J. Korrewse. 


(Communicated in the Meeting of December 27, 1902). 


First Descriptive Part. 

1. As in my “Théorie générale des plis”?) 1 wish to precede in 
this paper the demonstrating part by a short summary of the 
obtained results. 

As we know a plaitpoint may occur on the side «—0O of the 
y-surface Of VAN DER WAALS, ’) which is represented by the equation: 


w= — MRT log v—b)—— + MRI {log a+(1—w) log (1—a)} . (1) 


where: 
- dy==a,(1-w#)’?+ 2 ,a, e(1-w)4 a, «7 =a, +2(,a,-a,)u4 (a, 4+4,-2 ,a,)0?,. . (2) 
b,=b,(1-w)? +2 ,b, (1a) +b, «?=b, +2(,b,-b,)a-+(b, +b,-2 ,b,)?, . . (8) 

This occurs only in the case that the temperature 7’ corresponds 
with the critical 7; of the principal component; but in that case it 
occurs always. This plaitpoint coincides with the critical point of the 
principal component for which v = 36, and which in our figures we 
shall always represent by the symbol A; the plaitpoint itself will 
be represented by P. 

If the temperature varies, the plaitpoint and the corresponding 
plait can in general behave in two quite different ways. It will 
namely either, as is indicated by the jirst four cases on fig. I of the 
plate, on which the (v, 2) projections of the sides of the w-surface are 
represented, at increase of temperature leave the v-axis and move 
to the inner side, therefore entering the surface, and disappear 
from the surface at decrease of temperature, or it will as in the 
last four cases of that figure, enter the surface at decrease and leave 
it at increase of temperature. 


1) Archives Neérlandaises, T. 24 (1891) p. 295—368: La théorie générale des | 
plis et la surface ~ de van per Waats dans le cas de symétrie. See there 
p- 320—368. 

2) We take here the equation of the J-surface as it has been originally derived 
by van DER Waats, so without the empiric corrections which seem to be required 
to make the results agree quantitatively better with the experimental data. So is, 
for instance, a considered to be independent of the temperature, and all the results 
and formulae mentioned are founded on this supposition. It would not have been 
difficult to take such empiric corrections into account, as has really been done by 
VerscHAFFELT and Keesom in their papers, to which we shall presently refer; but 
then the results were of course not so easily surveyed. Therefore | have preferred 
to leave them out of account, at least for the present. 
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And this different behaviour of the plaitpoint will necessarily be 
accompanied by a different behaviour of the connodal and spinodal 
curves. For they:must always cut the v-axis at decrease of temper- 
ature, the connodal in the points of contact of the double tangent 
of the w,v-curve of the principal component, the spinodal in its two 
points of inflection; at increase of temperature above the critical 
temperature of the principal component, however, they get quite 
detached from the v-axis. In connection with this they turn in the 
first four cases of fig. 1 their convex sides, in the last four cases 
their concave sides towards the side «=O of the w-surface as is 
also indicated in the figure, where the connodal curves are traced, 
the spinodal curves dotted. 

Fig. a. : 5 . 

At decrease of temperature a figure originates in the first 
four cases as is schematically given here in Fig., ay At 
wncrease of temperature, on the contrary, in the last four 
cases, the spinodal and connodal curves disappear from the 
surface at the same time with the plaitpoint itself. 

Besides to this different behaviour it appeared however 
desirable, to pay attention to two other circumstances. First 
to the direction of the tangent in the plaitpoint, whether 
if prolonged towards the side of the large volumes, it 
inclines to the zner side of the y-surface, as in cases 1, 2, 5 and 
6 of fig. 1, or whether it inclines to the vuter side, as in the 
remaining four cases. For on this it will depend which of the two 
kinds of retrograde condensation will eventually appear ). But besides 
we have to pay attention to the question whether the plaitpoint, 
entering the y-surface, either at decrease or increase of temperature, 
will move towards the side of the larger volumes as in cases 4, 3, 5 
and 7, or whether it will move towards that of the smaller volumes 
as in the other cases. In connection with this question we may point 
out here that the line AP in fig 1 of the plate may everywhere be 
considered as a small chord of the plaitpoint curve of the v,v-diagram 
‘and accordingly indicates the initial direction of that curve, which it 
has when starting from point JK. 

The three different alternatives, which we have distinguished in 
this way, give rise to the eight cases represented in fig. J, and we 
may now raise the question on what it will depend which of these 
eight cases will occur at a given principal component with a given 


1) See on these two kinds of retrograde condensation inter alia, the paper of van DER 
Waats: “Statique des fluides (Mélanges)”: in Tome I of the “Rapports présentés 
au congrés international de physique, réuni a Paris en 1900”, page 606—609. 
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admixture; of course only in so far as with sufficient approximation the 
conditions are satisfied on which the derivation of the equation (1) 
of VAN DER Waals rests. 


2. The answer to this question is given in the graphical repre- 
sentation of fig. 2. It appears, namely, that the case which will occur, 


. ‘ : ie a p : 
is exclusively determined by the quantities —? =x and ~*“=y, which 
a De 


1 
have already played a prominent part in my above mentioned 
“Théorie générale des plis.” 

In accordance with this a x- and a y-axis are assumed in fig. 2 
of the plate and the regions where the points are situated whose x- 
and y-values give rise to the appearance of each of these cases, are 
distinguished by. different numbers and colours. 

For instance the white region 1 indicates the x- and y-values for 
which the plaitpoint enters the y-surface at rising temperature, moving 
from /¢ to the side of the large volumes, while in the well-known 
way we can derive from its situation on the connodal curve on the 
right above the critical point of contact 2 (for which the tangent 
to the connodal curve runs parallel with the v-axis) that the retrograde 
condensation will be eventually of the second kind (i.e. with tem- 
porary formation of vapour) and also that the temporary vapour 
phase will have a larger amount of admixture than the permanent 
denser phase. 

In the same way the blue field 5 indicates the x- and the y-values 
for which the plaitpoint enters the w-surface at decrease of temperature, 
moving towards the side of the large volumes; whilst the retrograde 
condensation will be of the first kind and the temporary denser phase 
will show a smaller proportion of admixture than the permanent 


vapour phase. 


3. When examining this graphical representation we see at once 
that one of the eight regions which were a priori to be expected, region 8, 
fails. From this follows that for normal substances the combination 
of retrograde condensation of the second kind and of a plaitpoint 
which enters the surface at decreasing temperature and moves towards 
the side of the small volumes, is not to be expected. 

All the other seven regions, however, are represented in the graphical 


representation. 


4. Further the point x =1,y—1, is remarkable, where no less 
than six regions meet. This point represents really a very particular 
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case, namely that in which the molecules of the admixture, both 
with regard to volume and to attraction, behave towards the mole- 
cules of the principal component exactly as if they were identical 
with these latter molecules. 

If at the same time a,—=a,, 6,=6,, which is of course not 
involved in the above suppositions, it is easy to see that at decrease 
of temperature below the critical temperature the plait would suddenly 
appear all over the whole breadth of the w-surface. 

Now it is true that every deviation from. these equalities a, =a,, 
b,—= 6, will prevent such a way of appearance, but it is evident 
that then the behaviour of plaitpoint and corresponding plait will 
depend on a, and 4,, ie. the first approximation for which the 
knowledge of * and y is sufficient and which everywhere else 
suffices to make this behaviour known to us up to a certain distance 
from the side of the w-surface, fails here. 

And also already in the neighbourhood of the combination of the 
values *=1,y=—1, this first approximation will be restricted, to 
the immediate neighbourhood of the point A’ and of the critical 
temperature 7), of the principal component. When we are not in 
that immediate neighbourhood the influence of a, and 6,, — of the 
former of these quantities specially, — will soon be felt. On the 
contrary for values of x or y sufficiently differing from unity the 
considerations derived from the first approximation will probably be 
of force within pretty wide limits, at least in a qualitative sense. 


5. Before proceeding to a discussion of the border curves between 
the different regions, we will shortly point out that we cannot 
attach an equally great importance to all the parts of the graphical 
representation. So all points lying left of the y-axis relate to negative 
values of ,@,, i.e. to the case that the molecules of principal com- 
ponent and admixture should repel each other, which is not likely 
to occur. 

In the same way the negative values of y, so of ,),, of the points 
below the x-axis, should be considered as having exclusively mathe- 


MR 1 
matical signification. If the relation, = 3b, +,), should still be 
applied also for very unequal values of the b’s, then y would even remain 
1 
always larger than a) and so the part below the line y = 


would lose its physical signification. 
6. With regard to the border curves between the different parts, 
we have first to deal with the parabolic border curve separating the 
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regions containing blue (blue, green, purple) from the others. It 


touches the y-axis in the point *=0, y= i 


(2y— 3x4 1)? — 8 (y—x) = 0 
or if we transfer the origin to the point y=1, #=1 and therefore 
introduce the new variables: #’ =x—1; y’ = y—1, which brings 
about a simplification also for the other border curves, we get: 
OG A aaa ca de ce) 
Then we have everywhere inside that parabola, so in the regions 
Se Osun: 


Its equation is: 


(2 yess ea (yee) <0 
and outside it in the regions 1, 2, 3, 4: 
(2y'—4 x)? — 8 (y'—x') > 0. 

In consequence of this it depends on the situation inside or 
outside the parabola, whether on the corresponding y-surface the 
plaitpoint will enter the surface at decrease of temperature or at 
mereaxse of temperature and whether the spinodal curves turn their 
convex or their concave sides to the side v= 0. 

Fig. 0. For points on the parabolic border curve the plaitpoint 
occurring in the point A’ at the critical temperature of 
the principal component, is to be considered as an homo- 
geneous double plaitpoint at that moment. The projection 
on the v, w-surface appears then as is indicated in fig. d. 

How the transition to this condition takes place may 
be made clear by the subjoined fig. ¢, which represents 
the same projection for a temperature slightly below that 
of the critical temperature of the principal component 
for the case that the x- and y-values indicate a Fig. ¢. 


point, which is still situated in the green region 
6, but on the verge of the border curve of the 
yellow region 2. 

Very near the plaitpoint /? we find here already — x 
a second plaitpoint 7’, which at further decrease 
of temperature soon coincides with 7. 

If now the point in the green region approaches 
the border curve of the yellow region, the two 


points ? coincide nearer and nearer to the critical 
temperature of the principal component and to the point A. On 
the border curve it takes place in the point A’ itself. Beyond the 
limit, in the yellow region, the plait of 2? does not develop any 
more and 7” takes the place of 7. 
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7. As second border we get in the graphical representation the 
straight line: 


O43 Oe ee 
It separates the regions containing red 3, 4 and 7, — for which 


2 y’—3 x’<0, and where the tangent in the plaitpoint, continued in 
the direction of the large volumes, inclines towards fhe side c=0— 
from the others, where it inclines to the inner side of the y-surface. 

As we saw before, this inclination determines the nature of the 
retrograde condensation. Not exclusively, however. For in the first 
four cases of figure 2 the result of the same way of inclination is 
in this regard exactly the opposite of that in the last four cases ; 
hence the parabolic border curve acts here also as a separating curve ; 
so that retrograde condensation of the first kind (i.e. with temporary 
formation of the denser phase) occurs in the regions 3, 4, 5 and 6, 
in the two first with greater proportion of the admixture in the 
temporary phase, in the two last the reverse, and on the contrary 
retrograde condensation of the second kind in the regions 1 and 2, 
(with a larger proportion in the temporary less dense phase) and 7 
(with a smaller proportion in that same phage). 


8. The third border curve is a eubic curve with the equation: 
(2 7’—3 x’)? —4(4y'—3 x) (2 y'—3x)4 167 =—0. . . (6) 
It consists of two branches, which possess both on one side the 
common asymptote : 


2 NS th — Pa OMA eee) ek ee (7) 


and which run at the other side parabolically to infinity. 

The right-side branch, whose shape resembles more or less a para- 
bola, touches the curve y’ = 0 in the point x’ = 0, y’=0 (#=1, y=1). 

Between the two branches, so in the regions 2, 4 and 6: 

(2y'— 3x)? —4(4y'— 8x) (2y'— 3x) 4+ 16y' <0; 
in all the other regions of course > 0. 

In the former case the tangent AP to the plaitpoint-curve of the 
(v, z)-diagram is directed to the side of the small volumes, in the 
second to that of the large volumes. 

If we, however, examine, whether e.g. at decrease of temperature | 
the plaitpoint moves towards the large or towards the small volumes, 
the parabolic border curve acts again as separating curve. 

It appears then that the plaitpoint moves towards the large volumes 
at decrease of temperature in the regions 2, 4, 5 and 7, at increase 
of temperature in the others. 
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9. The following table gives the characteristics for the diffe- 
rent regions. 


Region 
1 (2y'-32')?-8(y'-x') 0; 2y'-3%'">0; (2y'-3x')'-4(4y'- 3x')(2y'-8x') + 16y'>0 
2 > 0 ae ¥ <0 
3 ‘ SS Abed) : >9 
4 Pe SNe ae - <0 
5 : <0. 0 » >9 
6 : UU gh net ; <0 
a - <a Sa eo). . >90 
where : 

Ai ig ste re el pit ee (8) 

a, b, 


A similar tabular survey of the physical properties of the regions 
seems superfluous, as these properties may be immediately read from 
the illustrations of fig. 1 of the unfolding plate. 


10. It seems not devoid of interest to know how the breadths of the 
regions change with regard to each other, when continually increasing 
values of y’ are considered. An inquiry into this shows at once that 
the blue region 5, measured along a line parallel to the x-axis, has 


2 
a limiting value for the breadth of Fe All the other regions mentioned, 


however, continue to increase indefinitely, and do this proportional 
with ’y' and in such a way that the yellow and the red region get 
gradually the same breadth and in the same way the green and the 
purple one, but that the breadth of the two first mentioned regions 
will amount to 0,732 of that of the two last mentioned. 

If we also take the white region (reckoned e.g. from the y-axis) 
into consideration then we find its breadth at first approximation to 
be proportional with y', so that it exceeds in the long run the other 
mentioned; the orange region keeps of course an infinite breadth. 

The limiting values of the ratios may therefore be represented 
as follows: 

white yellow __yreen blue purple red _ orange 9 
Pause 0 ne ae, 

We imay see that if we keep « constant and make y to increase 
we always reach the white region, while reversively increase of x 
with constant y leads finally to the orange region. Strong attraction; 
between the molecules of the admixture and those of the principal 
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component promotes therefore in the long run the relations of case 
4, large volume of the molecules’ of the admixture promotes those 
of case 1. 

11. We may conclude this descriptive part with mentioning some 
formulae which we have obtained in the course of our investigation, 
and which will be derived in the second part. We do not, however, 
give them as new, as they must essentially agree with similar 
equations obtained by Krnsom’) and Vuerscuarrent’), if the simplifying 
hypotheses are introduced on which the original equation of the 
w-surface, used by us, rests. Nor does the way in which they are 
derived, in which the method of the systematic development into 
series is followed, differ considerably from that of VERSCHAPFELT. 

In these formulae we have restricted the number of notations as 
much as possible. They only hold at approximation in the neigh- 
bourhood of point A and of the critical temperature 7; of the 
principal component. 

We shall first give expressions for the radii of curvature R’.,, and 
Bon. of the projections on the (v, .2)-surface of the spinodal and 
connodal curves in the plaitpoint; from which appears that the radius 
of curvature of the connodal curve in the neighbourhood of the point 
K is at first approximation three times as great as that of the spinodal. 


] 3 ! \g ! ! 
Ry, = 5 by" (27-82)? B(x]... . (10) 
9 
Pe Cha by? ((2y'— 8x')? — 8(y'- ¢) |=SK' gn, POT aay 85! 4) 


These radii of curvature are here considered as being positive 
when both curves turn their convex sides to the v-axis as in the 
cases 1—4 of fig. 1 and negative in the cases 5—7. 

We may shortly point out here that the corresponding radii of 
curvature on the w-surface itself, on account of the strong inclination 
of the tangential plane in the neighbourhood of the v-axis, are quite 
different and much smaller, though the relation 1°23). ‘of eourse 


1) W.H. Keesom. “Contributions to the knowledge of van per Waats’s 4-surface. 
V. The dependence of the plaitpoint constants on the composition in binary mixtures 
with small proportions of one of the components”. Proc. Royal Acad. IV. p. 293—307. 
Leiden, Comm. phys. Lab. N° 75. 

*) J. E. Verscuarrerr. “Contributions to the knowledge of van per Waats, v-surface. 
VII. The equation of state and the }-surface in the immediate neighbourhood of 
the critical state for binary mixtures with a small proportion of one of the com- 
ponents”, Proc. Royal Acad. V, p. 321—350, Leiden, Comm. Phys. Lab. N° 81, 


continues to exist. They even become ceo when the plaitpoint 
coincides with the critical point , so that both curves have then a cusp. 


12. The knowledge of the radius of curvature Reon, is of importance 
specially because it may be used in connection with the formula: 
Fig. d. iL: 


(teh tb (2y'—8x')a,, Sr snipe ied dec atte (12) 
1 


through which we know the small angle which 
the tangent of the plaitpoint forms with the v-axis, 
to calculate in a very simple way the differences 
in density and volume between the phases of the 
plaitpoint P and the critical point of contact & 
at first approximation *). 

According to fig. d we have, within the indicated 
limit of accuracy : 


q 96, ! ! (Pars et he) ! r 
0,0, = Om Pie copy eae [(2y'-3x')? —8(y'—x ep (13) 


1 v} ! 9 Pein a aay I 2 ! ! 
2 —# p=RQ= at Fe conn. 6A (2y'—3x')?[(2y'-38x')?—8(y x!) |e” ,- (14) 


P 


13. We proceed now to give the formulae relating to the plait- 
points phase at a temperature 7’, which does not differ much from 
the critical temperature 7; of the principal component. 

They are: 


4 T—T; 
Weare ! ! q ite nae t7 ® (15) 
PO ey— sey 8 a) Pe 
3 ! if f} ' ! f ! 
a si er { (Qy’—8x')'—4(4y'— 3x!) (2y'— 3x!) + 16y }@, . (16) 


Spin! pe 


Pk 
By means of (15) we may transform (13) and (14), so that they 


become : 


{ (2y'—8x!)?—4y' 2x’ Jo, . - + + (12) 


9b, oy! 39! T—T;, 
oS aa IE ( Veta x) Tick 


eee ats) 


and 


9 Ti, 
pay amanen ng aa gael) yet “eX 19) 
k 


1) A similar method is given by Kersom at the conclusion of the before-mentioned 


paper of VERSCHAFFELT. 
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to which we add: 


ae T—T 
fees Oy 
AL ae P 


1 } Ing ¢ peace 9 t N\3 
p pg ee Opry pa egies) 
k . 


14. We shall conclude with giving some formulae relating to 
coexisting phases, where the index one refers to the liquid-, the index 
two to the gas phase. Where the index fails, we may arbitrarily 
take the value for the one or for the other coexisting phase; either 
because it is indifferent at the degree of approximation used, or 
because the formula will equally hold for either state. 


DT 
228,81, 7 —4 7 + [(2y'—3x')?— 8(y'—x')Je . (21) 


v,= 36, 4-3b, (os, aie Ty rae ly fey = (22) 


iy 
pe T—T 
So to 
Pk Ly, 
zi 
te 8, === (By — 3H!) (Os——01) ee ee ee 
4b, 
1 54. T_T; 7 Lah 
gy Cte) 8, = — 5, 4 80,)— pay —sx2--8(y' x] + 
2 5 Ty 5) 
1 i} I\3 ! I if ! ! ! | 
-}- io [(2y'—3x')’ —24 (y'— x’) (2y'—3x') + 16 Cece Bsa Sa, ee) 


in which formula (23) holds also for non-coexisting phases. 
SECOND DEMONSTRATING PART. 


Transformation of the -surface and preliminary development 
into serieése 


15. We begin with a transformation of the y-surface by intro- 
ducing the following variables : 
v—3s3b, IEE ; nD 
: =-——; y= —__; 
3b, Le Mi MRT), 


t 


(26) 


which means that we henceforth measure the volume v’ from the 
critical volume and with that volume as unit, the temperature in 


we 8 
the same way with regard to the critical temperature 7, = ——"!— 

276, MR 
and the free energy w’ with MRT; as unit. 


ori te ee. —=y'; 2s Dey : bie —d'; . (27) 


we find easily from (1), (2) and (8) for the equation of the new 
surface : 1): 


w' = - (14 #) log 3b, (b,'+0') - “+d -+t') tw log a 4- (1-«) log (1-a)}, (28) 
‘where 
perio * eRe es ; 
ea ae es Veen ae, ao ee) 
6, 2 2 ! 1 9 ! i 3 80 
ee eee Ney ee Le ep EY) 
further : 
ow MRT), oy oy oy’ 
a ere ts a Pe EY) 


1 


16. For investigations in the neighbourhood of the sides it is 
desirable to develop the expression for yp’ so far as possible according 
to the powers of w. We write therefore: 

yi = (14t)wloge+y+ye7+une +... . . (82) 


where in finite form ’) 


9 
Xo = — (14?) log b, (2480) een ee (33) 
eae ae 34 
Ai — a+ (55-1 een ° ° 5 A ° 5 . ° ( ) 
y? 2 2y'—d' 1 9 (2%'— 2’) 
mete) larny 24-30! pes 8 (1+v’) Ca 


1) If we wanted to consider a, as function of the temperature, the simplest way 
of doing this would be by wriling the second term of the second member : 


! ! ! rs 
Te AAAEs | es kant 5 The formula 7; = —. i Sa would continue to 
1+ 27 b, MER 
hold unmodified for the critical temperature of the principal component, provided 
we take for q the value it has at that critical temperature. With Craustus’ hypothesis 
that az is inversely proportionate to 7, we should get 2,==—1; 2.=+1. Also 
(29) continues to hold and the modifications in the developments into series and 
in the formulae derived from them would be easy to apply. 

3) In this form they may be used for investigations concerning the conditions 
at the side of the y-surface at temperatures greatly differing from the critical tem- 
perature of the principal component, as are made hy Kersom: Contributions to the 
knowledge of the g-surface of van per Waats. VI. The increase of pressure at 
condensation of a substance with small admixtures. Proc: Royal Acad. 1V, p. 659— 
668; Leiden, Comm. phys. Lab. N°. 79. 


or, after development into series with respect to the powers of v”: 


= —(1-+ on 2,5 = (G+ gt eb gle get 
$ A400) et oth eT er ee re eee) 
Lag!) — if ers Ly 42 yt } re 
+ oferty e 3 Crea he sy i hina ogc) 
to=H(L-EE YP LO g (Ok 2) 2 (hy hy' $20 6d BA) (88) 


for which last expression we write: 


%,=6,+6,¢t+6,v’ +... 2 Sagan ool eau AR 


Determination of the plaitpoint and classification of the 


different possible cases. 


17. For calculating the coordinates v’,, and w,, of the plaitpoint 


we have the following relations : *) 


Op = 0° i 
m Ont ta Pare = 0 . . . ° . . ° (40) 
oy’ o7y' 
0v' Ox! aa Ya — 0 ° . ° ° ° . . (41) 
Oey’ Oth Op’ OP yp’ 


et 3m 3m ==) 

Ow' at Ov' Oa? | dv? de Ov? tee) 
where m represents *) the tangent of the angle formed by the (v’, 2)- 
projection of the common tangent of spinodal and connodal curve in 
the plaitpoint with the »’-axis. 

If by means of (32), (86) and (87) we introduce in these equations 
everywhere the values of the differential quotients at first approxi- 
mation, in which, as appears, m, # p adv’, may be treated as 
small quantities of the same order, we find: 


m 3 : 
aie Sale aay «EAS enn RT ae) 


1) D. J. Korrewee. Ueber Faltenpunkte. Wiener Sitzungsberichte, Bd. 98, 
Abt. IL, (1889), p. 1171. 


®) See l. ce. p. 1163. 
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3 Oleh tae Mall” 
ee ee ei ast) ep =O ae astetes (44) 


m* te 2 ee ae Mts ee : 
es pemaihy, ata org’ nis . ra y—2x)e,=0, (45) 


from which it is easy to deduce: 


3 t I 
Opi) p : : (46) 
E t 47 
ec = y° . . . 
Po (2 y'—38 x')?— 8(y'—x’) cD 
1 
ae = [(2y'—3x')’— 4(4y'— 3x’) (2y'—8x') + 16y'Je,,, - . (48) 


The formulae (12), (15) and (16) of the first descriptive part of this 
paper may be derived from these formulae by means of the reverse 
transformation into the original y-surface with the aid of the formulae 
(26). Applying eqnation (31) we may also derive formula (17). In 
the course of this we get first at formula (23), which is given at the 
end of the descriptive part as serving also for the calculation for 
coexisting phases. The last statement might be objected to, because 
for those phases not »’ but v’? is a quantity of the same order as 


etal 


wand t’; but this objection loses its force when we observe that in 
Uv 


no term occurs with v’? alone. 


18. From these formulae (46), (47) and (48) follows now imme- 
diately the classification of the plaitpoints according to the eight cases 
and all the particularities of the corresponding graphical representation, 
as described in § 2—9. It is only necessary to say a few words 
about the construction of the cubic border curve. 

(2 y'— 3x')? — 4(4y'— 3x’) (2 y'—3x') + 16y’ = 0. . . (49) 

A closer examination of this equation shows, namely, that the 
curve possesses a double point, i.e. the point at infinity of the straight 
line 2y/’—3x’=0. A simple parameter representation is therefore 
possible and it is really obtained by putting 

Cy = DN as mre kel a ey a (OO) 


from which follows: 
eA sls oy) 16 yee a ST) 
hence: 
s?(s—A4) 28 E8s 
a RT i ame ; 
8 (s—2) 12 (s—2) 
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The points of the left-side branch are then given by the values 
of s between +o and 2, those of the right-side branch by the 
others. 

For s=2 we get the two infinite branches belonging to the 


asymptote : 
2 y' 3 eee al eh a ee) 


19. Nor do we meet with any difficulties in the calculation of 
the breadth-relations of the regions for very. large values of y' men- 
tioned in § 10. 

For the cubic curve we may put: 


B= 2 Sey. ea. ee ea 
through which its equation passes into: 
(—B48h) yy +16—4h=0 . . . . (55) 


from which appears that for very large values of y’ we find 
—2yV2, 0 and +2y 2 for k. We get therefore for the leftside 
branch of the cubic curve approximately : 


2 2 
$= —y'— p22. eee ee 
tg tog ie (56) 
and for that on the right-side: 
! 2 I 2 ' 
Aa ae ey . . 5 . . . (57) 


while of course the middle branch with asymptote corresponds 
with & =O. For this branch we have: 

i! 2 I 2 

te oe i ee ee 


In a similar way we find for the parabolic border curve: 


! 2 ! 2 Q ! 

% Sey Ot in ee (59) 
3 9 

Taking this into consideration we may equate the breadth of the 


: : : 2 
yellow region at infinity to oa (3—V3)V2.Vy’, that of the ereen 
2 2 
one to my ee that of the blue one to ee that of the purple 


2 2 
one again to ae Vy’ and that of the red one to 9 OW AV 


from which the relations of equation (9) easily follow, while 
V3—1=— 0.782. 


The spinodal curve. 


20. The equation of the spinodal curve is found by elimination 
of m from (40) and (41). We must, however, take into account, 
when writing these two equations, that v7’ along the spinodal curve 
must be considered to be of the order Wx, so that the terms with 
v’* must also be taken into consideration. 

We get then: 


3 
ate! oo eeu hs er) 


and 
3 eae Las ve 
Sata (2y'—3x') m 4 i t 16°. - yi (ae )itan. ==.0) we (Ol) 


from which follows for the equation of the spinodal curve: 
2 1 ; ! oo Nhe Il ! Zs ' a 

Oh <i [(2y'— 3x’)? — 8 (y'—x')] sy, + oe 0 RARE t(D) 

This is, however, its equation on the w’-surface. In order to 
know it on the original y-surface, we must transform it with the 
aid of (26) into 
(sp. —3b,)? — 3,7 [(2y' — 3x’)? — 8 (y' — x) em 4+ 126,77 = 0. . (68) 

For that of the circle: 

(v—3h,)? + (@—R—J)’ = R’*, (d sinall) 
we may write with the same approximation : 
(v— 36,)? — 2Re + 2hd = 0, 

from which we may immediately derive the expression (10) for the 
radius of curvature of the (v, x) projection of the spinodal curve. 


The two first connodal relations. Equation of the connodal curve. 


Zico We wshalk now take: PaG,v and -.P.(0,,0',), for which 
v', >v',, as denoting two corresponding connodes. 
We put then: 


Par? Coat ae wa ot a BH aw, == ea et (64) 
hence: 

" ' ' ' 1 \6 pee 1 - Ns oe ees ais 
i eaery vi--v.); Y= ey (Ue 0ns" cete a (w,+2,); Baie ; (G5) 


where therefore (e", v7") indicates a point halfway between the two 
connodes and § denotes the tangent of the angle which the projection 
on the (2, .2)-surface of the join of the connodes forms with the 


v'-axis. 
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It is then easy to anticipate, and it is confirmed by the calcula- 
tions, that all these quantities v", " and § with the exception of 1, 
are of the same’ order with each other and with ¢’; on the contrary 
not 4 but 7? is of this same order. ; 


22. Taking this into consideration the jist connodal relation: 


Ow’, ae dy’, (66) 
Re — Ave . . ° ° ° ° . ° . 


yields at first approximation : 


2 a 


food 3 / " le 3 t ! " 
log (e" +8) ~~ (27'-3x') (0" 4-0) = log (e"-Bn) - | 2y'-Bx) (wn) - (67) 
or also, subtracting on either side log x": 


Z ‘ 
tg (14 3) — > (ay Sx) = tog (1 — 5) ee 
v v 
$7] 


or, as — is a small quantity of the order of 1, we get after deve- 
av 


lopment into series and division by 4: 
Meee: 
(ies Fic oF é eS ae 


in which we shortly point out that this formula passes into formula 
(46) in the plaitpoint, and further that it leads immediately to for: 
mula (24) of the descriptive part. 
In the same way the second’) connodal relation : 
dy’, Ow’, 
dv, dv,’ 


(70) 


yields at approximation: 


3 3 ! 9 t' (y"' 4 9 " 4\3 3 Dig hag! 7 
eases, ae (v a) ay: (8 9) Be aa x') (@" 4-§9) + 


9 ( ! ! (v" ) tt 3 3 i 9 t! i 9 tt 3 
—(y—x oS —— = (v - 
+ 5 hy ) (e+) « Tae s\ ni (Caen ig 7) 


Gs 


3 9 
= thee) (oS) (ye) ae oe 


or, after reduction and division by 7: 


1) We must here have recourse to the terms of the order ¢' or 7), as all those of 
lower order cancel each other. For the sake of clearness we have kept (v!’ +1) 
and also (7 —]) together, though it is evident, that we may write e.g. for (v' + 9)8 
at once 4° on account of the difference in order of v" and 4. 
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9 Sgt 8 
as t' = f= 

ee 8 
from which follows in connection with (69): 


a? — [(2y'—8x')* — 8 (y'—x')] ee" +40... . (78) 


(Ay — Sx) oye) ei 0, . . (72) 


23. This formula yields at onee the radius of curvature of the 
(v, «)-projection of the connodal curve. We need only observe that 
according to definition : 


f 
Doom i alt. Rha eet tetays er, aban (7A) 
so at first approximation : 
Veonn. — 3b, 
i ts ee be errr si Oe a conta. os. (0D) 
) 


1 

Substitution of these last relations in (73) now yields immediately the 
equation of the connodal curve and in exactly the same way as for 
the spinodal curve we find from it the value of the radius of cur- 
vature Reon, given in formula (11). A further explanation of the way 
in which the knowledge of this value leads to the formulae (13) and 
and (14) need not be given here, nor need we explain the derivation 
of the formulae (18) and (19), (21) and (22). 

But the derivation of formula (20) will detain us for a moment: 
we require, namely, for it a more accurate expression for p than 
that given in formula (23). If we therefore develop (31) as far as 
needful for the purpose, we find ’): 


8 3 3 ! 9 t' ! 3 9 ! 3 ' 4 9 ! t ! 76 
p= oh ay ge a +4 ji v— PR Ok ga)! w |, (76) 
Ol-: 

PP, ae 

—-— = 4¢ —6#v' 4 2 (2y'— 38x) « — 12 (y'—x')'a, . (77) 

Py 

thence: 
Lert Re Sy ' Rope! ' SY ya PIN eat ' 
ae se Cs v ay) 4 2 (27-32!) (w, - oy 12 (y =e v prt p"'8) 


for, with regard to the last term, the difference of wp and @p is 
slight compared to that between 2’, and vp. 
9 
1) It might appear as if j¢7'> ought also to be inserted in the following ex- 


pression, but it is easy to see that this term leads to a small quantity of higher 
order than those that will occur in the final result. 
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It is now easy to find:, 


1 3 / {? € ! lf if 
Bp a ap AG et ee (27 —3x)¢,(v,— 2%») 2 479) 


either by paying attention to the fact that we have in Fig. d, § 12 
(see the first descriptive part), if applied to the (v’, x)-diagram, with a 
sufficient degree of approximation : 
iH 
RO a TG ARR ree TES are 


2 
or by application of the formulae (13) and (14), observing that 


t 1 
rg GOS tee ee Ry 


12a Oy = 80 (0 ae Up): 
This yields by substitution in (78): 
oes PR I 3 ! ga ' ! ! ! 
po bt t FOr Bee, 129 —x)e, Je", 1)» 80) 
k 


or finally substituting for ¢’ its value from (47 
a 


Pipe ep I ; , 
=~ 5 @y- -3x!?a,(0',— 0! = —T(2y'—3x'/)'x,,(v, — »,) (BL) 
Py 4b, 


from which we immediately derive formula (20), applying (18). 


The third connodal relation. 


24. We have now obtained the principal formulae. For the sake 
of completeness, however, we shall treat here also the third connodal 
relation, the more so as this leads to a new determination of. the 
formulae (47) and (48), which puts the former to the test. 

This third relation reads: 


1 ows ! dy’, ! Ow’, ! Oy’, 
Ne a Ps emacs ae ae wy, — 2, Our, aaa Ov, Sims (82) 
Orb 1 sO a 
We first transform w'—« jae ome with the aid of (32). It proves 
wv Vv 


to be necessary to keep all terms up to the order & or 7°. SO we 
find : 


, Ot Oy’ woke 2 Oy, dx, 
Gin wall a at e)e + Xo a ae ped ar (ute ae . (83) 
From this follows: 


' Oy’, ' Oy’, i] " f 9 9 
Wate a Magy FEY En) ft) log 2b, = == (mt 2) 


Gee. 87 4 vg 65 es ae 
pmar Ue gael + 4e a ets 10 ces [Ay — 8x!) + 2y't (q+ 0") (u" + Sy) — 


9 ! f " ' 2 if 
— 5 (y—/) (4? 4-20)" +. $y) + g (BY-2x))yi2"'—o, («"? + 201"’§n)-26, 42". (B4) 


os 
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If we equate this to the corresponding expression for 


oy’ Ow 
oe, -! ~— v, uu ’ 
ioe Ou, 
which is obtained by changing 9 into — 4, we get, dividing by 1: 
92 9 U 27 "3 63 4 3 " Pe) 
ea Sa v5 ty? al Tian SP peel cae +3 yt ae 
3 
+2 (27! — 8x!) e"§—9(y' — x) Sa? — 18 (y' — x) va" + 
27 
pare ee eo & Agra es Ol) Sas EF EBD) 


At first approximation this yields: 
3 
== a (2y'— 3x’) a". 


This relation is, however, identical with the relation (69) which is 
derived from the first connodal relation. So we cannot draw any 
further conclusion from equation (85) without bringing it into con- 
nection with the first connodal relation; but for this it is required 
to introduce a further approximation for the latter. 


Second approximation of the first connodal relation. 


25. From the first connodal relation in connection with the equation 


0 
Se BE Et PY Topi yg ON am kts Soe (86) 


the following relation may easily be derived, if we take into account 
the terms up to the order ¢? or 4°: 


oe F 
(1+¢/) log — — 7 Bylo 109 lie NY A JP ee (OY = Oe Na 7 
[eee 
wv 
Se ete ath tq ae fa hve i hal asi ee ep eS") 
Within the same order of approximation we have however: 
31 
bir wl! =—s« DEn - E*47? 
a 1 Sy a a" Z4""3 


In the second term of the second member of this equation, however, 
we may safely make use of the first approximation furnished by 
equation (69). Taking this into account (87) passes after multiplication 


with w" and division by a into: 
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9 3 ff ' 
25 + 25 + 55 (2y'— 3x!) ta" — Oy! —Bx')ul" — Bye" 4 9(y' x’ oa" — 


9 
~ 5 (By —2e/ynra" 4 40,80" + doje! = 0.. 2%. 5 2s (88) 
Further reduction of the third connodal relation. 
Derwation of equation (25) of the first descriptive part. 


26. By addition of (85) and (88) we find: ’) 


9 t' " ae 9 t! 2 27 Nog 63 4 9 ' ') é 2 9( ' ') (RMes lis <E 
ai Wf y} —Zx nN — —XK VU &v 
aoe el el ey (y 1 ¥ 
3 Or, 
ah = (2y'—3x")o"§ + o [(2y'—8x')? + 16 (3y'—2x')]y7u" = 0. . . (89) 


When we add to this relation (72), which is deduced from the 
second connodal relation, after having multiplied it with v", we can 
divide by 7? and we get: 


9 t! 9 " 63 2 9 ' Ng 9 9 ! 3 '\3 Ji 16 Boel 9 ' " 0 90 
- v ~ 4°-9(y -% — -3% Vio Hie eo Os 
ght tag UME HEF 55 [27-32 + 16(8y'-22')]o (90) 


Making use of (69) we may solve the quantity ” from this equation : 
7 if 
y= 2¢ + = y+ 3 [(2y'-3x')?-24(2y'-3x') (y'-x') + 16 (By'-2x')]Ju", (91, 
or finally with the aid of (73): 


" 18 7 : ; 
tee =p Uy 8m)" 2 Siy SN ae 


1 
+ [@y! — 8x')? — 24 (2y' — 3x!) (y' — x) + 16 By! — 2xy te". (92) 


from which equation (25) follows immediately with the aid of (65) 
and (26). 


In this way we have found the starting-point of the curve in the 
(v, #)-diagram deseribed by the point halfway between the points 
which represent coexisting phases. The tangent in that starting point 
also is now known. 


") Remarkable is the disappearance of the terms derived from 72 «°, which makes 


f ; A by .. 
also 2’ and d’, i. e. o and 5. disappear from the result. We have tested the truth 
1 


of this in different ways. 
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A new determination of the plaitpoint, independent 
of the preceding one. 


27. It is now easy to obtain such a determination with the aid 
of (73) and (91). For in the plaitpoint we have: 
FSO ae Sa Giese 


From (73) follows immediately (47); from (91): 
1 
v'p = 2t' + 3 [(2y'— 3x’)? —24 (2y'— 3x’) (y'—x') +16 (By'—2x')Jap; . (98) 


from which in connection with (47) we find again (48). 


Physics. — “Some remarkable phenomena, concerning the electric 
circuit in electrolytes’. By Mr. A. H. Sirxs. (Communicated 
by Prof. H. A. Lorentz). 


On etching of metal-alloys by means of the electric current, as 
communicated in the proceedings of the meeting of September 27, 
1902, I met with a great difficulty. In some cases the hydrogen 
developed at the kathode was very troublesome, namely when, instead 
of escaping immediately it divided itself in small bubbles through the 
liquid and stuck to the object to be etched used as anode. This 
obstacle was overcome by surrounding the kathode with fine brass-gauze, 
so that the gasbubbles were compelled to escape directly in this case. 
The gauze was hung up apart, consequently there was no contact, 
whatever, with one of the electrodes. The etching being finished, 
copper proved to have been precipitated on the wires of the gauze, 
which deposit was almost conform to the shape of the electrodes. 

This was still more visible at a second etching-experiment with the 
same copper-alloy: a small cup was placed under the anode, which 
partly hung in it. Again on the gauze a copper-deposit was perceptible, 
which showed at the lower side a distinctly designed horizontal 
margin, nearly as high as the brim of the cup. 

It was to be expected, that copper should precipitate on the gauze, 
placed between the electrodes, as the whole apparatus can be con- 
sidered as two voltameters, connected in series’). But, why is by this 
electrolysis not the whole side of the gauze, facing the anode, cop- 
pered, as is the case with the kathode by any ordinary electrolysis? 

To answer this question the experiments were altered somewhat. 


1) The anode and the side of the gauze facing it, are the electrodes of one, 
the other side of it and the kathode, those of the other voltameter. 
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Instead of water acidulated with sulphuric-acid a saturated solution 
of copper-sulphate was used as electrolyte; the electrodes were 
formed in future by two equally large Dutch bronze coins. The back 
part of these coins and the battery-wires, to which they were sol- 
dered, were varnished, as far as they were immersed in the electro- 
lyte, in order to be sure, that, during the electrolysis, the facing- 
sides only served as pole-plates. The gauze tube was left away and 
a screen of platinum (4><4c.m.), hung up isolated, placed just 
amidst the electrodes, who were 4 c. m. from each other. If a copper- 
deposit might appear on the platinum, this could be ascribed to 
electrolytic actions only. Very soon after the circuit was closed 
(intensity + 0,3 amp; voltage of the battery = 4 volts) there came on 
the piece of platinum facing the anode a sharply bounded copper- 
deposit, which, by continuation of the experiment, changed of thick- 
ness exclusively and not of size. The experiment was continued for 
2 days; still the results remained the same. 

Now I resolved to remove the platinum screen between the electrodes, 
to do the experiment over again and repeat this several times. The 
deposits obtained in all these cases were not exactly of the same 
size. The smallest deposit (diam. 18 mM) was obtained by hanging 
the screen between the electrodes (diam. 19 mM.), from which we 
can conclude to a small gradual contraction to the middle. 

If two electrodes of different shape were used, then, by removing 
the platinum screen from the anode to the kathode, the copper- 
deposit passed from the shape of one electrode into that of the other. 
This was very clearly visible by using a nut as anode anda square 
piece of sheet-copper as kathode. The hexagonal copperdeposit gra- 
dually took a square shape. 

Superficially one would be inclined to suppose, that the only 
thing, that has happened is the locally making of sections of the 
envelope of the two electrodes by means of the screen, but consider- 
ing, that, if electricity passes from one electrode to the other, the 
stream-lines divide through the whole fluid — the current-density is 
only larger within the above-mentioned envelope — it will be ob- 
vious, that there must have been another cause, Which made 
some stream-lines prefer to take the Way round the sereen to the 
shorter one through it. Considering, that the resistance of the platinum 
can be neglected in regard to that of the longer way through the fluid, 
the explanation of the deviation of these stream-lines can only be 
found in the polarisation, caused by the screen of platinum. 

To prove the supposal, that steam-lines are going out from the elec- 
trodes in all directions, the following experiment may serve: The 


en ae 
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anode was hung in a platinum cup, which must replace the platinum 
diaphragm and was therefore partly filled with the electrolyte. 
Directly the cireuit was closed, the inside of the cup was evenly 
coppered, as high as the surface of the liquid, while at the outside 
an intense gas-development took place, which was soon impossible 
to be observed well, as on account of the polarisation the current- 
intensity was considerably decreasing. In some cases from 0,9 amp. 
to 0,02 amp. If on the reverse the kathode was hung in the 
cup, the development of gas took place at the whole inside. Half 
of the outside of the cup facing the anode was partly and unevenly 
covered with a copper-deposit. 

When making the experiment with a sheet of platinum (5 & 5 ¢m.), 
dividing the glass in two equal parts, the results were just the 
same. Here also the platinum was entirely covered with precipitated 
copper. At a distance of the electrodes of about 10 m.m., the copper- 
deposit was pretty evenly spread over the platinum. At a smaller 
distance of the electrodes (4 m.m.) there came between the electrodes 
on the platinum a distinct circular deposit, while the copper precipit- 
ated on the remainder of the screen was very faint. A same deposit 
perfectly corresponds with the sections of the stream-lines we should 
expect. 

The same results were obtained, when using two diaphragms 
dividing the cup into three parts. At the first experiment two dia- 
phragms were used, completely shutting off the fluid and connected 
with a copper-wire. The side of the first diaphragm, facing the anode, 
counting from the anode to the kathode, was entirely coppered; the 
side of the other one, facing the kathode, was covered with gas-bubbles. 

At a second experiment only the connecting wire was taken 
away. The sides of both diaphragms, facing the positive electrode, 
were entirely covered with a copper-deposit. On the other sides gas 
was developing. 

At a third experiment two platinum screens (44 cm.) were 
used, thus not shutting off the fluid completely, but connected, 
however, with a copper-wire. The same circular copper-deposit 
came on the first screen, facing the anode, but, when breaking the 
connection the same side of the second screen was, on the contrary, 
entirely covered with copper. 

The latter phenomenon can be explained in this manner: The 
copper-ions, leaving the anode, yielded their charge to the first screen, 
over which it is entirely distributed and which, over the whole side, 
facing the kathode, serves in its turn as anode towards the second 
screen, which is coppered over the whole surface. If the second 
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screen was larger than the first, then, the side of the former, facing 
the anode, was coppered for a part about as large as the latter. 

Then, the experiment was repeated with a screen, dividing the 
basin into two equal parts, but having a small hole in the middle. 
Just as a part of the stream-lines in some of the former experiments 
went round the screen, so here a very great contraction of the stream- 
lines towards the hole may be expected. Some of them will deviate 
from their straight way preferring the way through the hole, to 
the way through the screen. This is confirmed by a circular part of 
the screen remaining uncovered. 

The following data are the results of a series of experiments, taken 
with holes of different size. 


Diameter of the hole. Diameter of the uncovered part. 
1 mm. 7 mm. 
2 4 1D sg 
tar 14 
one 4 Wp 
So, 250 
ae whole screen uncovered. 


distance between electrodes 3 cm., diameter of electrodes 19 mm. 


If the smaller screen is taken, so that stream-lines can also go 
round it as well, then the uncovered part is considerably smaller. 
The diameter of it was 3 mm. at a 1 mm. diameter of the hole. 

It is worth notice, that, while the electro-motive force remained 
the same, the current-intensity increased on increasing the diameter 
of the aperture. If for instance at the experiment with the smallest 
hole (diam. 1 mm.) the intensity after the beginning of the polari- 
sation was 0,1 amp., it amounts under the same circumstances to 
0,3 amp., when using the screen with the biggest hole. 

It is curious, that at the first experiment a copper-deposit was 
seen on the case of brass gauze surrounding the kathode, though 
properly it is nothing but a sereen with a great number of small 
holes. According to what is said hefore, it might have been expected, 
that all the stream-lines would pass from tise anode through the holes 
of the case to the kathode and therefore not form any deposit on 
the gauze. In connection with this, some more experiments were 
taken with different sorts of brass gauze, but alre 
next size — stitches of 2 mm? 
of copper were precipitated. 

If the way through the fluid was made considerably longer, 
then, in some cases, the current still seemed to prefer this round- 


ady by using the 
and 0,3 mm. wires — no traces 
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about way to the undoubtedly shorter one through the sereen. 
This was done in the following way: Again the anode was hung 
in a platinum cup, over the brim of which hung a bent glass-tube, 
filled with the copper-sulphate solution, thus forming the connection 
between the electrolyte at the inner- and outer side of the cup. 
Even if a capillary tube was used, a deviation was observed in the 
copper-deposit, namely: a part of the cup near the lower end of 
the tube was not coppered, this, however, only when the tube was 
hung over that place on the brim of the cup between the electrodes. 
A 3 mm. tube, however, caused a deviation of the deposit, even, if 
the tube was hung over the brim of the cup on the prolongation 
of the centre-line of the electrodes. 

Of course, there must be some relation between the coppering of 
the inner surface of the cup in these cases and the circular deposit 
on the screen. It must be possible, therefore, to pass gradually from 
one deposit into the other. Instead of the cup a cylinder of platinum, 
having a diameter of 4 cm., was used, which at the bottom was 
melted in a basin with paraffine and projected from the fluid. The 
anode was hung in it again. The circuit being closed, the inside of 
the cylinder was of course coppered again as far as it was immersed 
in the electrolyte (50 mm.). Then a vertical cleft of 1 mm. wide 
and 1 mm. high was made in the cylinder on the extension-line of 
the centres of electrodes. A part of the inner wall round the cleft 
remained again uncovered. When gradually giving the cleft a height 
of 20mm., the uncovered part took the form of an ellipse, till ata 
height of 25 mm. a strip of 8 mm. wideness was not covered with 
copper, along the whole height, i.e. 50 mm., of the electrolyte. 
When still enlarging the cleft, the deposit gradually receded more 
from the margins and after unfolding the cylinder into a plane it 
finally took the already known circular form again. 

To make the explanation, given of the deviation of the stream-lines 
on account of the polarisation of the platinum, more acceptible, the 
experiments were made with different electromotive forces by inserting 
resistance. By means of a resistance box, connected parallel with 
the voltameter, the terminal voltage of the latter could be increased. 
The current-intensity could be read on a milli-amperemeter, joined 
in circuit with the voltameter. As long as the potential difference 
was less than the electro-motive force of the polarisation, nothing 
was precipitated. After more resistance had been inserted in the 
resistance box, a current began to pass through the voltameter, but 
without forming a deposit on the sheet of platinum, although the 
experiment was carried on some hours. For that reason this current 
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could not have chosen its way through the screen and must have 
gone therefore round it. If some more resistance was inserted, then 
a deposit came’ gradually on the screen, smaller and more uneven 
than in the ordinary case, but also taking” the normal size and 
thickness as formerly, when going on inserting more resistance. 


Different salts were used as electrolyte, in none however, a deposit 
was so easily formed as in cupricsulphate. The phenomenon, when 
using this salt, was so clear, that once a deviation in the shape of 
the deposit was observed, because the wire which was connected to 
the anode, was not sufficiently insulated. In saturated solutions of 
zinc-, aluminium-, nickel-, cobalt-, ferrous- and ferricsulphate deposits 
were formed, one clearer than the other even if in all these cases 
the constant current-intensity was secured by inserting resistance. 

Chlorides were also used as electrolytes. In chlorides of zine and 
cadmium exactly the same circular deposit was formed, but in those 
metals, which can form more than one chloride (e.g. iron), a secondary 
phenomenon always appeared. When a solution of cupric-chloride 
was electrolysed, copper precipitated on the kathode; when, however, 
a platinum screen was put between the electrodes, again a circular 
deposit of a white substance was formed on the screen, quickly getting 
green in the air and being hygroscopic then; probably it might have been 
cuprous chloride, afterwards becoming cupric chloride again. When using 
a solution of Hg Cl, as electrolyte a white deposit of Hg Cl came on 
the platinum. A solution of Au Cl, gave conformable results; a brown 
red deposit was formed. Using H, Pt Cl, and a screen of gold-leaf, 
a yellow brown one was formed on the latter. When a solution of 
ferric chloride was used no deposit was ever formed. The explanation 
may be found perhaps in the solubility of ferrous chloride which 
is precipitated on the platinum as copper before. 


Though in many of the former cases an explanation could he found 
in the polarisation, vet, however, there is one thing, that cannot be 
explained, i. e. the curious sharp margins of the deposit. It seems 
as if the stream-lines keep their original direction within a certain 
tubular surface also in the presence of the platinum screen, while this 
screen has a strong influence on the lines outside of it, which change 
their direction and go round the sereen. Perhaps the explanation 


may be found by calculating the course of the circuit, but I am 
not able to do it. 


In the making of all these experiments I have become indebted 
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to professor ARoNSTHIN and professor SCHROEDER VAN per Ko1x for 
their assistance of various kinds and to these I tender my best thanks. 
Also to Professor H. A. Lorentz, professor at the Leyden University, 
for his help and information. 
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J. P. Kurnen: “Critical phenomena of partially miscible liquids—cthane and methylalcohol” 
(Communicated by Prof. Hl. Kamernixcu Oxnes), p. 473. 

A. P, N. Frayxcinmonr: “On the so-called compounds of salts of sulphoncarboxylic acids with 
sulphuric esters”, p. 482. 

Jax bE Vries: “On the spheres of Monce belonging to ordinary and tangential peucils or 
quadratic surfaces”, p. 484. 

J. D. vay vex Waars Jr.: “The variability with the density of the quantity b of the equation 
of state”. (Communicated by Prof. J. D. vay ber WaAaxs), p. 487. 

J. W. Moxu presents the dissertation of Dr. J. C. Scnovurr: “Die Stelir-Theorie”, p. 497. 

H. Kamervincu Onnes: “Methods and apparatus used in the cryogenic laboratory. ILI. Bath 
of very unifurm and constant low temperatures in the cryostat”, p. 502, (with 6 plates). 


The following papers were read: 


Physics. — ‘(Critical phenoinena of partially miscible liquids — ethane 
and methylalcohol.’ By J. P. Kunxux. (Communicated by 
Prof. H. KAmMERLINGH ONNgES). 


(Communicated in the Meeting of September 27, 1902). 


Some years ago Mr. W. G. Rosson and I began a_ systematic 
investigation of the phenomena of condensation for mixtures of liquids 
which do not mix in all proportions '). Shortly afterwards Prof. vax 
per Waars communicated to this Society an important paper in which 
he discussed our results?) and again in the second volume of his 
treatise on the Continuity *) he devotes some pages to the conside- 
1) Zeitschrift fiir Physik. Chemie 28, p. 342—365, Phil. Mag. (5) 48, p. 180—203. 
2) Kon. Ak. van Wet. Amsterdam 25th March 1899. 

3) Die Continuitaét etc. If. 1900, p. 184—192. 
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ration of the same phenomena. After the publication of Prof. van 
ber Waats’s paper 1 approached him privately with some objections 
to his views to which he replied in the most courteous manner. 
Though not completely satisfied it seemed winecessary at the time 
fo publish my views until I should be in a position to add to our 
knowledge of the phenomena by ftuther experiments. 

I have recently resumed the investigation and the results obtained, 
though naturally far from complete, seem of sufficient importance to 
deserve an immediate publication and to bes discussed in connection 
with previous experiments. 

For various reasons we had fixed owr choice on mixtures of hydro- 
carbons — first of all ethane and alcohols. Briefly ow results 
were as follows: 


& 


oa 


b—. 


Anes 
Fig 1. 


For mixtures of ethane with ethyl-, propyl-, isopropyl- and butyl- 
alcohol there are two temperatures A and B (Fig. 1) between which 
three phases — two liquids and vapour — are possible and the 
critical (Le. plaitpoit) curve accordingly consists of two branches, 
C,A and C,B, C, and C, representing the critical points of ethane 
and alcohol respectively and AZ the three-phase curve. For ethvl- 
alcohol A and / are comparatively far apart: for the higher terms 
of the series these points gradually approach each other and with 
amylalcohol no separation into two liquids could be observed: in 
this case the critical curve was a continuous curve joining the two 
critical points C, and C, in the usual manner, 

For mixtures of methylalcohol and ethane we found a branch CA 
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and a three-phase curve ending at 1, as with the higher alcohols, 
but not a limit B below which the liquids mix in all proportions. 
The character of the other branch of the critical curve which 
begins at C,, the critical point of methylaleohol, therefore remained 
uncertain. 

Prof. vax per Waats’s remarks concerned firstly the explanation 
of the behaviow of the first group of mixtures and secondly of the 
different’ behaviour of methylalcohol and the prediction of the phe- 
nomena outside the limits of our researches. The experiments com- 
municated in this paper have reference to the latter problem. 

First of all Prof. van per Waars shows how the two branches 
C,A and C,B may be made into one continuous curve by producing 
them in the region of the metastable and unstable conditions, a region 
which I shall call the “theoretical” region. In our paper we had 
pointed out that the phenomena were completely explained by the 
formation of a new subsidiary plait with plaitpoint emerging out of 
the main plait on the y-surface and the subsequent withdrawal and 
disappearance of the main plaitpoint’). Having regard to VAN DER 
Waars’s original investigation and to Korrmwne’s treatise?) on the 
properties of the yp-surface, the simplest interpretation appears to be 
to assume that at some temperature higher than 7’, a closed plait 
begins to develop on the spinodal curve, increasing in extent as the 
temperature falls, until one of its plaitpoints — that of the first kind *) — 
at A pierces the connodal curve of the main plait, thus giving rise 
to the formation of the subsidiary plait and the three-phase triangle. 
On further fall of temperature the inner plaitpoint exchanges partners, 
so as to form a closed plait with that branch of the main plait on 
which the original plaitpoint lies: at 2 the connodal curve of the 
main plait begins to enclose this closed plait. We may moreover 
assume the latter to contract on further cooling and ultimately shrink 
to nothing‘). Transferring the above changes to the p-¢-diagram 
we obtain the figure deduced from ows by Prof. van per Wats. 

1) |. c. p. 38d8—359. 

2) Arch. Neéerl. 24 p. 295—368 in particular p. 316 ete. 

3) Comp. Korrewse p. 67. 

4) Whether this actually takes place seems at least doubtful. The formation 
of the plait on cooling is hardly open to doubt, seeing that at high temperatures 
the surface cannot show any abnormalities in the region under consideration : 
but this condition does not hold at low temperatures and the contraction of a 
closed plait on cooling is in contradiction with the rule enunciated by Prof. van 


per Waats regarding the influence of temperature on the extension of plaits. 
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The possibility of producing the theoretical curves in the p-t-diagram 
had escaped our notice *). 

In the first place Prof. vax per Waats observes that the completed 
figure is in contradiction with the law previously deduced by him?) 
that a mixture of non associating substances may have a maximum 
or minimum critical temperature, but not both. To this point one 
of my objections refers. The law depends entirely on the simple 
characteristic equation, but apart from that if only refers to the 
critical point of the homogeneous mixtures and it must be looked 


upon as a possibility that the curve of the critical points — the 
plaitpoints — should have both a maximuwn and a = minimun. 


Prof. van prr Waats replies to this*) that near a maximum or 
minimum the two curves in question are so close to each other that 
no such difference between them can be admitted. This argument 
does not satisfy me. The two curves touch each other at points where 
a maximum or minimun vapourpressure exists and the two phases 
have the same composition, but points of that kind do not exist in 
the case under consideration. It is true that a maximum or minimum 
occurs on the plait when the connodal curve intersects the spinodal 
curve, but the character of these points is entirely different from 
that of the points referred to. The three-phase pressure for mixtures 
of ethane and the alcohol is between the vapourpressures of the 
components and there is thus no occasion for assuming the existence 
of another maximum or minimum. That being the case, there is 
no reason for a close resemblance between the two curves nor any 


1) Note added to translation. 
The above was written by me in the conviction which I then held that Prof. 


VAN DER WAALS’s views of the formation of the new plait — although arrived 
at in a different way — still agreed essentially with my own: indeed I do not 


even now see, how else the phenomena could be interpreted. From the paper 
contributed by him in the October-meeting of this society (critical phenomena of 
partially miscible liquids. Kon. Ak. van Wet. Amst. 25th Oct. 1902) it appears 
that such was not the case and that I ought to have been more careful in accept- 
ing the theoretical curve drawn by him as corresponding to the changes on the 
W-surface as understood by myself. Doubt never arose in my mind on this point 
at all and I never considered the question. Still I ought to have noticed that’ the 
theoretical curve has no vertical tangent at its extreme points, but ends in cusps, 
corresponding to the circumstance that the curvature of the connodal curve is the 
same in both plaitpoints of the closed plait. This is the only respect in which | 
think my paper requires emendation although some of my arguments would have 
been presented in a different manner had I realised how completely his views 
differed from mine, 


*) Arch. Néerl. 24 p. 23. 
5) Continuitét If p. 188 1. 17. 


eround why the “homogeneous” critical curve should have a loop 
as well as the plaitpointeurve. 

I am strengthened in this opinion by the fact, that even in the 
“symmetrical” case Prof. Kortmwne has come across similar peculiarities 
in the plait and it follows, that theoretically even those mixtures 
which obey van prr WaAAats’s equation may have a critical curve 
with a loop in it. ‘ 

I do not mean to maintain that the homogeneous curve in our 
vase does not possess a loop or to deny the probability of Prof. 
VAN per Waats’s hypothesis according to which the association of 
the aleohols plays a part in) producing the abnormality. What I 
Want to point out is that it has not been proved that with normal 
mixtures the abnormality cannot oceur, although it is very probable 
that this abnormality and in general the formation of two liquid layers 
-- while theoretically possible for normal mixtures with special values 
of the constants — in reality occurs with associating substances only’). 

The critical curve in the p,f-diagrain having been completed in the 
way described one feels inclined to say with Prof. van per Waats 
that the case is one of a modified cross-plait and not of a true liquid- 
plait. According to VAN DER Ler’s experiments *) the liquid-plait for 
mixtures of phenol and water has its plaitpoints turned in the direction 
of the positive volume-axis and above a certain temperature is entirely 
independent of the cross-plait. Prof. van per Waats seenas inclined 
to look upon those properties as characteristic of the liquid-plait and 
io withhold this name from that part of the plait which in our case 
is turned towards the .-axis. It will appear presently that this view 
cannot very well be sustained so that at any rate this ground for drawing 
the distinction in question disappears. Still the peculiarity remains *) that 
the critical curve is a continuous curve, at least when no account is 
taken of the objection urged above against joining the curves beyond 
PB. Even then however it will be observed that on the y-surface two 
independent plaits exist completely or partly inside each other and 
thus when the w-seurface itself is considered the contrast between 
our case and one in which a true liquid plait would exist disappears. 
Moreover the abnormality is ascribed to the same cause — association — 
as the formation of the liquid plait; if both are due to the same 
cause, one feels even less inclined to maintain a distinction in the 


nomenclature. 


1) Continuitét If p. 176. T doubt the possibility of deducing a relation between 
dy, on the one side and (and digg On the other. 

2) Zeitschr. Physik. Chemie, 33, p. 622, 630. 

3) Continuitét If p. 188. 
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The following may be added in further explanation: there is a 
well defined contrast between the two plaits as regards the causes 
of their existence. The cross-plait, depends for its existence on the 
shape of the y-curves for the separate homogencous mixtures, the 
liquid-plait) on the other hand is due to the manner in which these 
curves change with the composition. In the formation of the latter 
plait association seems to be the principal factor. But notwithstanding 
this distinct contrast: there must be a number of cases in which it 
will be impossible fo say which kind of plait one is dealing with 
and to which sort of plait a given plaitpoint belongs. We shall 
presently come across a striking instance of this kind where a 
cross-plait with its plaitpoint gradually changes ito a plait with its 
plaitpoint turned towards the vr-axis from which it is impossible to 
withhold the name liquid-plate. 

Let us now consider the case of methylaleohol and ethane. 
Before communicating the new results T will discuss Prof. vax per 
Waats’s views of these mixtures. He assumes that the critical curve 
is again a continuous one but with a loop turned upwards this time 
instead of downwards as with the higher terms.') There are some 
serious Objections to this theory: 

The critical curve, starting at the critical point of ethane Wes 
disappears from the practical part of the surface at A, as in the 
former case, and the part beyond can therefore only represent a 
theoretical plaitpoint which remains hidden, because at higher tem- 
peratures no three phases coexist. Beyond 4 the curve should there- 
fore be dotted throughout, and it cannot be interpreted as in’ part 
real. In this case as in, the other the shape of the curve was 
deduced by keeping in view the homogeneous critical point and a 
striking instance is afforded of how this curve does not give Us 
any clue as to the shape of the real critical curve. 

In the second place I think the bending upwards of the critical 
curve assumed in this case. is open to doubt. At somewhat high 
temperatures there is probably no abnormality on the surface and 
no plait except the cross-plait: as the temperature falls a closed 
curve develops one of whose plaitpoints pierces the main plait at 
‘AA and moves from there towards C,. As in the other mixtures the 
three-phase pressure is lower than the Vapour pressure of ethane ; 
it follows that the subsidiary plaitpoint is timed towards the j-axis 
and represents a maximum pressure on the closed plait. This being 
so the simplest supposition to make is that. the other plaitpoint of 


*) Gomp. his diagram Kon. Ak. vy. Wetensch, Amst. March 25th. 1899 p. 5, 
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this closed plait is one of minimum pressure: starting from this 
poit the pressure on this plait passes through a maximum and a 
minimum successively and reaches its highest value in the real plait- 
point. In other words the theoretical part of the bent critical curve 
in the p,é-diagramn should lie below the practical part, as with the 
other alcohols. This supposition seems so much simpler than the 
Opposite one that I feel prompted to state the following rule: when 
the three-phase pressure is between the vapour pressures of the com- 
ponents the theoretical critical curve bends downwards, avhen it is 
higher than the vapour pressures of the components (as with ether 
and water')) the curve bends upwards. 

In his book on the “Continuity” *) the author discusses the pro- 
bable behaviour of the mixtures at higher temperatures. Apart from 
a possible plaitpoint on the side of the small volumes on the liquid- 
plait, there is no practical plaitpoint left above A. Prof. vAN DER 
Waats assumes that this condition will continue up to the critical 
point of methylaleohol, that the plait will close itself here, gradually 
contract and ultimately disappear either at the limiting liquid-volume 
or by its plaitpoint meeting with a possible liquid plaitpoint. 

This expectation has not been realised by my experiments and 
must in itself be looked upon as improbable. The formation of the 
liquid-plait is asevibed to the association of methylalcohol. Above a 
certain temperature this abnormality has disappeared and in any case 
at the critical point it is for most substances very small. Considering 
the great difference between the critical temperatures of the two 
constituents of the mixture an admixture of ethane to methylalcohol 
cannot but lower the critical point, even if the mutual attraction 
of the components were comparatively great. As a matter of fact 
methylalcohol seems to have some association left at the critical 
point *). But this association has the effect of making the mutual 
attraction appear even smaller and thus increases the probability of 
a lowering of the critical temperature by the addition of ethane. It 
follows that the cross-plait has to appear on the y-surface in the 
usual manner with fall of temperature, with its plaitpoit turned 
towards the ethane side. 

In view of the fact that at low temperatures there is a liquid- 
1) Kuenen and Rosson I. ¢. p. 351. 

2) Continuitét II, p. 189 verv. 

5) Rawsay & Snienps, Zeitschr. Physik. Ghemie 15, p. 115. Nobody seems to have 
observed as far as I know that the compavratively high value of the critical temp- 
erature of methylalcohol may he explained by association, as also the deviation. 
from Kopr’s law for the boiling points of series of organic substances. 
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plait there are still two possibilities with regard to the development 
of this cross-plait: (1) the plaitpoint continues by itself and gradually 
begins to form the closing plaitpoint of the liquid-plait) which may 
disappear at the limiting liquid) volume. or (2) it disappears by meeting 
With a second plaitpoint belonging to an independent liquid-plait so 
that the two plaits then form one large one, with or without a 
closing plaitpoint on the liquid: side. 

The experiments confirm the above view of the effect of an 
ulmixture of ethane on the critical point’ of methylalcohol and as 
fur as they go seem to show the first alternative to be the correct 
one. It appears that the general behaviour of mixtures of methyl- 
alcohol and ethane thus disclosed agrees with that of ether and 
water as predicted — without however any grounds being given — 
by Korrewee *) and laid down in some r-7-diagrams. On the grounds 
set forth above I support this expectation as regards ether and water. 
Addition of ether to water will lower the critical temperature. 
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The results for methylalecohol and ethane ave laid down in figure 2. 
T can give only a short explanation here. Starting from CG —— ithe 
critical point of methylalcohol — the critical curve runs in a per- 
feetly normal way at first, owing to the influence of the association 
being as yet insufficient: 1t ascends, passes thronel a maximum 
at 120°, and then fails, evidently tending towards the critical point 


*) Arch. Néerl. 24 p. 338—340, 
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of ethane; the association however becomes gradually stronger; the 
dip in the surface caused by this!) gradually modifies the shape of 
the eross-plait: the plaitpoint passes through a minimum pressure 
hetween 25° and 30°, and the critical curve then begins to rise 
rapidly. The end of the evoss-plait thus changes without a disconti- 
nuity into a liquid-plait; in the mean time the main plait goes on 
developing on the approach of the critical point of ethane: as explained 
a small subsidiary plait is formed which appears at A on the pract- 
ical part of the surface. Probably an exchange of plaitpoints occurs 
on the theoretical part, of the same nature as with the higher alco- 
hols, the result being that at low temperatures the cross-plait is cut, 
through by one self-contained liquid-plait. But as far as the phen- 
omena are concerned this is entirely immaterial. 

As far as the experiments could be carried (i.e. up to 275 
afmospheres) the critical curve continued to rise towards the left, so 
that there is no indication of the existence of a different plaitpoint. 
The rapidity with which the mixing-pressure increases is truly 
remarkable. 

If we compare the figures for methylalcohol and for the higher 
ferms, a certain resemblance will be noticed, especially if we do not 
assuine the contraction of the closed plait to nothing in the latter 
case. The association tends to produce the same modification in 
the usual diagram in both cases, but the acting causes appear to be 
much more. effective with methylaleohol -— the stronger association 
of the alcohol, possibly a smaller mutual attraction or the influence 
suggested by Prof. van per WaAArs of the small molecular volume of 
the alcohol may contribute to this result. For this substance the 
plaitpoint remains outside the cross-plait at low temperatures, with 
the others if sueceeds in disappearing inside. Whether inside this 
plait any changes take place similar to those occurring with methyl- 
alcohol on the practical part of the surface we cannot tell. But in 
any case T have assured myself that with ethylaleohol a new plait- 
point curve does not appear down to —78°: ethylaleohol and ethane 
remain miscible in all proportions. 

Methylaleohol and ethane min by pressure. In this respect they 
contrast with mixtures phenol and water for which the liquid plait 
above a certain temperature far below the critical region separates 
completely from the cross-plait and thus has a plaitpoint on the side 
of the positive r-axis. In view of the probable disappearance of the 
association at high temperatures it is possible that in the latter case 


1) Continuitat ete. If. p. 191. 
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further experiments will disclose a second plaitpoint on the liquid 
side of the plait, as predicted many years ago by vAN pur WaAATS 
from the value of the volume-constants. I expect to be able to throw 
more light on this subject by the continuation of my investigation with 
the higher hydrocarbons. Ether and water behave in all probability 
In a manner similar to methylaleohol and ethane. 


Chemistry. — “On the so-called compounds of salts of sulphon- 
curboeylic acids with sulphuric esters.’ By Prof. A. P.N. 
I’ RANCHIMONT. 


(Communicated in the meeting of January 31, 1903). 


The first of this kind of compounds was obtained accidentally by 
LaceK in 1879 in the laboratory of Guurier in Jena. He wanted to 
reduce sodium sulphonacetate with soditun amalgam and water, but 
after acidifying with sulphuric acid, evaporating, and extracting with 
absolute alcohol, he obtained an acid liquid which gave with barium 
carbonate a salt of the empirical composition C, H,, Ba Dar De 
salt has, therefore, the composition of one molecule of barium 
sulphonacetate plus one molecule of ethyl sulphate plus one molecule 
of water and may, according to Grutner, be considered as a deriv- 
ive of a disulphnric acid in which two hydrogen atoms have been 
replaced by ethyl groups and one OH group by the group CH,—COOH. 
He obtained the same compound by digesting a mixture of sodium 
sulphonacetate, sodium-hydrogen sulphate and alcohol. The acid was 
called “ Diaethylessigdischirefelsiinve”’. Acetic acid itself did not vield 
a similar compound. 

In 1883, in the same laboratory, Staxext. successfully attempted 
fo obtain a similar compound with metasulphobenzoie acid; the 
aialysis gave the composition G,, H,, 0,5, Ba + 31/,H,O. The acid 
was called “Diaethylbenzotdischive felsiure” . Analogous compounds 
were also obtained with methyl and propyl alcohol. Benzoie acid, 
however, did not give a similar compound and it is, therefore, attri- 
buted to the sulphonic acid group. 

ENGRLCKE obtained similar compounds with isethionie acid but not 
with benzenesulphonic acid and Neriack did not obtain it with 
methylsulphonie acid. 

Grerugr looked upon these compounds as salts of a derivative of 


O O 
ION I OGM, 


disulphurie acid S,O,H, such as Cah a5 


5 tS) 
PeNO< eaten 
CO,H OH 
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In Britstein’s “Handbuch’, however, these compounds are described 
as double compounds of salts of sulphonearboxylic acid with neutral 
sulphuric esters. 

For a long time, however, 1 have felt serious objections to this 
theory. I had already repeated the experiments with sulphonacetic 
acid and metasulphobenzoic acid but did not obtain pure compounds. 
T was also unsuccessful in attempting a synthesis by means of the 
salts of sulphonearboxylic acids and dimethyl- and diaethylsulphate. 
The phenomena observed during this research induced me to request 
Dr. Arrrma to try to obtain compounds of the same empirical 
composition in a different manner, namely by bringing together 
in molecular proportions the barium salts of the acid esters of meta- 
sulphobenzoie acid with the barium salts of the alkylsulphuric acids. 
If in this proportion they yield a compound this ought then to have 
the same empirical composition as the last named compound. 

Dr. ArrEMA now observed that on evaporating a solution containing 
in molecular proportions the barium salt of the ethyl ester of meta- 
sulphobenzoic acid and barium ethylsulphate, the greater portion of 
the ethylbarium salt of metasulphobenzoic acid was deposited first 
in beautiful crystals; after this a double compound of the two barium 
salts made its appearance in the form of large rosettes of tender 
needle-shaped crystals whilst from the motherliquor barium ethyl- 
sulphate was obtained. If an excess of barium ethylsulphate is taken 
for instance, 5 grams of the same to 1 gram of the salt of barium 
ester the double compound separates immediately and from the 
motherliquor barium ethylsulphate is obtained. The double compound 
cannot be recrystallised from water; its aqueous solution presents 
the same phenomena as one containing in molecular proportion 
the two salts; on evaporation, the salt of barium ester crystallises 
first, then the double compound and finally the barium ethylsulphate. 
As the double compound cannot be recrystallised from alcohol it 
was freed from motherliquor by strong pressure and analysed. The 
results of the analyses of three different preparations were concordant 
and agreed with the formula: 


COLCA, 


CEE , Ba -+ (G, H, 80), Ba 4- 6 H,0. 


Dr. Arrema has afterwards repeated Staxcun’s method of preparing 
the compounds, but here he also obtained first the ethyl barium salt 
of metasulphobenzoic acid and afterwards, although less readily, 
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the double compound. An analogous result was obtained with the 
methyl compound. 

We may, tlierefore, come to the conclusion that there exist no 
compounds of salts of sulphonecarboxylie acids with neutral sulphuric 
esters; there exist, however, double compounds of salts of the acid 
esters of sulphoncarboxylie acids with salts of the acid sulphurie esters. 
This result gives rise to a number of questions some of which 
Dr. ArrrMaA intends answering by practical experiments. Both salts 
are alkyl-metallie salts of dibasic acids whose acidic functions (at 
all events in the case of metasulphobenzoic acid) have a very 
different power, whilst sulphuric acid as oxysulphonie acid is some- 
What comparable to isethionie acid which also exhibits the property. 


Mathematics. — “On the spheres of Moxa belonging to ordinary 
and tangential pencils of quadratic surfaces.” By Prot. Jax 


pr Vries. 


1. In Part I of the “Proceedings of the Section of Sciences” 
pages 305—310, I have developed, making use of Firpimr’s cyclo- 
graphic representation, some properties with respect to the system 
of the orthoptical circles of the conics of a linear system. By 
extending Firpirr’s considerations to a four-dimensional space the 
corresponding case of the three-dimensional space might be treated. 
In the following essay the indicated extension on quadratic surfaces is 
arrived at analytically. 

Given P the point of intersection of three mutually perpendicular 
fangent planes of the quadratic surface S? represented by the equation 


Oy 04, Wass ee ay, ay +a, ea ye 4-2a,,@ +2 a, y- 
“1 ye, 24a, =O. 

These three tangent planes form with every fourth tangent plane 
a tetrahedron circumscribed about iS? that may be regarded as polar 
tetrahedron with respect to the point-sphere (isotropic cone) /? repre- 
sented by 

(na) + yay + 2) <0. 

So the invariant © belonging to S? and /? is equal to zero’), 

Therefore we have: 


") See a.o, Satmon-Miepter, Anal. Geom. des Raumes, 3d edition, vol, I, p, 253, 
where S? is represented by an ellipsoid. 
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If we represent the minor of aj in 2= YA, dy, d53 4 bY 
Ay, it ensues from this relation that the locus of the point Pas 
indicated by the following equation (where the indices of the coor- 
dinates are left out) 

A,, (ety? +27) — 2 (AeA 4-1,,2) + (4,,+4,,4+435) = 0- 


So the loeus of the points of intersection of triplets of mutually 


perpendicular tangent planes of |S? is a sphere (Monae). 

The tangential cone to S’ with vertex ? possessing three mutnally 
perpendicular tangent planes, the tangent planes form according to 
a well-known property an infinite number of triplets of mutually 
perpendicular planes. 

For 4,,=0 we find SS to be a paraboloid and the sphere of 
Moxcr degenerates into a plane. 

The obtained equation can be replaced by 


AY? eh ( sal Laas 
t ios = si z . 2 al ae “ eae = a3 S. ze 7 baa A A . 
€ i (» Ay 3 Pe 1 A 3 s i ) 


Now. however «1,,4,,— 47,, is equal to (G4, — 724) Lae) 
The radius of the sphere is indicated by the square root out of 


2 
bo gits, —— a3) 
Consequently the sphere of Moncr will be reduced to a point- 
sphere when .S? is a cone (4=0) or into an equilateral hyperboloid 


if namely the equation 


1) This ensues inter alia from 


Phar dg Sis Aaa | en As ie Ay [eae tain. Gygeegh 
| dig Gas” Wey G4 | . ; 0 1 0 0 | uf | Re ee Poe BU 
| uw Opel eg aes | 0 0 1 vy) | | Diet se Dippin cl) 
| Wig yg yg Cae | Ay, Ay, Ay, Wye | Q dy, U4 Ee 


(See a. 0. Batrzer, Determinanten, Sth edition, p. 63). 
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(044@ay — © yo) te (Oye thg — Oya) + 52 — a) 
is satisfied. 
In the latter case the asymptotic cone possesses as is known oo! 
triplets of mutually perpendicular tangent. planes. 


2. When in the equation 


ahi (Eye aEe:) a Cu ae uh 7, 2) al Qe) = 0 
we substitule aj + 2b, for an, the hew equation represents the 
system of the spheres of Moxen belonging to the quadratic surfaces 
of a pencil. 

The equation is a cubic one in 2; so the indicated spheres form 
aosystem with index 8, that is, through each point three spheres pass. 

If for brevity’s sake we represent the formula 

ve ar y a l’, if ap Ty, u F a 
by Cy, the cubie equation is 
Lr Cy Wea? Se ae] oe es eee 
The power of a point with respect to the sphere (4) is then equal to 


1 dhl, Coast een Ch 
Leila tial, 
This expression becomes independent of 2 for the centre of the 
sphere cutting the four spheres C, orthogonally; all the spheres 
of the indicated system are intersected ut right angles by a fiuced sphere. 


On this orthogonal sphere the point-spheres of the system are of 
course sittated; so it contains in. the first place the vertices of the four 
cones, in the second place the centres of the two equilateral hyperbo- 
foids*) belonging to the pencil. 

From this ensues that the locus of the centres of the spheres is 
a rkew cubic. This is moreover confirmed by the observation that in 


Cah eect ie, Usa ate ne Mies Pele oo by 
the numerators and the denominators are cubic forms in 2. 

The square of the radius being represented by the quotient of two 
forms of order six in 4, the system contains six spheres with given 
radius. 


3. The quadratic surface indicated by the equation in langential 
coordinates §, 9, § 


1) Their parameters are determined by 


hoe On a) (G35 On, 4) a7 (¢,,+8,, 4)*] = 0. 
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has for equation in point coordinates 


“SS B ne ¢ De! ae ‘5 = | ‘: 
. owiehe 2 ed ek Ay = 0. 
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If now ay is the minor of the determinant 2 -+ 1,, 4,, 4); By 
corresponding to vty, the sphere of Moxau of the indicated surface 
Is represented by 


Oy, («* Spy eas Ge yaist osjy a 42) is (eer (Ge =ed,,) SoU 


But we have) @=a~4*; so this equation can be replaced by 
Ws, (wu? +? +27) i Co +454Y +45,2) Sic (Gs) = V, 


or by 


2 2 : 2 
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So for a tangential pencil of quadratic surfaces we find 
Cae Oe, By (at oF Sa 2 (Qua ls: 4) Cs ee Oca 2), 
3 3 


that is, the corresponding spheres of Monen form a pencil. 
To this belong the point-spheres indicated by 


= [((e,.+O1, a)? iat Pte ae 4) eg alloy 4)| = 0, 


originating from two equilateral hyperboloids, and the plane determined 
by a,,+4,,2=0 belonging to the paraboloid of the tangential 


pencil. 


Physics. — “The variability with the density of the quantity b of 
the equation of state.’ By Dr. J. D. vax per Waats Jr. Com- 


municated by Prof. J. D. van per Waats. 


§ 41. If we suppose the molecules of a gas’) to be perfectly 
smooth, elastic spheres, the influence of the fact that their diameter 
is not infinitely small, on the form of the equation of state may be 
allowed for in first approximation by diminishing the volume J’, in 
which the gas is contained, with four times the volume of the mole- 
enles. If we understand by distance sphere a sphere described con- 
centric with a molecwe and with a radius 2 6 (where 6 denotes the 


1) See inter alia Batrzer, |. c. p. 65. 
2 I say only “gas” not “gas or liquid”, for we must not apply the formula 
for a liquid without introducing still other approximated terms than those that will 


be discussed here. 
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radius of the molecule), then we may also say, that we must diminish 
VM with half the combined volumes of the distance spheres, which 
quantity is usually denoted by 4, or by b, if we wish to take into 
account the variability of the correction in consequence of variation 
in density. Various methods have been followed in order to investigate 
this influence; all these methods yielded a conformable result, so that 
no reasonable doubt can exist as to the correctness of this statement. 

We should be inclined to deduce from this, that the influence may 
be correctly allowed for in’ second approximation by diminishing 
Vowith half the volume really occupied by the distance spheres, in 
which a segment which two distance spheres have in common, is 
counted only once, or what comes to the same, by writing 6,, — 2S 
instead of b,,, 2S representing the sum of all the segments which 
are covered by two distance spheres at the same time. The correc- 
tion has been introduced in this way by Prof. J.D. vax per WaAAats 1); 
and Dr. J. J. van Laar’) has made a calculation of a second correc- 
tion term, Which is based on a similar supposition. 1 will however 
confine myself to the discussion of the first correction term, for which 

17 


we find in this way POR The question whether the first correction 


fermr is correctly found in’ this way has not been answered un- 
aunmously in the affirmative. BoLrzmann *) follows quite a different 


0 v4 


. . . . 0 } a] . . 
method for calculating it and finds ST" Though BonrzMaNn in his 


communication in these Proceedings expressed the wish that his 
publication of this result differing from my father’s would give rise 
fo a discussion by which this doubtful point might be elucidated, 
no discussion has followed by which the question has been settled 
conclusively. Now I think I can show that there is no reason for 
ae e: : 7b; 
introducing the correction in the way which vields the value aY" 
and at the same time I will give a reasoning, by which the term 
CSUs, , 

er% derived in a shorter way than that followed by Borrzmayy. 


The simplest way to show clearly what supposition we must 
Le 


make in order to get the correction term 39 py is to start from the 
2) 


1) Versl. Kon. Akad. v. Wetensch. V. p. 150. Oct. 1896. 
*) These Proceedings Vol. I, p. 273. Jan. 1899. 


8) These Proceedings Vol. I, p. 398. March 1899; and “Vorlesungen tiber 
Gastheorie” II, p. 151. 
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virial equation as my father has done for the external pressure and 
for the pressure of the molecular attraction in Chapter LU of his 
“De Continuiteit van den Gas- en Vloeistoftoestand’” and for the 
forces eventuating in collisions of two molecules in these Proceedings 
VOlcap, 138.. Oct, 1898. 

First, however, I will point out, that the virial equation need not 
necessarily be applied for a definite Quantity of matter, which is 
contained in a definite volume and enclosed within a solid wall, as 
is the usual method of applying it. We may as well apply that 
equation for a part of a homogeneous phase, separated by an 
iaginary separating surface from the surrounding substance which 
is in the same phase. We shall not always find the same molecules 
within such a surface, but we may assume, that at two different 
instants ¢, and ¢, we shall find the same number ov at least with 
very great approximation the same number of molecules within it, 


; litt : 
and that the expression 2vae-—- will also have the same value at 
dt 
the instants 4, and ¢,. We may therefore put: 
d= da 
— Smee — = 
dt dt 


and also the corresponding equatious for the y- and for the z- 
coordinate. 


From this we may deduce : : 
“& zs dine: 4 dmy 4 dimnz (A) 
Sms? = — 2 | + — far Za ek Z 
lt “> ale dt 


In the case that we may neglect the volume of the molecules 
with regard to the volume in which they are contained, and that 
we may assume that the molecular forces act in such a way that 
they yield on average zero for the force exercised on a molecule 
Rattan a homogeneous phase, the righthand member of this equation 
has only a value at the border of the volume under consideration; 
it may therefore be reduced to a surface-integral. 

The lefthand member of this equation is independent of the cureun- 
stance whether the space wider consideration is enclosed within 
an imaginary separaing surface ov within a solid wall, and in the 
latter case it is also quite independent of the properties of this wall. 
So the righthand member cannot depend upon these circumstances 

dm 


either. In the case of a solid wall we may write: cites So we 
alt 


get for the righthand member: 


Proceedings Royal Acad. Amsterdam. Vol, V. 
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~~ [PP cosy 7) doco. Pee Ue) ey aera ee 2) 


a 
\ 


Here » represents the radius vector drawn from the origin of the 
system of coordinates to a point of the surface, dv represents an 
element of that surface, cos (m7, 7) the cosine of the angle which the 
radius rector forms with the normal to the surface. /?’ is the force 
per unit of surface which prevents the molecules to leave the space and 
compels them to return towards the inside of it. We may (listinguish 

a ; 
in it the molecular pressure ie and the pressure p exercised by the 
wall. 
a” ae 

For the case of an imaginary separating surface, ee is the 
momentum in the*direction of the positive w-axis conveyed through 
the surface to the inside of it. Momentum conveyed to the outside 
has to be taken into account with the negative sign. In this case 
also the righthand member may be represented by equation (2) 
though here the symbol 2’ does not any longer represent a force 
which really acts on the molecules. 

In the case that the volume really occupied by the molecules 
is not so small that we may neglect it, also the virial of. the 
forees eventuating in the mutual collisions of the molecules must be 
taken into account. If we denote this virial hy J then we may 
write equation (4) "in the following form: 


ms => —- of = [rr cos (n, r) do = — I -+- 38 PV. 


=ms* and J being independent of the properties of the bordering 
surface, /? cannot depend upon them either, 2? appears to be greater 
than ©2?’;; for’a ovall this Gsdhecansemihe miunber of collisions is 
augmented in consequence of the abbreviation of the mean length 
of path which a molecule deseribes between two successive collisions; 
for an imaginary separating surface this is beeause the conveyance 
of momenttum through that surface has augmented in consequence 
of the fact that in collisions between two molecules whose centers 
lie at opposite sides of the separating surface, the momenttum is 
transplaced instantaneously from the center of one molecule to that 
of the other; so the momentum has been transported with infinite 
velocity. 

But the way in which we have derived the quantity 2 which 
may be estimated to represent the pressture prevailing in the gaseous 
or in the liquid) phase, warrants in wny case that this quantity is 
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independent of the shape of the vessel and the properties of the 
walls in which the phase is enclosed, but on the other hand it 
warrants also that we may find the quantity ? by calculating the 
pressure which would be exercised against a plane wall if the 


3 ; a 
molecules did not attract one another, or by adding — to the pres- 
: U 


sure exercised by mutually attracting molecules against a plane wall. 

The way in which the virial of the forces eventuating in mutual 
collisions of the molecules has been introduced bij Prof. vax DER 
Waats is as follows. We assume that in first approximation 1 
represents also the pressure exercised on the distance spheres of the 
molecules. This would vield the value 2 7?,, for the virial. We 
must, however, take only half this value, else all the forces would 
have been counted twice. 

The distance spheres, however, cannot be considered as unmoving 
solid walls, but as moving and movable walls and therefore it is 
perhaps not quite superfluous to show expressly that they are indeed 
subjected to a pressure amounting in first approximation on average 
to P. 1 will give the proof of this proposition in §2 of this com- 
munication. 


Y 


The introduction of the correction term 55 ie is based on the con- 
sideration that the value of the virial given above will be too great 
because some of the distance spheres partly coincide. The parts of 
the surface of a distance sphere I falling within a distance sphere II 
are protected from collisions with all other molecules but IL. There- 
fore the pressure on such parts is assumed to be zero; on the other 
parts the pressure on the distance spheres is supposed to be 22. This 
comes to the same as the assumption that the average pressure 
during a time r (and every pressure which we consider, the pressure 
P also, cannot be anything else but an average value during a certain 
time tr) exercised on an element do of a distance sphere would 
be smaller than 7, because of the fact that the element do is only 
during a part of the time 7 exposed to the pressure /?, during ano- 
ther part of that time, however, it would have been subjected to no 
pressure, because it was protected by the distance sphere of a mole- 
cwe IL from collisions with other molecules. 

I have two objections to the calculations based on these considerations. 

In the first place the assumption is made, that a part of a distance 
sphere would never experience ay pressure, When it lies within 
the distance sphere of another molecule. In fact the reverse is true: 
in order that a surface element should experience a pressure, a 


33% 
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molecule must collide against it and then it les in the distance 
sphere of that, molecule; and the considerations in which the pressure 
inside the distance spheres is assumed to be zero, outside them to 
be P, are certainly not a correct representation of what really happens. 
Yet points lying inside distance spheres are in somewhat different 
conditions as to the pressure that may be exercised on them, than 
points outside distance spheres. It is not clear to me how these 
conditions should be taken into account. It is, however, not necessary 
to know this in order to calculate the correction term, as will appear 
froni my second objection. 

In the second place the fact has been overlooked that not only 
some parts of distance spheres lie within other distance spheres but 
that the same circumstance occurs for parts of the bordering surface. 
It is indifferent whether this is an imaginary surface or a solid 
wal] *), in any case a part of it will lie within the distance spheres 
of the molecules, and may therefore with as much (or as little) right 
be estimated to be protected from pressure. Now let 1/2 part of the 
bordering surface lie within the distance spheres. If we must assume 
that this part of the surface experiences a pressure zero, and that the 
free surface experiences a certain pressure, that we will call Biche 
then the quantity /?, which represents 


as appears from the way 
in which it has been introduced — the average pressure, would be 


equal to = ieee Let us now investigate what part of the total sur- 


face of the distance spheres lies within other distance spheres, and 
let 1/4, represent that fraction, then the average pressure of a distance 


A,—1 
“| r ’ a . . 1 ¥ 5 7 
sphere will amount to re P,. 1f2, were equal to 2, then the average 
ot 
pressure on the bordering surface and on the distance spheres would 
be the same, and we should not have to apply any correction to the 
term 10g. 


We find the correction term oy if we make the following 


assumption, but only in that case: every surface element, — no mat- 
ter whether it is a part of a solid wall or of an lnaginary separating 
surface, and whether the surface is plane or curved and no matter 
whether it lies within or without the distance spheres of molecules 


1) The virial of the forces excercised by the wall must properly not be integrated 
over the wall itself, but over the surface which contains the centers of the mole- 


cules colliding against the wall, i.e. over a surface parallel to the wall and lying 
at a distance o from it. 
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it will always experience a pressure 7. Only the distance spheres 
make an exception to this rule, for parts of them, falling within 
other distance spheres experience a pressure zero. 

I can find no reason for this exception and therefore I think the 


|Win ete. 
value 35 7 incorrect. The question whether in fact a correction must 
a 


be applied depends on the fact whether 2, is equal to 2 or not. This 
may be investigated in the following manner. 


Let Mf in the figure represent the center of a molecule and let 
the circle deseribed with .J/ as center, represent the section of the 
distance sphere (1) of that molecule with the paper. Now we are to 
calculate the average pressure exercised during a time ton a surface 
element do, the center of which we call the point ?. To this pur- 
pose we describe a circle IL with P as center and with a radius 
26 and we also consider the tangent plane in ? which we eall LX. 

Two cases may be distinguished : 

1st The space within sphere II but outside sphere I and at the 
left of the tangent plane (the section of the space in question with 
the paper has been hatched in the figure) may contain the center 
of a molecule; if this is the case P lies within the distance sphere 


of that molecule. 
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2nd The space under consideration may not contain the center of 
any molecule. , 
We will call that part of the time 7+ during which the former 


T f 6 
fakes place —; so that part during which the latter takes place 
{l 
u—l ; ; au— ; : Bh ha 
-—-, During the time --——-+r the-surface element do is quite in 
Me {l 
the same circumstances as an element of a plane wall. Therefore it 
Will experience on average a pressure 7? This pressure / is a quan- 
tity which we may derive from the virial equation; in order to deter- 
mine if, if is therefore not required to decide whether the considerations 
, ; . Amalet 
in consequence of which we find ? equal to ~~~ P, are correct or 
4 


G 


not. But when the former case tales place, so during the time 


) 


(l 
‘ 
we are certainly justified in assuming that do does not experience 
ah ’ ; (t—=1 
any pressure. The average pressure on d/o is therefore ~ — 2. 
[lt 


We may find the value of w in first approximation by determining 
the volume v of the hatched space, and by assuming that the chance 
that a certain definite molecule will lie within that volume is equal 

“ 


to =-. 
V 


If w denotes the total number of molecules, then the Chance 


that the space contains a molecule will be represented by 1 On 


" 
" 
average the value of ‘t/a will be equal to this chance: therefore in 


is 
first approximation */fe—= 7 


’ 


‘ : : F il 
We find by a simple calculation for the value i zi, where 


Pas) Gee Wie Adis Of ay distance sphere. Therefore : 
1 . 
-- pe 
% 4 3 Om 
[fb > WN Se ee 
J | 


> ae 3] 
The internal virial / will therefore be 3 ett (1 —- - and 


equation Cl) asstines the following shape : 


eat 3h 81° 
1 fy Snes PAVE Ph ee een ee eee ae 
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§ 2. In order to introduce the internal virial 7 I started from the 
supposition that the distance spheres of the molecules experience a 
pressure which is on average equal to P?. As I never found a direct 
proof of this thesis I will give it here. The pressure ? namely may 
i.a. be considered to represent the pressure exercised against a solid 
umnoving wall, disregarding the molecular pressure. The distance 
spheres, however, are not to be regarded as a solid, unmoving wall. 
In consequence of their motion the number of collisions against a 
surface element do of a distance sphere is greater than that on an 
equal element of the wall; moreover the force in each collision is 
proportional to the relative velocity of the molecules, which is greater 
than the velocity of each molecule separately. 

From these two circumstances we are apt to assume that the average 
pressure on the distance spheres would be greater than P. 

On the other hand the impulse of a molecule colliding with a 
velocity s normally against a solid, unmoving wall is 2ms. If, 
however, the molecule collides with the velocity s centrally against 
another unmoving molecule with the same mass, then the first molecule 
will be stopped and the second will obtain the velocity s; so the 
impulse is in this case only ms. 

In consequence of this circumstance we should be inclined to expect 
the pressure on a distance sphere to be smaller than Nig, 

The following simple calculation will suffice to show that these 
influences cancel each other and that the pressure exercised on the 
distance spheres is really equal to P, at least in the case that we 
may neglect the volume of the molecules with regard to the volume 
in which they are contained. 

Let us imagine two molecules I and IT with the same mass. The 
same proposition might be proved without difficulty also for mixtures, 
so for molecuies with unequal masses, but I will confine myself here 
fo molecules with the same mass. The velocities of the molecules 
will be denoted by s ands, and the components of these velocities 
by w, 0,2 and 70,, 0, 2",- The chance that molecules occur whose 
velocities have these components will be represented by 1’ (w, 7, 2) 
and I’ (i,,0,,,) and the relative velocity by». Then we have: 

g.2 == («—u,)? + —2,)? + (we Te ae 

If we take the direction of s, as the axis of a system of spherical 
coordinates, and if we eall the latitude g the longitude yp, then a 
surface clement of the distance sphere of molecule T will be repre- 


sented by 72 sing dgdy. The number ef collisions per unit of time 
of molecules of group IT against such a surface element 1s: 
F (u,v, w) BF (uy, vy, w,) du dv du: du, dv, dw, 8,7" sing cosy dp dy. 
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Not the total relative velocity s, changes its sign in a collision of 
this kind, but only the component normal to the tangent plane in 
the point in which the molecules touch one another. The impulse 
is therefore ms, cos gy. i 

The total impulse of the collisions of the kind under consideration 
will therefore be equal to:, 

F(a, v, w) F(a, vy, 0,) du dv die dit, dv, die, 8, 1? sin gp cos? g dy dap. 

The eightfold integral of this expression yields the total pressure 
exercised on the surface of the distance spheres. We have: 

Fe 2 
i r” sin g cos” gp dg dip = os IU 
J. 


« 


if we integrate according to y between the limits 0 and 2 and 
according to g between the limits 0 and bee The linits for ¢ are 
not O and a, for the parts of the distance sphere of molecule I for 
which 9>5 x, cannot come into collision for the given relative 


velocity. s,, We may write s°+s,’, for s,? for the terms ss, cos (s,s) 
yield zero on average. Doing this we may integrate the term with 
s* according to di,, dr, and dir,; so we get: 


fe (urge Dee, rebated eels == ah 
a 


The term with s,? on the other hand may be integrated according 


to du, de and dir; so we vet: 
| B(u, vr) du dy dee = n. 
a 
This yields for the total pressure on the surface of ihe distance 
spheres : 


BEF | | ms? Brea) du de dic ae } 
a & 


6 . 
2 
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Both integrals in this expression are equal to waes?, ms? represent- 
ing twice the mean kinetie energy of a molecule. We may there- 
fore write this expression as follows: 

Bt 4 cata 
POP DE LON. oc 
2) 

Dividing this quantity by the total surface of the distance spheres 
dav? n, we get for the value of the average pressure: 

fo Meas 


—nms’, 
9 
Vv 


This is the same value as we find for the pressure exercised on 
a solid, unmoving wall. 

In order to caleulate the number of collisions we have here 
neglected the extension of the molecule and the mutual attraction of 
the molecules. Therefore it is apparent that we cannot have obtained 
anything else but a first: approximation. 


Botanics. — “Div Stelir- Theorie’. Dissertation of Mr. J.C. ScHourr. 
(Communieation of Prof. J. W. Mors). 


According to the idea of vax Tinenem, given about the tissues of 
root and stem of the vaseular plants, they must be divided into three 
groups or systems of fissues, namely, epidermis, cortex and central- 
cylinder. It is such a natural thing to call the epidermis a separate 
tissue that already a long time before vax TinGuem, it was acknow- 
ledged and ix at present generally accepted. 

It is a different thing about the theory that the central part of 
stem and root is taken up by acylinder of tissue, the central-eylinder 
(or “stele’), whieh may consist of elements differing greatly, but 
which must nevertheless be regarded as a connected whole, forming a 
certain contrast with respect to the cortex. This consideration which 
can be called the “Stelar-theory’’ is accepted by some, rejected 
by others. It is of the greatest importance for instruction and for 
the construction of descriptions of the mner structure, and it has 
undoubtedly for both these reasons such a great practical weight, that 
for this reason only it deserves our attention in a high degree. 
The scientific foundations for this theory are not in such a good 
condition and assuredly its non-acceptance is owing to this. Of course 
the important question is, whether this distinction between cortex 
and central-eylinder has made its appearance already at an early 
period in the phylogeny of plants. With the present state of our 
knowledge this can perhaps not be proved with certainty; but to 
be able to answer this question in the affirmative two conditions 
must be put: bt, the central-cylinder must be indicated if not m 
all, still in the greater part of stems and roots, 224d, it must appear 
already at an early period in the development of these organs. 

As for the root these conditions are amply satisfied, which gives 
great support to the theory of VAN Tinenrm. But this is not the case 
to such an extent for the stem, partly perhaps in connection with 
the complications formed already at an early period by the develop- 
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ment of the leaves, partly in connection with the splitting up of the 
central-evlinder in these organs of many plants. Concerning the 
latter point vay’ Tinaim himself and of late a number of American 
and Enelish investigators: Gwynxxe- VAUGHAN, JEFPREY, 300DLK, KAULL, 
Worspent, Brereaxn Farmer & Hint, Miss Farp, Tansy & LULHAM, 
Brepyer have shed much light. In all those cases in which stems 
show a number of loose strings, regarded by some as parts of a 
central-cylinder (schizostely), by others as vascular Iundles, a single 
central-evlinder, the monosielie structure, is rule in the youngest 
internodes of the plant, in hypo- and epicotyl and in the internodes 
following immediately. 

But in most cases there is no question about schizostely and so 
according 10 VAN ‘TINGE we must expect monostely. However it is 
a facet, that whilst in every root the most superficial microscopic 
Investigation easily proves the existence of a central-evlinder, this is 
not at all’ the case for many stems. The inner laver of the cortex 
(endodermis), it is true, is often developed as a bundle-sheath 
indicating as that of the root does, the boundary of the central- 
cylinder, or also it contains starch-grains, so that a distinct starch- 
sheath is formed; but in a great many other cases, also in an inves- 
ligation made for that purpose, as was done by H. Fiscrner, it has 
not been possible to point out a well defined central-evlinder. Fiscnmr 
found in 100 investigated plants only in 32 cases a distinet endodermis. 

It has now been shown by Mr. Scnocrr that. this objection to the 
Mtelar-theory does not exist in reality. He collected out of the lite- 
rature on this subject numbers of cases, in which a distinct endodermis 
had been observed in’ some shape or other. He himself studied a 
great number of stems of different plants and then it was evident 
how necessary it is to examine these organs in different and especially 
in young stages of their development, a thing Fiscrme kad not done. The 
result, of this method of working was, that of about 400 dicotyledonous 
plants only in 7 no distinct endodermis was come across and among 
these 7 there were vet 4 which even showed a sharp boundary of 
the central-cvlinder. Also the greater part of the Monocotyledonous 
plants possess an endodermis. I is not to be found in Gymnosperms 
but yet here as is the case in most of the above-mentioned exceptions, 
a distinct boundary between cortex and central-evlinder is often to 
he seen. So this result is very favourable for the Stelar-theory and 
is a contribution to its scientifie confirmation. 

But in yet another manner has Mr, Senovrn endeavoured to test 
the Stelar-theory, a test, which it is true has led to a negative result, 


a 


but which enables us to draw weighty conclusions with regard to 
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the value of the well known Theory of the histogens of Hansrniy. 

In working out his theory vax Tinenem purposely avoided as 
much as possible to make use of the history of development, and as 
has been proved justly. Yet if was quite natural to think that there 
Was a connection between the structure of the full-grown stem and 
root and that of the same organs at a very early period of development, 
in embryo or growing point. For Hansrrim had established a doctrine 
about the structure of the meristems, very much like van TimGHEm’s 
theory and had gained a number of adherents. He thought, especially 
on account of the arrangement of the otherwise equivalent cells, to be 
able to distinguish three tissues in those meristems, called dermatogen, 
periblem and plerome. The last was a column of cells in the middle 
part of the stem and root. Of course it was quite natural to think 
of an identity-of dermatogen and epidermis, periblem and cortex, 
plerome and central-cylinder, in such a manner that the latter had 
developed out of the former. If it were possible to point out such 
a correspondence, this would be for the Stelar-theory as well as for 
the Theory of the histogens of great importance, though not of equal 
importance for both. If the central-cylinder is already found in the 
meristem as an independent whole, this points to the fact, that the 
differentiation of this tissue is old and then the Stelar-theory has 
eained another support. But as 1 said above, it is fully established in 
another way and can very well do without this support. 

The Hanstrin-theory of the histogens is a different case. Kvery one 
who studies the literature impartially, will have to own that this 
doctrine resis on a very weak foundation, perhaps not with respect to 
the dermatogen, but very certainly as far as the plerome is concerned. 
It is true, there are some roots and a very few stems in whose thin tops 
the cells are arranged in a remarkably regular order, so that a central- 
cylinder can be distinguished as plerome. But in many roots and in 
nearly all stems there is no question about tracing such an arrange- 
ment up to the growing-point. It is really to be wondered at that 
this Hansrmin-theory in its generality has found so many genuine 
adherents; this is certainly partly owing to the conviction, expressed 
by many and silently shared by others, that plerome and central- 
cylinder are one and the same. 

Yet this had never been accurately examined till if was undertaken 
by Mr. Scnocrg. But it is clear, that a positive result would be of 
ihe greatest importance for this theory. For there is no sense in 
accepting histogens without full-grown tissues corresponding to them. 
Moreover might be expected of a positive result the possibility of 
finding an undoubted plerome when following the boundary of 
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the central-cylinder upwards, also in those cases in which up til 
now the efforts had not been successful, perhaps on account of the 
ereat number of cells. 

The investigation of Mr. ScHourr was an’ accurate comparative 
study of connected series of cross and lengthwise sections. It would 
lead me too far if I were to speak of this more in particulars. But 
in general the investigation was conducted in such a way that an 
afempt was made to pursue in the direction of the growing point 
the boundary between the series of cells which could be distinguished 
as endodermis and central-eylinder in the older parts. The results 
were in short as follows. 

Of the root of Hyacinthus orientalis and Linum usitatissimum the 
series of cells of the endodermis and the outer layer of the central- 
cylinder (pericycle) were successfully and uninterruptedly pursued up 
fo the growing-point. In these cases a cylinder of tissue could be 
distinguished in the top, which could quite naturally be compared to 
the plerome of Haystvix and which corresponded exactly to the later 
central-cylinder. Also in Helianthus annuus in the main the same 
was found, though the plerome did not appear here as a complex 
of cells closed at the top. In the stem of Hippurus vulgaris, one of 
the few stems in which different investigators have distinguished a 
plerome, this was not only successfully found back, but also the series 
of cells of endodermis and pericyele could be pursued uninterrup- 
tedly to the growing-point. However the cells of the plerome proved 
to form not only the central-eylinder but also the endodermis and 
two layers of cells of the cortex, so that the required correspon- 
dence did not exist here. In the stem of Hlodea canadensis an un- 
certain result was obtained, as here a starch-sheath and a bundle- 
sheath were found, and it was not possible to make out which of 
the two must be regarded as endodermis. But in the root of /vearia 
ranunculoides and in the stalks of Aescadus Hippocastanum, Lysi- 
nuichia Kphemerum, Eronymus europaers ad Ajuga reptans an im- 
portant negative result was obtained. Here it was perfectly evident 
that the series of cells of endodermis and pericycle cannot be 
pursued up to the top, but that they very soon stop short and are 
replaced by shorter series of cells not exactly in their prolongation 
and whieh in their turn soon undergo the same fate. In other words 
in all these cases the expectation was not only disappointed that in 
this way in difficult cases a plerome was to be found, but it was 
uso irrefutably established that it does not exist here. 

After the above-mentioned explanations it need not be demonstrated 
that these results as a whole must be regarded as fatal to the Theory 
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of the histogens. That in some selected roots there is some corres- 
pondence, makes no difference. That in slender tops built up out of 
relatively few, lengthwise series of cells a regular arrangement of cells 
may appear as was described above, is the most natural thing in 
the world. To give a particular explanation of this is winecessary, 
and in no case are these single indications sufficient to establish 
solely on them a theory of histogens as that of Hanstrin. And yet 
this would have to be done if one wished to adhere to this theory, 
for all other facts plead strongly against it. //¢ppruris, almost the only 
plant showing a plerome in the stem, has a structure altogether 
opposed to the theory. And the irregularly built tops form without 
doubt the overpowering majority. 

It seems to me that by the investigation of Mr. Scuovurn the 
Histogen theory of Hansrgix is proved to be erroneous. A conclusion 
of somewhat general importance can still be deduced from these 
investigations. Many botanists think that to the celldivision in 
nieristems a certain phylogenetic importance must be given, somewhat 
comparable to that of the germinal layers in zoology. But here is 
forgotten that in zoology in the history of development folds and again 
folds are spoken of, to a certain extent also histological differentiation 
is mentioned, but little or nothing of directions of cell-division or of 
arrangements of otherwise entirely equivalent cells. If the zoologist 
attains at beautiful results by the study of the history of development, 
it in nowise ensues from this that the study of the arrangement of 
cells in meristems will be able to furnish these. Rather will the 
botanist have to expect such explanations from the study of the 
development of outer forms, and of inner differentiations as a result 
of differences in the nature of cells. Experience has taught us ihat 
this expectation has a right to exist. But the Histogen-theory has 
certainly contributed to nourish the above mentioned wrong opinion. 
Now that this has been proved to be incorrect we may expect that the 
historic and phylogenetic importance which has often been ascribed 
to the divisions and arrangements of nondifferentiated and perfectly 
equivalent meristemcells will be reduced to its right and very slight 


proportion. 


Groningen, Jan. 29, 1908. 
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Physics. — “Methods and apparatus used in. the eryogente labora- 
tory. Ltd. Baths of very uniform and constant low temperatures 
in the cryostat.” Communication N°.+ 83> from the physical 


laboratory at Leiden by Prof. H. Kamuriixait Onnus, 
(Communicated in the mecling of December 27, 1902.) 


§ 1. By means of the cryostat described* in § 8, Comm. 14. Dee. 
94, and § 3, Comm. 51. Sept. 99 we can obtain a hath of 
liquefied gas which is shut off from the atmosphere and boils at 
ordinary or diminished pressure. In such a bath the temperature 
is sufficiently uniform and constant for many experiments and mea- 
surements. If we use almost pure gases and if the evaporated gas 
is regularly recondensed by means of a compression apparatus, 
which as described in Comms. 14. Dec. "94, 53. Sept. "99 and 54. 
Jan. “O00, does not contaminate the gas, the bath may be maintained 
as long as we wish. The operations in the bath itself as well as the 
addition of the liquefied eas can be watched through the observing 
glasses. Vacuum glasses are not required so that similar cry ostats 
nay be constructed for measuring apparatus of any dimensions. 
Before long we shall describe a cryostat where the gas apparatus 
and the bath are more independent. 

I was led to describe the form of the cryostat, as it occurs in 
Comm. 51, through the communication of the results for the di-electric 
constants of liquid gases. (Comm. 52 Oct. 99), for which measurements 
only the temperatures of 


90° C. or — 182° CG. were required, For 
other measurements, however, a measuring apparatus, once inimersed 
in the cryostat, has been used at the whole range of temperatures 


between, — 23° C. (boiling point of methyl chloride at ordinary pres- 
sure) and — 210° C. (nitrogen at reduced pressure), given by methyl- 


chloride nitrous-oxide, ethylene, methane, oxygen and nitrogen as they 
were successively admitted into the cryostat. 

For a long time improvements have been made in this cryostat 
by means of which we can attain a much greater wiiformity and 
constancy in the temperature, while retaining the afore-mentioned 
advantages. A description of these alterations has now become neces- 
sary in order to judge of the accuracy of the temperature readings 
in the results from various measurements where we have availed 
ourselves of these improvements. These measurements will be treated 
in the next communications. Among others I mention here those 
bearing upon the isothermals of diatomic gases (Comms. 69 March ’OL 
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and 78, March ’02) and the comparison between the platinum resistance 
thermometer and the hydrogen thermometer (Comm. 77 Febr. ’02) In 
this description, as in Comin. 51. Sept. 99, it seems to me desirable to 
illustrate the use of the cryostat by means of a special example. We 
will consider the comparison of the hydrogen thermometer with 
the resistance thermometer where also a thermo-element had been 
immersed in the bath. 

Plate I shows the cryostat and some of the auxiliary apparatus 
to scale, the connections are represented schematically. It has been 
drawn on a smaller seale than plate I of Comm. 51 Sept. 99, (which 
should be consulted together with the one now given) but it will suffice 
to give a survey of the whole arrangement and to show some 
of the alterations. While the details of the unmodified parts can be 
studied on plate I of Comm. 51, plate II of the present Communication 
shows the details of the parts enclosed by the dot-dash-line of plate I, 
as far as they are required for consideration of the new arrangements. 
The connection of the apparatus shown in PI. I with the gas cireu- 
lation can be seen in Pl. IV Comm. 51. The comparison of the 
platinum thermometer » and the hydrogen thermometer 7% and their 
connections to the other pieces of the apparatus are given in Comm. 77 
Febr. (02 §3. For the comparison of the thermo-element @ I amas 
yet obliged to refer to the very rough diagram of 1896 (PI. T of 
Comm. 27 Mai and June ’96). The communication, however, of some 
results for which the temperatures have been determined by means 
of a thermo-element will soon call for a description of the recent 
considerable improvements in the use of the thermo-elements. 

On plates I and If a correction thermometer $, which is entirely 
independent of the cryostat, will be seen besides the three measuring 
apparatus mentioned above. It serves in our case to indicate the 
mean temperature of the capillary of the hydrogen thermometer, or 
in general, the mean temperature of similar pieces of measuring 
apparatus occupying the same part of the cryostat. For this 
purpose two spirals of platinum wire are wound round a glass rod, 
the one for that part of the rod, where the temperature varies slowly §,, 
the other for that part where the temperature varies rapidly ¢,. By 
means of the leads &,, connected to the places of contact 6,,,$,, and 
¢,, and emerging through the tube $,,, we can determine the resis- 
tance of these spirals. 


§ 2. First we shall mention some small changes in the cryostat 
of Comm. 51 which have no relation to the question of keeping 
the temperature constant and uniform. 
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The jet of liquefied gas let in at « (plate I) is directed, by means 
of the cock A, and the filler 7, against a glass wall from which it 
streams along the delivery spout 1, into the bath, here a double 
beaker 5,, b,, (Pls. I and I), placed in the beakers 6,, b,, B, of 
Pl. | Comm. 51. The cock and filter form part of a cover which as 
deseribed in Comm. 51, may be removed together with S, and, from 
the cryostat and may also be replaced by asyphon or a capillary with 
a cock outside the cryostat. The spreading of the jet over the 
wall may be watched through the windows V,, and the height of 
the liquid in the bath through the windows V,. The filter 7 serves 
principally to prevent opaque dust from the lead (oxide of copper ete.) 
from depositing just at the place where the jet touches the glass. In 
many cases, however, it happened in spite of the care taken in purifi- 
‘ation, that the liquefied gas itself, while evaporating under reduced 
pressure in the cryostat, had deposited a substance, formerly dissolved 
in it but solid at the lower temperature, thus rendering the bath 
opaque. Therefore, differing from Comm. 51, a glass beaker C, (Pls. 
I and 11) with numerous openings in the bottom C;, (Pl. II) and con- 
laining some glass wool was suspended by the regenerator spiral / 
(PI. I Comm. 51). This filter may be lifted from the cryostat together 
with the piece S,. 

With the arrangement as described in Comm. 51 all the gas, formed 
after the liquid leaves the cock, goes in the direction indicated by 
the arrows on Pl. I Comm. 51. With the arrangement as described 
here, however, the gas which is formed while the bath is being filled 
follows in the main a different direction to that which afterwards 
evaporates from the bath. In fact, differing from Comm. 51, a valve 
D,,, with aspring D,, has been added, which almost closes the opening 
of the delivery spout D, for gas, but allows liquid to flow through 
a very narrow opening D,,, along the gutter D,,. The first consi- 
derable quantities flowing from the cock, serve to cool all the beakers 
and the whole cryostat in the way indicated in Comm. 514 (the arrows 
of plate I might be borrowed from plate I of Comm. 51), unless the 
supply becomes so great that the valve D,,, is opened and the 2as 
uso flows out through the opening 2&,, in the ring R,, plate II. 
The gas which later evaporates from the beaker B,,, finds the valve 
D,,, closed and escapes only through the opening /,,, along the way 
indicated by the arrows on plate II, so that it serves only to screen 
the immediate neighbourhood of the bath from external heat. 

The difference in form between the rings R, and R, on plate II 
and those on plate 1 Comm. 51 is very slight. This follows from the 
wish to use the parts that served in the experiments, referred to in 
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Comm. 51, as much as possible in the arrangement of the measuring 
apparatus considered here. Formerly the bath could be excentrically 
mounted with reference to the tube /’, whereas this time a central 
mounting was desirable. The existing dimensions of parts of the 
apparatus have also had the result that in the experiments described 
here the bath must be placed a little too high with regard to the 
observing glasses V,, which might easily have been avoided if we 
had been perfectly free in our construction. 

The glass ring #,, not occurring in the arrangement of Comm. 51, 
serves still better to screen the bath from external heat. Like the 
other beakers and glass cylinders B,, B,, B,, B,, B,,, By, it is 
silvered inside and outside, leaving open, however, vertical strips 
nearly corresponding in width with the resistance thermometer p. 

The conical rim £B,, lies loose on the beaker 4,,. When the liquid 
boils up, it streams back to B,, along the wall of the funnel; if, 
however, B,, is filled to the brim and more liquid is poured in, 
this superfluous liquid flows over into the beaker 4,,, which also is 
filled before a measurement is made. If an intense cooling of the 
neighbourhood of the bath is required, the beakers B,, B,, B, must 
also be filled. It should be remembered, however, that if this is 
done, the evaporation at low pressure, as long as liquid remains 
in the outer beakers, requires a powerful vacuumpump. 

The bath itself only evaporates slowly. Instead of the double 
beakers B,, B,, we might take a vacuum glass in order to diminish 
the evaporation as has sometimes been done (comp. § 3). But it is 
not always easy to obtain vacuum glasses of the required dimensions and 
internally finished with the accuracy necessary for the proper working 
of the stirring apparatus. Moreover one will not be inclined to 
‘mmerse delicate measuring apparatus in the bath before one is sufti- 
ciently certain that the vacuum glass will not burst as such of greater 


dimensions sometimes do. 


§ 3. To make clear the purpose of the arrangements to be described 
in the next sections, it seems to me that the following particularisa- 
tions will be useful. First of all the temperature gradient in the 
bath. Even when the liquid boils regularly we find that in the lower 
as a result of the hydrostatic pressure, the temperature exceeds 


layers, e ex 
ften happens with greatly diminished 


that of the upper layers. If, as 0 
when boiling is not produced artificially, only evaporation 


pressures . 
ig, the temperature in the upper 


at the surface oceurs instead of boii 
Javers of the bath may fall considerably below that of the lower. 
If then the liquid suddenly boils up, which always happens whenever 
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we do not stir vigorously, an unexpected change takes place in the 
distribution of the temperature in the bath and hence in the tempe- 
rature of any ‘measuring apparatus placed in it. In measurements 
of the kind considered here, we cannot allow’ such irregularities and 
fluctuations in the temperature of the bath, either as to time or place. 

Of the various methods of preventing this sudden ebullition, the 
simplest is the generation of small bubbles of gas by means of the 
heat of a short resistance (boiling thread). If, however, there are 
ignitible gases among those successively introduced into the apparatus 
and if consequently an explosive mixture with air might be formed, 
this method is not without danger. 

To bring about ebullition a current of gas is often led through 
the liquid, which, however, has the disadvantage of contaminating 
the evaporated gas. To avoid this difficulty I have led through the 
bath a current of the gas itself. This means was applied for instance 
to avoid the retardation in boiling in the vacuum vessel mentioned 
at the end of § 2, and also in order to cause a strong stirring in 
the bath by means of the current of gasbubbles. But this means 
also presents many difficulties, mostly arising from condensation 
phenomena in the delivery tube, or higher temperature of the gas- 
bubbles; I therefore, preferred, the arrangement as described in § 4. 

If the cryostat is used as it was intended to be in Comm. 51, 
the requirements for very accurate measurements would not be 
fulfilled, even though a uniform temperature throughout the bath was 
attained. There still remains a systematic regular rise of the tempe- 
rature, because the gas used is never perfectly pure and the more 
permanent part evaporates first. In cases where measuring apparatus 
require longer to adopt the temperature of the bath than the time 
in which the temperature changes the amount permitted by the 
accuracy of the observation, we cannot reach more accurate results 
without additional means. 


§ 4. We now pass on to the description of the arrangements 
which form the subject of this communication. The uniform tempe- 
rature in the bath is obtained by stirring. The stirring apparatus 
is placed concentrically to the bath, thus leaving room in the most 
profitable way for the measuring apparatus. From this space the 
stirring apparatus (as in Comm. 27 May and June ’96 Pl. IID) is 
separated by a protecting cylinder &, (comp. the figure to the left of 
plate I). The upper ring 4, is provided with small valves y,, 
covering openings of the same form. If the stirring apparatus nee 
in the cylindrical space between Ss, and £B,, the valves shut up 
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during the upward movement and open during the downward 
movement. The upward movement is brought about by means of 
the thin wires y,, the downward movement by the weight of the 
stirring apparatus itself which for this purpose is weighted with the 
heavy ring %, by means of the rods x,,. As yet a more rapid 
motion of the stirring apparatus than this method affords has not 
been required; if wanted a construction with small rods instead of 
threads would be necessary. The valves are hinged on bent pins 
hoa. The complete section of the stirrer to the right of plate II 
shows the valves shut, the section of y,, at the top shows them 
open. When the stirring apparatus is moved up and down and 
the bubbles of vapour escape the movements of the valves resemble 
those of the fins of fishes. 

It is very important that the up and down motion of the ring 
should be perfectly perpendicular and that the protecting cylinder 
§, and the beaker B,, should have a perfectly vertical position for, 
to make the valves work properly, only a narrow space can be left 
between the stirrer and the cylindrical walls. The cylinder &, is 
enclosed between two rings provided with grooves §, and &,, of 
which the upper is connected with the ring §, by means of glass tubes. 
Through the operation of the spring §,, and the arch §,,, this ring 
is pressed against the ring $, on to which the beaker B,, with a 
ground upper rim is fastened by means of cords. To this ring §, 
the hooks § are also fastened, against which the upper rim of 
the beaker B,, is also pressed by means of cords. In this way 
a cylindrical space is reserved for the pumping motion of the 
stirrer. 

In order to admit the measuring apparatus it was advisable to 
leave free the whole space offered by tube /’,, which is equal to 
that in the bath available for a measuring apparatus. To this end 
the threads y,, formed of very thin silk cords enclosed in steel wire 
are led through 3 openings /,, in the cover /7 of the bath and 
then over a pulley axis x, with three grooves to a connecting piece 
4,, Which is moved by a single thread passing over the pulleys x, 
and x,. The cord must be moved from outside the case and the 
case must remain perfectly air-tight. This is obtained by passing the 
cord through an india rubber tube x,,, which at %,, fits hermetically 
on to the cover of the cryostat and in which the thread x,, is also 
hermetically fixed. A thin steel wire is wound spirally round the 
india rubber tube. In this way the walls of the tube offer sufficient 
resistance to the atmospheric pressure to prevent them from collapsing 
when low pressure exists in the cryostat, while at the same time 
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they remain elastic enough to permit the movements of the cord. 
A regular up and down motion of the stirring apparatus is secured 
by the wheel x,. ; 
§ 5. <A constant temperature is attained by continually adjusting 
the pressure, at which the liquid in the bath evaporates, to the 
indications of a resistance thermometer p placed concentrically in the 
bath. A sensitive thermometer forms an inherent part of the cryostat 
under consideration when it is to be used for very constant tempe- 
ratures and the dimensions allowing a resistance thermometer to be 
introduced, the latter has been chosen as the most trustworthy. Its 
inner diameter controls the greatest cross section ot the measuring 
apparatus which can be immersed in the bath, and therefore, as 
in our case, it must correspond to that of the tube /’,. The con- 
struction of this thermometer has been described in detail by B. Mumink 
(Comm. 77 Febr. ’02) with a view to a comparison between it and 
the hydrogen thermometer referred to above. The leads pass through 
the openings f,,, &,, of the ebonite rings R, and R,, and then 
through the stopper into the tube 7,,. On the plates I and II they 
are indicated by the same letters as on the plate of Comm. 77. 
When the bath has reached the required temperature the galvano- 
meter in the Wuwatstonn’s bridge, which serves to measure the 
resistance of p, is adjusted to zero by introducing suitable resistances. 
As soon as the deviations of the galvanometer make it necessary, a 
sign is given to the assistant, charged with the regulation of the pressure 
in the cryostat, who then raises or diminishes the pressure, whereby 
the temperature in the bath rises or falls. The great volume of the 
cryostat is here very useful in checking oscillations in pressure. The 
arrangements required for the regulation of pressure are shown in plate 
I, the separate pieces of apparatus to scale and the connections schema- 
tically. (Comp. Comm. 51 Sept. ’99, pl. IV). The assistant uses 
the oil manometer Y,, which is connected to the eryostat by YX, 
and X, (comp. pl. Il Comm. 51) and the cock X,,, the cock 
X,, being open. If we shut the cock X,, the motion of the oil 
enables us to very accurately watch the variations of the pressure 
in the cryostat by means of the difference between the pressure 
in it and of the quantity of gas temporarily shut off in the reservoir 
X,,. If through some cause or other the variations of pressure 
increase considerably, or if we want to stop the regulation, or to 
proceed to another pressure, the oil is prevented from running over 
hy our opening the cock X,,. The pressure in the cryostat is varied by 
more or less opening the fine cocks 1, and Y,, of the regulation 
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tube 17,,. Two cases are to be distinguished here. With operations 
at ordinary pressure it will be sufficient to adjust the cryostat at 
a pressure a little higher than that of the atmosphere and to either 
connect the cock Y,, with a gasholder G'az.-or to disconnect them, 
as the occasion demands. As soon as the pressure passes a certain 
limit settled for the cryostat, the gas escapes from the cryostat 
through the large safety apparatus. For operations at reduced pres- 
sure, the cryostat, after the pressure has been sufficiently lowered 
by means of the exhaustpump of the circulation Heh. 1, is discon- 
nected from the latter and connected by means of the cock Y,, to 
the exhaustpump /ich. 2., and is then reduced to a lower pressure. 
Obviously we can sometimes avail ourselves for this latter operation 
of the same exhaustpump as used with Hvh. 1. The evaporation 
will proceed more gradually when a connection is made to a reservoir 
at reduced pressure Vac., plate. If a reservoir of large volume is 
used we can even work without an exhaustpump, which may he 
valuable when it is necessary to avoid vibration for the measure- 
ments. Thus with the bath of nitrogen under diminished pressure 
the auxiliary compressor of Comm. 54 Jan. ’00 plate VII was 
connected near rh. 1 to the gaslead and the vessel of 5 m* men- 
tioned above (comp. Comm. 14 Dec. °94 § 10) served as vacuum 
reservoir, after being exhausted through Y,, and Y,, by means of 
a BURCKHARDT yacuumpump, connected to the gaslead at Lvh. 2. 
This vacuumpump will be described later. 

In a few words we shall indicate the method which we usually 
follow in order to get a wellfilled bath at diminished-pressure. 
First the double beaker B,,, B,,, ov several beakers B,, B,, why 
are filled at ordinary pressure, then we begin to slowly exhaust 
through Y,,; all other cocks being shut by means of the pump, 
generally used for the circulation KEvh. 1; while boiling is prevented 
by rapidly moving the stirring apparatus, described in § 4. When 
the required pressure is reached the cryostat is to be connected to 
the great reservoir Wc. at the same pressure. If this cannot be done 
we hardly ever succeed in admitting through the cock /, the yet required 
quantity of liquid slowly enough to keep the pressure in the cryostat 
free from undesirably large fluctuations or even to avoid with the 
help of )7,, momentarily returning of it to nearly its ordinary value. 
Therefore, if a change of temperature for some time is allowed, it is in 
that case better to shut Y,, before more liquid is added. and to connect 
the cryostat through Y,, to the gasholder. As long as the beaker 5,, 
is not full the gas leaving the cryostat is allowed to pass through 
Y,, into the gasholder. If the beaker B,, is full, which is shown by 
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the rise of the level in B,,, we once more begin to diminish the 
pressure ()’,, shut, ¥,, open) which process generally takes some 
time. Then imore liquid is admitted as before and if necessary this 
process is repeated several times. If the béaker is sufficiently filled 
at the desired reduced pressure we begin to regulate the pressure 
with the duly exhausted vacuum reservoir as described above. 

Plate HI shows a couple of graphical representations of the varia- 
tions of the temperature of the bath. The ordinates show the deflee- 
tions on the scale of the galvanometer in centimeters. The abscissae 
represent the time in minutes; fig. 1 relates to a measurement in 
methane at ordinary pressure; a deflection on the scale of 1 can. 
corresponds to about 0.009 deg. (the open space in the figure indi- 
cates a magnetic disturbance). Fig. 2 refers to oxygen at a diminished 
pressure; here a deflection on the scale of 1 ¢.m. corresponds to 
0.005 deg. They were borrowed from the measurements of Mxinink 
mentioned above. 

The temperature of the measurement is determined by the help 
of graphical representations, extending over the whole time of 
measurement, from which the portions reproduced on plate III have 
been taken. For this determination the readings of the galvano- 
meter are noted down about twice every minute. By means of the 
planimeter we derive from the graphical representation obtained, the 
mean ordinate, which mean is considered as the temperature of the 
bath during the whole measurement. 


(March 25, 1903). 


Plate V. 


H. KAMERLINGH ONNES. Methods and apparatus used in the Cryogenic Laboratory. III. Baths 
of very uniform and constant low temperature (continued). A Cryostat of modified form 
for apparatus of small dimensions. 


Plate IV. 
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Plate VII. 


H. KAMERLINGH ONNES. Methods and apparatus used in the Cryogenic Laboratory. IV. Permanent bath of 
liquid nitrogen. 


Plate VI. 
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H. KAMERLINGH ONNES. Methods and apparatus used in the Cryogenic-Laboratory. III. Baths of very uniform 
and constant low temperatures in the cryostat. 
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KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN 
TE AMSTERDAM. 


PROCEEDINGS OF THE MEETING 
of Saturday March 28, 1903. 


DoS 


(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 
Afdeeling van Zaterdag 28 Maart 1903, Dl. XI). 


SS) ASP Oe) a8) IN Aa Se 


J. J. van Laar: “The meltingpoint-line of Tin-Amalgams” (Communicated by Prof. H. W. 
Baxuuis RoozEBoom), p. 511. 

A. W. Nieuwenuuis: “Influence of changed conditions of life on the physical and psychical 
development of the population of Central Borneo’, p, 525. 

P. H. Scuovte: “Relations between diagonals of parallelotopes”, p. 540. 

E. Conen and Tu. Srrencers: “On the atomic weight of Antimony (Communicated by Prof. 
W. H. Juuius), p. 548, (with one plate). 

EK. Couen and C. A. Lopry pre Bruyn: “The conductive power of hydrazine and of substances 
dissolved therein” (Communicated by Prof. C. A. Lopry pr Bruyn), p. 551. 

A. H. J. Betzer: “The velocity of transformation of tribroomphenol bromine into tetrabro- 
mophenol” (Communicated by Prof. C. A. Lopry pr Bruyn), p. 556, 

J. H. Bonnema: “Some new Under-Cambrian Erratic Blocks from the Dutch Diluvium (Com- 
municated, by Prof. J. W. Morr), p. 564. 

J. J. van Laan: “On the course of the values of 6 for hydrogen, in connection with a recent 
formula of Prof. van DER Waats.” (Communicated by Prof. J. D. van DER WaAats), p. 573. 

W. H. Junius: “Peculiarities and changes of FrauNHOorER-lines interpreted as consequences 
of anomalous dispersion of sunlight in the corona”, p. 589. 

P. Tescu: “On the refractive index of rock-glasses” (Communicated by Prof. J. L. C. ScHROEDER 
VAN DER Kok), p. 602, (with one plate). 

G. B. Hocenraap: “On an “Hisenrose” of the St. Gotthard”. (Communicated by Prof. J. L. C. 
SCHROEDER VAN DER KOLK), p. 605. 

H. A. Lorentz: “Contributions to the theory of electrons, I. p. 608. 

H. KameruincuH Onnes: “Methods and apparatus used in the cryogenic Laboratory”. III 
(continued) IV, V. p. 628. 

H. Kameruincu Onnes and H. H. Francis Hynpman: “Isotherms of diatomic gases and their 
binary mixtures. V. An accurate volumenometer and mixing apparatus”, p. 636, (with 2 plates) 


The following papers were read: 


Chemistry. — “Zhe meltingpoint-line of Tin-Amalgams.” By 
Dr. J. J. van Laar. (Communicated by Prof. H. W. Baxuuis 
RoozrBoom). (2"¢ Communication). 


(Communicated in the meeting of January 31, 1903). 


1. In a previous communication (Proc. Dec. 1902) I showed, that 
when the molecular potential of tin in a liquid tin-amalgam is ex- 
pressed by the formula 
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p= f(T) 4+ RT log (1—2) + (a, a + B07 +..)), 


a very good agreement is obtained between the calculated values of 
the melting-temperatures at various values of x, and the temperatures 
observed by van HutTErEeN (compare his Dissertation), at least up till 
about 80° C. 

In a conference, | had since with prof. vAN pgr WaaAts, he called 
my attention to an expression for the correctionterm in u,, which 
may be taken as a fairly good approximation’). This expression is: 

a, x? . 
(1 + ra)? 

After he had first shown (p. 193), that the correctionterm is 
really of the order #? — this I also showed in my previous com- 
munication, but in a different manner — and had observed, that (in 
the case investigated by him) the value of a, does not remain constant, 
but decreases when increases (p. 198), he afterwards arrived at 
the said approximate expression (p. 213, 214), in agreement with 
an empirical relation of THOMSEN. 

Though Prof. van per Waats has briefly given the deduction ot 
his formula, it may be useful to state once more how this expression 
can be arrived at. The matter is of great importance, because the 
same quantity g,—(u,)z—0 constantly occurs in a great number of 
formulae, such as those for the lowering of the freezing-point, elevation 
of the boiling-point, alteration in vapour pressures, etc. If therefore 
this quantity is once for all accurately known, we may get a better 
insight into a great number of problems relating to binary mixtures. 


2. As the total thermodynamic potential is represented by 


= (n,k,) LT (log T— 1) + |= (7, (¢,))) — TX (2, onde) | = 


= | frav— v| + RT & (n, log n,), 


we obtain for the molecular potential of the component 7, : 


05 0 OV 
=z = —h, MlogT-1) + [(¢,).-T) ]-| — | pd V-p— | + RT+RTlogn,. 
rt On, On, On, 
With 
es en: 
Ss sid ea 


1) Zeitschrift fiir Ph. Ch. 8, pg. 188 (1891). Also compare different passages in 
the second part of his “Continuétdt” on p. 43—45; 148; 152. 

Recently, Prof. van per Waats has returned to this question in his ‘Ternary 
Systems” (Proc. March to July 1902). He gives there a more general and accurate 
expression, wherein occur the critical temperature and pressure of the .mixture 
(Compare in particular IV, p. 92—96). 
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we find: 


frav = J n,.RT log (V—b) + 5 
and therefore 


= n,.RT 0 (V—d) aloV-le0a 
Si pdVi= RT log (Vb pe Sac 
male a SE ep aye ean Von, ' Von, 


Deducting from this: 


Oona ae ye tod a |0V 
Pon Me V6 feey On,” 


1 
we get: 


) 


OV Sn, BL 
— |pdV — p — = RT log (V—b)— —— 
On, On, 


: 2 
Ves b, + pe + Ny 3). 


Substituting a= 7,? a, + 2n,,4,,-+7,’@, for a, and the linear 


relation b—=n,b,-+7,6, for b in the case of two components, the 
expression for uw, becomes: 


pw, = — Bb, T (log T—1) — RT (log (V—0) — 1) + (le) — PO) + 
= hye ht 2 
ee b, yi a Ns a5) - ii RT log ane (1) 
in agreement with what I wrote down in my first communication. 
If now we write n, = 1—2,n, = «, this then becomes: 
a, = — by (log T—1) — RT (log (V—b) — 1) + (4) — LOU)ol + 
RT b, 


2 
Gla) a, + waa] + BE log (1—a) 


For the determination of the complete function of «, which occurs 
here outside RT log (1— 2), we will now determine the value of 
IB 2 
Tob saa V [((1—z) a, oie a a4]. 


The term with log (V—b) is supposed to be but very little dependent 
on « in regard to: these two. If in the equation of condition we 
put p= 0, which is certainly permissible in the case of liquid phases, 

R1 


then vo 


a . 
may be replaced by ze and the above expression becomes : 


((1—w)? a, + 2 # (1—2#) a,, + 2” a,) b, it 2 ((L—z) a, + wa,,) 
hfe V3 V 


If now we replace V by , which will hold for liquids at low 
temperatures in approximation, we obtain: 


35* 
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((1-2)? a, + 2@ (1-2) a,, -+ 2? a,) b,— 2 (1-2) a, + a,,)((1-w) 6, + #,) 
b? 


+) 


(0) 
— a, ((1—a)? b, + 2 # (1—a) b,) — 24,, «7 b, + a, 2B, 
b? 


which we may also write as 
Citing bie 2 a Deby tare 
a“ 


ca D a b, b 
We therefore finally and approximately obtain: 
iy" by (log TT) — eT log (Vb) ht) eget Ce 
gaa = & + RY bg (1a), 


Mos 
me we call 
a, 6," — 2-0, 6,0, --@b? = A. 
The corresponding expression for u, evidently becomes : 
u, = — k,T (log T—1) — RT (log (V,—b,) — 1) + [@s)o— 2:(9,),,.] — 
A (1—«)? 
b? 
As (omitting p) it follows from the equation of condition, that 
FULVA eae beds 
V—b= = ; 


a a 


2 of 


+ RT log x. 


and that, therefore, log (V,—b,) = I’, we may write in 


general : 


42 


g 
by eye, P= Ry Ry log Tig 8 ET log (1 — «w) | 


(17a)? 
(1—2)? ee 
b= Th RT eee Tapa FBP lap « | 
In this equation then | 
a a, 
C= (¢1)o ae aa aes (2.)o ese 
iby b, 
Rb Rb? 
Nee (11)o nae (A, om h) ate R log nee —=(1)o—(4, +R) +R log : 
1 3 
whilst 
A A A 
a= = 0 an Os 
be : Baba ; 


and also 


eee aoe 
ce ae —?T. 


1 


0 
Remark. The quantity pu, = = may also be obtained by the opera- 
ny 


GOn pf, = 5 — # 5. For the term — {pdV-+>pV, occurring in $, may 


2 a 
be written — [paV = — Rog (V1), The required function of x 


may therefore also be found by calculating (V=0d, 


a 0/a 
—{|——«~|— } ], 
b da\ b 
for which we then find exactly in the same way as above: 


a, , 4,6,*+4,0,7—2a,,b,5, . 
b, 6,0? 


The two methods of calculation are, of course, identical. The last 
has the advantage, that we see at once that the differentialcoefficient 


; : . Agee. : 02° a 
of the correctionterm of 7, 1. e. aie is nothing but « yaa 


that we have: 
1 ow, VOU Say 0? € ) es 


@ Oe Il—av@ de 0272 Oe? 
when $', w’, and w’, represent the quantities 6, uw, and uw, with omission 
of the terms containing log(1—«) and logw. As regards the quantity 

0g 
ae an 


vu 


i b 


we must remember, that this is also obtained from the relation 


0S 


3. It is now the question, whether the expression 


a? 


" (1-fray? 
represents the melting-points of the tin-amalgams as well as, or 
better than my semi-empirical expression 
ae + Bp, 2 + 2. 

Let us first observe, that van DER Waats always found e, negative 
in the case of electrolytes and other aqueous solutions (I. ¢. p. 195). 
Now it is evident, that if we may write a,, = Va,a,, the coefficient 
(b,Va,-b, Va,)? 

bie 


> 


a, becomes and ought therefore to be always found 
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positive. (I found for instance «, positive with tin-amalgams). It 
therefore seems, that when one of the components (water for instance) is 
an associating substance, or when the other component is electrolytically 
dissociated, we must certainly not follow D. BrrrHeLor in -writing 
a,a,—=4",,, independent of the fact, that in such cases neither 
a, and a,, nor 6, and 6, are constants. 

The formule (8) in my previous communication now becomes: 


14 dn 
Op aes Of: J (1-+- ra)? 
ae Ne 
1— log(1—z) 
et 
or with 2 = a, ee 
% Qo 
14 an? 
|p! 2 
Te ane?) (bis) 


"=O log a) 


From observations, where the values of x are less than 0,1, the. 
value of OG was found to be exactly 0,396'). If we now further 
accept for the values of the coefficients @ and 7: 


a = 0,0458 ; r —= — 0,74, 


which are calculated from other observations with higher values of x, we 
obtain (7, = 273,15 + 231,63 = 504,8) the survey on the next page. 

We notice, that in this table the agreement is an excellent one; the 
average deviation is about 0,9°, whilst in the case of the empirical 
formula with @z* and ye’ (see previous communication), if the last 
value is not counted, it amounted to 0.85°. van per WaAALs’s expression 
for the correctionterm, therefore, represents at least equally well the 
course of the meltingpoint-line over the portion, observed from 212° 
to 65°. But what is still more important, is the fact, that whilst my 
former empirical formula does not very accurately represent the two 
last observations (the difference in the last even amounted to 10°), 
VAN DER WaAALS’s expression not only satisfactorily represents these, 
but also the four observations at still lower temperatures (compare 
p. 22 of van Huteren’s Dissertation). In this observations the values 
of a and ¢ were determined by analysis of the liquid phase, which 
is in equilibrium with the solid phase at a given temperature. 


200 
1) In the previous communication 0.400 was accepted, but a = 0,396 is some- 
c9) 


what more accurate. 
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bale Denom. |, eee ets 7-273°45) id. | 
1—6 log A—z) vee ary calculated|found 

0.1005 |0.0101° 4.0420 0.000458} 0.8567 4.0005 OAATG 1244565) 0 

0.1716 0.02945. 1 0745 0.09433*| 0.7621 1.0018 197.5 |198.6 |—1.4 
0.2338 |0.0546° 1.1054  |0.00247°| 0.6839 1.0036 185.2 |483.7 |41.5 
0.2969 |0.08815 1.1395  |0.003993| 0.6089 ; 41.0066 172.8 [173.0 |—9.2 
0.3856 |0.1487 4.4930 0.00673° | 0.5108 1.0132 155.6 1455.2 )+-0.4 
0.5001 (0.2501 | 4.2745 0.01433 | 0.3968 4.0286 134.3 |133.4 40.9 
0.5973 |0.3568 1.3602 0.01616 | 0.3114 40519 4173 (115.2 42.4 
0.6467 0.4182 41 4149 |0.01894 | 0.2719 | 4.0697 109.3 {107.4 |41.9 


0.6754 (0.4562 | 1.4456 0 02067 | 0.2502 1.0826 105.0 |403.4 j4+4.6 
0.6813 |0.4642 1.4528 {0.02403 | 0.2458 4.0856 104.0 |102.4 |+-1.6 


0.7104 \0.5047 | 1.4907 0) 02286 | 0.2250 1.1016 99.9 | 99.0 |-+0.9 
0.7155 0.5149 1.4978  |0.02319 | 0.2214 1.1048 99 2 | 98.8 |+0.4 
0.7477 '0.5591 | 41.5454 (0.02533 | 0.1995 4.4270 95.0 | 95.4 |—0.4 
0.7547 ‘0.5696 4.5565 = {0.02580 | 0.1949 4.132% 94.4 | 940 |40.4 
0.7963 |0.6341 1.638 |0.02873 | 0.1687 4.1703 89.3 | 90.0 |—0.7 
0.8189 0.6706 1.6767 0.03038 | 0.4552 AAOoT 86.8 | 88.4 |—1.6 
0.8921 |0.7958 1.8817 0.03605 | 0.1155 4.31214 78.9 | 79.7 |—0.8 
0.9483 0.8993 2.1731  |0.04074 | 0.08898) 1.4579 65.5 | 65.2 |4-9.3 
| T—213.15| id. 
£ we Denom. aa? |(1-+7r2)?| Numerat. A 
calculated| found 
0.9879 |0.9759 2.7482 |0.04421 | 0.07231; 1.6114 22.9 | 25.0)—2.4 
0.9903 |0.9807 2.8357 |0.04443 | 0.07140; 1.6223 15.7 | 415.0/-+0.7 
0.9941 10.9882 3.0326 (0.04477 | 0.06991; 1.6403 — 0.1 0.0)\—0.1 
0.9964 |0.9928 3.29282  |0 04497 | 0.0690! 1.6516 — 14.9 |—18.8 43.9 


The agreement is even unexpectedly great, when we consider, that 
the meltingpoint-line runs here almost vertical, and a quite insigni- 
ficant change in x causes a difference of several degrees in fle 
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4. Let us examine the formula 


2 


a“ 
1.4: .050458 feo 
aa (=a) 
° 10,396 log (1—a) 


more closely. With small values of « it passes into 


jee i Mila dali re ria is We OOF ra 
1 + 0,896 (@ + 2/, «*) 

Because the coefficient of 2 is accidentally nearly 0, the melting- 
point-line 7 ths case runs over a fairly large region (from 232° to 
120°) as an almost straight line. To ensure this, it is generally necessary, 
that 0? —340-+ a is very small or 0. 


ai 


As, for equilibrium between the solid tin and the tin in the amal- 
gam, w= pM, or 


—petu, = 9, 
we also have: 


0 0 as 
ja th a) ae ay) sO 


0 
Now according to a well-known theorem — (— w+ u,) = — g 


OT sp 
The molecular potential « for the solid phase is moreover not depen- 
dent on a. Therefore: 


q Ou, dx 


and consequently 


ia 
We therefore see, that supposing the solid phase (as in this case) 


0 
contains no mercury, ee cannot become 0, unless — ==) OF Die 


then the liquid phase will be wnstable, and we find ourselves on the 
spinodal line, so that the liquid amalgam would long ago have broken 
up into two phases of different composition. 


A 


ee : 
Now, an and therefore also qa may become zero in the case of 


two values for w; there are therefore in this case always two hori- 
zontal tangents. A limiting case of this is of course a point of 


inflection with only one horizontal tangent. 
As 
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BP Tot, | du, d (7 
da? q Ou” Ow dx q ; 


this limiting case will evidently occur when 


On, O'u, 
ae and we 
are 0 at the same time. Now 
Ou, os yt Ae ee Ou, EOL. 2A 1—2rv 
ies | toe. b,3 (1+)? Ow, ie (1—2)? 7 be (1+ rzx)* ’ 


so that for this point of inflection we shall have the relations 
wl—«#) RT (l= #)?(1—2re) 2 dhe 


(leery 2a (tra) Ba 
On dividing, we find: 


w(1 + r 2) = (1—a) (1—2'r 2), 


or 
re—2(14-rnea+1=—0. 

When 7 is either negative or positive, we find from this: 

epee cpr: 


Yi 


Nell ti i So Sid de tah (2) 


When «, indicates the value of « at the point of inflection. «, may 
Pungo yar. ie? == O}tO4 it eee 1), when 7 is negate. If, 
however, 7 is positwe, x. runs from. '/, if r—=0) to 0 (Gf r=). 


Site 


The positive sign forV 1 +7-+7? would give in both cases impos- 
sible values for 2-. 
We now further obtain : 


TA ey eee el, = Ae 0 
(1-e70,)) * 200, —¢,.- Qe Ty -20° ji 


ry 


that is to say, when for is substituted its value from (807s) : 


? 


0 


1 ais ax,’ 
u(l—a,) — O ; (1+ ra)? 
(ie) 2a | 1 Clog (1-2) 

Ou, ; 
where the lower sign indicates conditions, where a< OQ, and which 
are consequently stable. From this then follows : 

v. thas iy = » 
De en eet (ha) SOL + rai)? + aa,%). 


1+ra, 
Now, from the equation, from which (a) was deduced, we find: 
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1—z, 


te 3 
ltvra ahs 


’ 
so that also 


2 at . ‘ 
— Ae (2 — ae)? (1 — O log (1 — ar)) ra O[9(1— 2)? + aa? (2 — a)’], 


3 
consequently 
= 270(1—a)? ; 
gee , () 
v(2—a,)?[2(2 —wx,)(1—O log 1—«,)) —302,| 
Ou 
If, therefore, @ = or > than this value, then —~ becomes O on 


Ow 
one or two places on the meltingpoint-line. 


0 
From the expression for a (see above) it follows immediately, 
v 


a2 0u 
that when A, and consequently a, should be negative, vi can never 
wv 


become Q, still less positive. The occurrence of unstable conditions on 
the meltingpoint-line may, therefore, only be expected i the case 
of positive a, and only then, as soon as @ reaches or exceeds the 
value, given by (0). 

The relations («) and (4), when united, give therefore the con- 
dition for stable phases along the entire meltingpoint-line. 


In our example r = — 0.74, and (a) gives 2, = 0.863. The equa- 
tion (6) further gives with 0 = 0.396: 
27x 0,896 x (0,137)? 


“ < 0,863 x (1,137)?[2x1,137(1— 0,396 log 0,137) —3 <0,396<0,863]' 
that is to say . 
oe 0,180 — 0,180 


"< B074K1,767—1,025 = Bad an 0,0592. 


Now, in our case a was 0,0453, so that everywhere we find 
ourselves in the stable region (as may in fact be seen from the 
shape of the observed meltingpoint-line). If @ had been 0,059, we 
should have had a point of inflection with horizontal tangent ; and had. 
a been 0,059, we should have noticed the occurrence ofa horizontal 
tangent in two places of the meltingpoint-line. This last case is, of 
course, not realisable, as the liquid amalgam would break up into 
two heterogenous liquid phases of different composition. *) 


1) It is perhaps not devoid of importance to observe, that when the solid phase 
forms a solid solution of the two components, the presence in the meltingpoint- 
line of a point of inflection with a horizontal tangent points as before to unstable 
conditions. [or in the general relation 
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: Om 
Another question is, at what values of « and 7’ does = first 
& 


become 0, or where does the plait commence, independent of the 
fact whether we find ourselves on the meltingpoint-line or not, which 
had just been investigated. 


: 0 0? 
We have only to combine the relations = == 0 and er) 
av av 
07g, 
aT Pa 7 (z,—2,) Oz,? 
da Ws 
dT : 
= always becomes 0 in one place only in consequence of x,—2, becoming 0, 


whilst on account of 


0°76, dT : 
On? becoming 0, cr always becomes 0 in two places, or 


in the limiting case in two coinciding places in a point of inflection with a hori- 
zontal tangent. De Visser thinks he has found such a point of inflection with 
mixtures of stearic and palmitic acids.}) It is, of course, not impossible, that we 
are dealing here accidentally with a case, in which the quantity 2 possesses the 
value indicated by (0). That the line of the end-solidifyingpoints also shows in the 
immediate neighbourhood a similar point of inflection, points to the fact, that the 
Li 02 0? 
conditions S20, -7=0 are fulfilled on both lines at about the same time, 
which renders it more accidental still, because z would then possess the value 
required for this also in the solid phase. It should be pointed out, that as a rule 


cee UF 0° ’ 
the conditions ea 0, es SEE for both phases by no means include x, = %. For 
. . 1 0s, . n . . 
this requires a = ane It is there’ore a new accident, that both points of 


edi | 
inflection appear to coincide. But for this a reason may be given here. From the 
equation, from which (a) is found, namely rx? —2(1+7)x-+1=0, it follows 
that with r=0, «=1/,. De Visser now found both points of inflection to be at 
x about 1/. (= 0.525), so that the quantity 7, both in the solid and liquid phase, 
is about O (b; =6,). And in that case the values of x at both points of inflection 
must agree, namely both at x= }/). 
The case, studied by pe Visser, may therefore be an accidental coincidence of 
O75: 075, 
the two points of inflection. But then, on account of es =O and amas 0, both 
ae vs 
the liquid and solid phases must have broken up into two layers, although of 
identical composition. The smallest delay in solidification would however imme- 
diately have carried the system within the plait, and then both phases would have 
broken up into two layers of a somewhat differing composition. It is however 
more probable, that both lines nearly show a point of inflection with a horizontal 
tangent, and that they approach very near, but not touch each other. 


1) Rec. Trav. Chim. (2) T. 2, N. 2 and 4 (1898). 
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to find the values of 2 and 7’ at the “critical” point. We find as 
above : 
vi Itr—V1itr4? 


7 


(30) 


Qe 


0 
The temperature 7, of this critical point is found from z=), 
wv 


that is to say from 
a(1—eae) (Ciel ee 
(l-Prae? i 2a 


We consequently find: 
2a «(1—a) 


dbp iimated (ESE Se See 
: "OC (leva) 
1—a, 
or, as 1 +449. = 3 
=e 
| 2a 2(2—2,)* 
fice Si Aca (30) 


OT Mie Om (lee) 
OM, |). 
At this, or at lower temperatures, aes being then positive, we find 
wv 


ourselves therefore in the plait. 
In the case of tin and mercury we find for x, the value 0,863 


(see above), if 7 — —0,74. For 7, we find: 
py = ORE a DONE SC 67,60 = 2ndee 
are 27 x 0,396 ee = 


The “critical” point is therefore situated at 16° C., that is to say 
fully 57° lower than the point of the meltingpoint-line, belonging to 
«” = 0,863 (18,7 atom-percent tin), namely 83°,2 C. 

There are of course cases, where that distance is smaller, and 
where consequently a trifling supercooling already carries us within 
the region of the plait, which then — in the absence of the solid 
phase — causes a separation into two layers. 

I may observe, that the value x. does not correspond as a rule 
with a point of inflection (with oblique tangent) on the meltingpoint- 


line, when the critical point is not situated on the meltingpoint-line. 

SOL Oru ded: 

For — = 0, —— =—0 do not lead to = 0, when these differen- 
Ow 0a? dx? 


tial-coeffients do not become 0 on the meltingpoint-line. 
5. The value of q, the heat of fusions of tin in the liquid amal- 
gam, is evidently: 
2 


=, il peal ley 3 
oss ( eee 
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When the value of x is small, and assuming, that mercury dissolved 
in tin is monatonuic, we find for q, by calculation 2550 gram-cals. 
Person found experimentally 1690 gram-cals. Should this figure be 
confirmed, it would prove, that the associationfactor of mercury is 
about 1.5. 

Now, it follows from the above formula, that at 25°, where wx is 
about 1, g ought to be 


= 2550 & 1,6114 = 4110 gram-cals., 


whilst van Herreren, by electromotive measurements, found about 
3000 gram-cals. From this it would follow, that the value, used for 
gq) is about 1.4 times too large, which would be a confirmation of 
the fact, that the mercury in the amalgam is not present as single atoms. 

In order to obtain certainty as regards the molecular condition of 
the tin in the amalgam, it would be necessary to know the melting- 
point-line of the mercury, and to determine the lowering of the 
melting-point in addition to the heat of fusion in the presence of 
very sinall quantities of tin. There are indeed indications, that the tin 
is also not present as single atoms. Indeed, the quantity 7 — — 6, + 8,, 


b 

which was found by us to be —0,74, gives for — the value 0.26, 
1 

from which it would follow, that the molecular volume of tin (4,) 


would be about four times larger than that of mercury (0,). Now, 
the atomic volume of Hg is 14,7, that of Sn — 16,1, so if these tyro 


Cae: 

components were monatomic, = ought to be approximately — 1, 
1 

whilst in reality that relation is */,; this points to the probability, 


that in the case of tin several (may be six) atoms are united to 
one molecule. 

It certainly would be highly desirable if this question were fully 
investigated. For in all our calculations the values of 2 are only 
then valid, when both mercury and tin are assumed to be monatomic. 
This is also the case with all similar calculations, relating to other 
amalgams. 

May I be allowed to point out, that the molecular condition of 
mercury may be determined from the lowering of the melting-point 
of tin, if this contains a Little dissolved mercury — whilst the molecular 
condition of tin may be ascertained from the lowering of the melting- 
point of mercury in the presence of a Mittle tin. For in the case of 
dilute solutions something is learned only about the condition of the 
dissolved substance, but never anything as regards that of the solvent. 
In the limiting formula 
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RIT. 
Yo 

where 7’, and q, relate to tin as solvent for-example, everything on 
the right hand side will remain unchanged, although tin should not 
be monatomic, but say n-atomic. For x, the concentration of the 
dissolved mercury, would then become n-times greater, but g, would 
also become n-times greater, because the heat of fusion relates to 
1 mol. = n-atoms. On the other hand, if the mercury were 7-atomic, 
the value of « alone would change; 2 would then become m-times 
smaller, and we shall, therefore, observe a m-times smaller lowering 
of the melting-point than that, calculated on the basis of mono-atomicity. 
In this way we might attain to the knowledge of the molecular 
condition at the ends of the curve, # being O (for mercury), and 1 
(for tin). But in order to form further conclusions with other values 
of wv, the whole of the meltingpoint-line would have to be accurately 
examined, and this may in many cases become an exceedingly com- 

plicated matter. 


T,-T= 


Wy 


6. There is, however, another way to get to know something 
about the molecular condition of the solid tin, and that is the com- 
position of the solid phase, which is in equilibrium with the liquid 
one. If we equate the molecular potentials of mercury in the two 
phases, we obtain: 

a,(1—z)’? 


@, — 6, 0 -+ FE IE Tsar ath © ae T+- RT log x' + 


a’ (1—z')? 


(1+7'c')? ” 


This further gives: 
we! ‘(lt ~z')? 2A 
(¢,—-¢) ae (¢,—¢’,) f= RT log = Ee eh = : ) ’ 
a (1 + 7'z’) (1+ rz)? 
or with e,—e’, =q',, and with introduction of the meltingpoint 7", of 
pure mercury : 


op a! ‘ 
Go Uae = RT log — + id., 
fis x 
therefore 


Pp ee kas F & 
aS aye og a F 


a, (1—z)? Ge (l1—z')? 


RT(l+ra) RT(A+r a) 
Now in the liquid condition 


| 


b, b, a GGT; b a Hi b 

C18 SS > _= ° a --2 = 

2 as PSs oP RT, BO, OTA 
504,8 50 


298,2 x 13 = 0,745. 


This quantity is therefore 0,1144 x 
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Putting @’, =a, and r' => as a first approximation, the value of 
the correction becomes : 


2 9 2 
0,745 0,012 ve 0,9 
(\1—0,74 « 0,988 1—0,74 0,01 


and, as at 25° the composition of the liquid phase was found 
#2 = 0,988, and that of the solid phase 2’ = 0,01 (perhaps 0,06), the 
said value becomes: 


0,745 & (0,0020—0,9950) = — 0,74. 


A change of z' from 0,01 to 0,06 can only cause a slight alteration. 
& 
The value of the chief term log — is: 
; & 


, 0,988 

0,01 
so that we obtain (at 25°): 

2 298,20< 234,09 

sce 63,7 
whereas Prrson found g' = 2,82 200,83 = 565 gr. cals. We therefore 
find a value 15 times too great. And a small error in the correction 
term 0,74 cannot upset this result. If, however, the tin in the solid 
amalgam is taken as hexatomic, «' becomes six times greater and 
q, comes down to about 4400 gram-cals. If, moreover, 4’ is origi- 
nally taken not as 0,01, but as 0,06, so that with a hexa-atomicity 
z now becomes 0,32, the value g', begins indeed to get more close 
to the value, obtained experimentally. 

The above, therefore, contains indications enough of the poly- 
atomicity of both mercury and tin. To arrive at a decision, however, 
accurate experiments will have to be made in the direction indicated, 
together with fresh determinations of the two heats of fusion. 


log? x 2,3026 — 4,59, 


< 3,85 = 8450 gram-cals., 


Ethnology. — “Influence of changed conditions of life on the 
physical and psychical development of the population of Central 
Borneo.” By Dr. A. W. Nisuwernauis. 


(Communicated in the meeting of February 28, 1908). 


There is great diversity of opinion among competent authorities 
about the influence exerted by external circumstances of life on the 
development of a person and on that of the peculiarities of a tribe. 

If this difference of opinion already gives evidence of the difficulty, 
of determining this influence for the individual, the difficulty is greatly 
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increased, as soon as we try to find, between two groups of men, 
characteristic differences, which are to be ascribed to their different 
circumstances of life. Examining the highly cultnred nations which 
live in very complicated conditions of life, the difficulties become 
almost insuperable. 

We are not a little hampered in this investigation by the fact that 
among civilized nations mutual intercourse and mixture have a 
disturbing influence on the eventual effect of special conditions of 
existence. ; 

In Europe some data are furnished by the Israelites, which have 
preserved themselves as such for centuries in different countries 
under the circumstances prevailing there and which have absorbed 
few foreign elements. But here, too, the influencing conditions of 
life are very complicated, and the Israelites of the different countries 
have mixed with each other. 

Chiefly because the relations in the societies of tribes, which have 
not reached so high a degree of civilization, are simpler and the 
conditions of life for all their members do not differ so much as 
elsewhere, it is likely that amongst them eventual changes in those 
conditions of life will stand out more prominently and that much 
becomes clear to the investigator, which was difficult to point out 
under more complicate relationships. 

It is moreover noteworthy, that among them the influences of 
nature, of the surroundings in which they live, have a much greater 
effect than in higher civilized societies, which have learned to shield 
themselves better against this direct dependence. 

We also meet with tribes where the great disturbing factor of 
frequent mutual intercourse and mixture is excluded in examining 
the modifications which two tribes have suffered by different external 
causes. A still simpler case presents itself where two large groups of 
the same race have lived for a long time under different external 
circumstances and have mixed little, if at all. 

Before it has been proved that the people forming these tribes, are 
in their original qualities the same as Europeans, we must not directly 
apply what has been observed in them, to European society. For 
the right understanding of the pre-historic course of the development 
of mankind, however, we may refer to the tribes, which have 
reached as yet but a lower degree of culture; in my opinion we 
are equally justified in drawing certain conclusions as to the corre- 
sponding influences on higher cultured nations from many things, 
which we have observed in the social matters of the former. . 

During my second journey through Borneo I had the privilege of 


living among two groups of the same tribe, which have existed for 
a century and longer under very different circumstances. They were 
the Bahaus on the Upper-Mahakam, with whom I lived for two 
years, and the’ Kenjas on the Upper-Kajan, with whom I spent some 
months. 

The tribe-groups of this name occupy together the upper- and 
middle course of all the vivers, which fall into the sea on the 
North coast, beginning with the river Batang-Redjang, and as far as 
the Kast coast, including the river Mahakamn. They are called collec- 
tively the Pari-tribes, and they all consider the region contaming 
the sources of the river Kajan as their original country. Mutual 
quarrels, the result of too dense a population, were the cause, that 
for centuries again and again tribes moved away to neighbouring 
rivers, as e.g. it happened no more than 25 years ago with the tribe 
Oema Timé, which settled on the Tawang, a tributary on the left 
of the Mahakam. 

The Bahau-tribes on the Upper-Mahakam also originate from this 
native country, which they call Apo Kajan, but they have lived in 
their new home already for more than a hundred years. This was 
curiously confirmed on my arrival in Apo Kajan with my Bahau- 
escort. Their chieftain Kwing Irang then received for the first time 
a full account of the history of his ancestors, which was already 
forgotten in his own tribe. 

How little intercourse the inhabitants of the Upper-Mahakam have 
with those of the Upper-Kajan may be derived from the fact that 
among all the younger Bahaus only one man had ever been in Apo 
Kajan, and that, when in the company of 60 Bahaus and 20 pseudo- 
Malays I set out on the expedition thither in August 1900 none of us 
knew the way. The journey lasted a month, and we had to traverse 
uninhabitated land. The way was indicated by sticks put up in 
a special way in the river-mouths by some Kenjas who travelled in 
boats in front of us, the sticks denoting which rivers we had to take. 

We may therefore assume as certain that we have to deal with 
tribes of the same origin, to which moreover their language, dress, 
morals and customs point, which distinguish them clearly from other 
tribes, e.g. from those on the Barito- and Lower-Batang Redjang. 
Their descending from Apo Kajan to the Upper-Mahakam, however, 
brought the Bahaus in peculiar conditions, which exercised a great 
influence on them. On the Upper-Mahakam, namely, the Bahaus 
live at a height of from 250 to 200 metres, the Apo Kajan is 600 
metres and higher. That this difference as regards the climate is 
very considerable especially un Borneo, may be derived from the 
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fact that in Java the region of moss vegetation does not begin lower 
than at a height of 2500 metres, whereas in Borneo it begins 
at a height of a thousand metres. This is caused by the following 
circumstances. 

The situation of Borneo being under the equator, the middle region 
is but slightly affected by the influence of the trade-winds, which 
e.g. in Java make the difference between the wet- and the dry- 
monsoon so great. Hence it may happen that more rain falls from 
December to March than from May to October, but particularly in 
the highlands really dry times are unknown, and we may find low 
water in the rivers in the rainy period. The regular distribution of 
moisture through the whole year is greatly furthered by the cireum- 
stance that the whole island is covered with one large primitive 
forest, which itself retains large quantities of water, and harbours 
mouldering rocks which do the same. The annual rainfall amounting 
from 3000 to 5000 m.m. at different places, the climate is very 
humid all through the year, and the sky is always more or less 
overcast, so that a cloudless sky is a great rarity in the higher 
regions. Soon after sunset a low hanging curtain of clouds is formed 
in the valleys. This does not rise until seven o’clock in the morning 
or later and envelops the summits of the mountains till pretty late 
in the evening. In consequence of this the maximum temperature at 
a height of 250 metres is 30° C. in the shade on the Upper-Mahakam; 
at six o'clock in the morning however it was never lower than 
20° C. Noteworthy is also that strong winds of long duration do 
not occur there, only some blasts of short duration, which are generally 
preceded by heavy showers. 

The climate of Apo Kajan and of the Mahakam differs but. little 
in most of its peculiarities, such as humidity, and a cloudy sky, but 
the latter is a good deal colder on account of the greater height, 
and what is particularly striking is the continually prevailing wind. 
This accounts for the fact that though in two months I never found 
a lower temperature than 17° C. at six o'clock a.m. and though it 
hailed but once, the climate is yet much rougher. The red cheeks, 
specially of the women and children prove this, and also the fact, 
that the different kinds of rice require a month longer to ripen in 
Apo Kajan than on the Mahakam. Yet the method of growing rice 
is the same, and consists in cutting down and drying the wood, 
after which it is burned and the rice sowed in holes, which are made 
by pushing pointed sticks into the soil, which is covered with ashes. 

The geological formation is the same in Apo Kajan as on the 
Upper-Mahakam; we find in both a strongly denuded upland, where 
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everywhere old slate layers come to the surface. Only here and there 
younger formations, specially free-stone, cover the older. 

If we now take into consideration that only in the last 80 years 
either the Bahaus on the Upper-Mahakam or the Kénjas on the 
Upper-Kajan have come into such close contact with higher civilized 
nations that it induced some of their men to undertake commercial 
enterprises for the purchasing of salt and linen, I think that I am justified 
in asserting that the two groups of tribes under consideration belong 
to the same race, that they have lived for upwards of a hundred 
years in countries with a different climate, that they have had but 
little mutual intercourse and have not mixed; that they have not 
changed their life as cultivators of the soil and have developed 
without external influences. 

What effect this difference of climate can have on the popu- 
lation, may be derived from the fact, that in my opinion the thin- 
ness of the population in Borneo depends in the first place on the 
influences of the climate, and much more on the customs of the 
people than on the infectious diseases, such as cholera, smallpox, which 
are introduced from the coast. As both Upper-Kajan and Upper- 
Mahakam are so difficult to reach that infectious diseases but very 
seldom extend to them, we have, when trying to determine what 
the result of those changed conditions of life is for the Bahaus, only 
to deal with those factors which are sometimes comprised under the 
name of influences of the climate. 

What is understood by influences of the climate in the highlands 
of Borneo became clear to me for the first time in the sultanate 
of Sambas on the West coast of the island, where I was. struck 
by the difference in the spread of malaria among the population 
of the marshy coast regions and that of the highlands. In order to 
get a fuller knowledge of this difference, 1 made an inquiry into 
the traces of malaria infection on about 8000 children, both in the 
marshy alluvial plain and in the highlands. These children had not 
been offered to me on purpose for this investigation, but for an inquiry 
into the results of the vaccination among the Malay and Dajak 
population. 

Among the population of the alluvial plains I found among 2103 
children only 6 with a chronic hard splenic twnor, or 2,8 per 1000. 

Among 420 children of the uplands it occurred in 403 children, 
or 959.5 per 1000. 

The remaining 396 children originated from regions, which in 
their formation were the transition between the alluvial plains and 
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This inquiry yielded the result, that in the marshy alluvial plains 
which consist. entirely of vegetable and animal remains, malaria 
hardly ever occurs, as opposed to the uplands where nearly all 
children suffer from chronic malaria-infection. At the same time I 
saw, that soon after birth the hardened and enlarged milt makes its 
appearance, for it was long before I could find a Dajak child of three 
weeks old, whose milt was not to be felt. 

It is impossible to give the morbidity and the mortality caused by 
the malaria-infection among the population ‘of the uplands in figures. 
I only found the death-rate in Sambas extending over 6 normal years, 
i.e. years without cholera or smallpox, to be for Dajaks 87 per 1000, 
for Malays 28 per 1000, which however does not represent the influence 
of the malaria, because there are also some Malays who live in the 
uplands and among those, who have chiefly settled in the lower plains, 
diseases of the digestive organs are much more frequent than among 
the hills. 

In order to appreciate fully the influence of the malavia-infection 
on the existence of the inhabitants of the higher regions, we must 
dwell for a moment on the phenomenon, which prof. Kocu says that 
he observed in New-Guinea, namely, that the native, who went 
through the malaria-process independently 1. e. without any aid except 
his constitution, became immune against it. Many are the refutations 
adduced against this statement by physicians, who practised in New- 
Guinea. They all pointed out how frequently also adult Papocas 
suffered from malaria. 

Judging by my experiences among the Dajaks, the truth lies between 
the two. I also have been struck by the fact that not so many hard 
enlarged milts as symptoms of the malaria-infection are met with 
among adult Dajaks as among children under the age of ten, which 
certainly points to a less strong influence of this mfection. Moreover 
there is a great difference between the action of chinine on Dajaks 
and on Kuropeans, who are not immune. Though we must make 
allowances for other factors than immunity, yet it is remarkable, 
that we obtained much greater results with at most 1 gram sulphas 
chinin’ a day among the Dajaks than with 2 to 3 er. murias chinini 
among European soldiers, seized by malaria in Lombok. 

Among the former it was possible to cure not only the acute cases 
of malaria, but also cases which had continued from 4 to. 6 months 
and had not been treated before, by administering 1 gram sulphas 
chinini per day and per dose during 8 days, whereas in the first four 
months after the war in Lombok in a mixed garrison of 1500 men 
more than 500 Kuropeans had to be removed, most of them by far 
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being imalaria patients, whom T myself had treated with from 2. to 
3 grams per day and per dose, and who had little chance of being 
cured in Lombok itself. 

Among at the least 2000 Dajak malaria patients, whom I treated 
specially in Central-Borneo and of whom hardly any died, | observed 
another telling difference between the reaction of their body against 
the malaria-infection and that of the Europeans. 

Whereas under unfavourable circumstances many of the latter 
perished under rabid and strong symptoms, sometimes so quickly, that 
chinine was of no avail, such acute cases with strong icterus, uncon- 
sciousness and collapse were never found among the Dajaks. I saw, 
however, many cases where the disease had reached an advanced 
stage after protracted illness. 

That this difference was not due to the inferior strength of the 
infection in Borneo, was proved by my European and native 
fellow-travellers, most of whom suffered badly from malaria; to them 
I had again to administer from 2 to 3 grams of murias chinini a 
day, and one of them I had to give a strong hypodermic injection 
of 3,25 gram chinine within 86 hours. 

From all this we may assume that the Dajaks become partially 
immune if in youth they are subjected to repeated attacks of malaria, 
Yet even then whatever weakens the constitution may give rise to 
attacks of malaria, so that diseases of the respiratory organs or of 
the digestive organs, wounds, diseases of infection and specially 
everything that is comprised under the name of catching cold, get 
complicated with malaria. 

As the mountainous regions on the Upper-Mahakam are among 
those where malaria is of very frequent occurrence, it is clear, that 
the Bahau-population suffer greatly from it and that the individual 
experiences its enfeebling influence from early youth till death. 

Being used for years in my practice among them to find that 
the great majority of cases were those of malaria, I was greatly 
struck by the change after my arrival among the Kénja population 
of Apo “Kajan. I must add that my reputation as a physician 
procured me immediately after my arrival a great number of patients, 
though only few had ever seen a European on the coast before. 

It first struck me, that so many hydropic old people called in my 
help, which had scarcely ever occurred in lower regions, whereas 
the malaria-cases retired {to the background and during my stay 
confined themselves to a few acute cases. I found then, that the 
change in the sick-rate of the population was chiefly due to the 
prevalence of bronchitis with emphysema and heart-disease, bronchitis 
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being caused by the rough climate and increased by the smoking 
of badly prepared tobacco, which even very young children begin 
and which is held to be a remedy against coughing. 

Though more acute malaria cases occurred, When the rough, cold 
weather set in with violent showers, there was not any question 
of a chronic infection of the population, manifesting itself in an 
enlarged, hardened milt in the children. This agrees with the well- 
known fact, that in a rougher colder climate malaria generally 
decreases in violence. ; 

As bronchitis and its consequences do not make their enfeebling 
influence felt on the constitution before a more mature age is reached 
and are not to be compared in this respect with strong malaria- 
infection, I believe to have found the chief factor of the present 
difference of the two groups of the same tribe as to their consti- 
tution and their character in the difference of the occurrence of malaria 
as a consequence of the difference in height of the country of the 
Bahaus and that of the Kenjas. 

Moreover I must take into account that syphilis is found ina less 
violent degree among the Kenjas than among the Bahaus. Among 
some Bahau tribes if was so universal, that I thought the fact 
that only tertiary forms were found could be explained by assuming 
exclusively hereditary transmission. Among the Kénjas, however, 
syphilis was also met with only in that form, but the cases were 
so isolated that we could not possibly ascribe them to hereditary in- 
fluences. The cases observed seemed to have a less injurious influence 
on the general condition of the Kénjas than on that of the Bahaus. 
That this endemic form of syphilis is so much less common and 
that ifs symptoms are so much less dangerous among the Kénjas 
than among the Bahaus is due to a great extent to. their stronger 
constitution. 

If we now take into consideration, that among all these tribes 
every family, even that of the chiefs is dependent for its daily 
food and sustenance on the continual labour of all its members, 
which is not the case in more highly civilized societies, we feel, how 
great the influence must be which the more or less frequent occur- 
rence of these diseases must have on the prosperity of the tribe. 

A striking example of the better conditions of existence offered by 
Apo Kajan which is of equal extent to the Upper-Mahakam, com- 
pared with the lower river-basins, is furnished by the fact that for 
centuries many tribes have been leaving this country for other parts 
of the world and that nevertheless the population there is at present 
much denser than in other Dajak regions. 
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Instead of 300 {o 800 inhabitants as on the Upper-Mahakam, the 
villages count there 1500—2500 inhabitants, though they certainly 
do not lie farther apart. Moreover the general appearance of the 
Kénjas makes a much better impression because of their stronger 
build and the less frequent occurrence of deforming diseases among 
the scantily dressed figures, which is enhanced by the absence of the 
cachectic persons so numerous elsewhere. 

The difference between the Bahaus and the Kénjas is even more 
marked in their psychical qualities than in their physical indivi- 
duality. The enfeebling moments which on the Mahakam affect 
them in a so much larger degree seem to have had a strong 
degenerating effect on the psyche of the Bahaus. 

This is proved by their history: in the beginning of the 19 cen- 
tury they made themselves known not only by head hunting but 
also by raids undertaken on a larger scale till far into the river-basin 
of the Kapoewas, the Barito and the Mahakam, in which regions no tribe 
could resist them; at present smaller forays rarely occur, larger expe- 
ditions are quite out of the question and in a fight with other tribes 
the wounding or death of one man may put his tribe to flight. 

The greatest difficulties which confronted the European stranger 
in his intercourse with the Bahaus, arose in his continual strugele 
with their timidity, fear and suspicion even after a long intercourse 
and in the fact that his movements were continually hampered by 
the peculiar religious and other convictions of these tribes. The 
strong contrast im these respects between them and the Kenjas is 
therefore very striking. 

After my arrival in Apo Kajan | was at once struck by the fact, 
that the 150 men, who had come under thei principal chieftain to 
assist me by bringing boats and improving roads, were much freer 
and noisier in their behaviour than my Bahau escort, that the chief- 
tains gave their commands with much greater energy and that they 
were also better obeyed. During my stay in their villages this 
impression was greatly strengthened by the want of shyness on the 
part of the women and children. Remarkable was the contrast 
between the behaviour of the young Keénjas and the Bahaus when 
I, as I usually did, distributed small presents, such as beads, finger- 
rings, needles and pieces of cloth among them. Among the Bahaus 
I could quietly keep in my chair, and though occasionally a little 
hand may have been stretched out too quickly towards the coveted 
object, yet all the little ones waited patiently for their turn and 
never became boisterous. When I distributed things among the Bahaus, 
the proceedings were quite different: I had to begin with taking a 
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firm footing, for boys and girls pressed in upon ime with loud shouts 
and extended hands; every one was afraid to be behind hand and 
they seuffled amone each other, to get nearer. It soon proved that 
they are less sensible to the bad smells of their fellow-men than the 
Bahaus among whom one can sit for hours with impunity even 
in large companies; therefore they also prefer to go a long way 
round rather than pass a dead body, and who protest to a disagree- 
able smell by violent gestures and spitting. 

Remarkable also is the greater perseverance of the Kenjas at 
labour, which T specially observed when making long expeditions 
in rowing-boats on the Mahakam in the great heat to which they 
were not used. Though they are more used to walking than to rowing 
in their highlands, where the roads are better and the rivers smaller 
than in the country of the Bahaus, yet they kept on rowing for days 
together much more persistently than the latter, and always arrived 
earlier. 

These few examples already give evidence of a greater vivacity, 
less sensibility and also of a greater power of resistance of the ner- 
vous system; moreover their mental capacities ave far superior. 

When telling the Bahaus about some remarkable features of our 
society, I got accustomed to meet with an absolute incapacity to 
imagine these things, which gave rise to disbelief, and induced them, 
but often afler a long interval, to try and catch me at an untruth. 
Among the Kenjas, however, T soon concluded from their questions, 
that they at least tried to imagine railroads and similar inventions, 
and that they really understood other things. A very good eriterion 
is furnished by the explanation of the motion of the sun, the earth 
and the stars with the origin of night and day, and the causes of a 
solar- and lunar eclipse. Of course the Kénjas also did not immedi- 
ately believe that the earth is round and moves, nor that it is not 
a% monster that eats sun and moon in case of an eclipse, but they 
understood at least my explanation. 

Of practical use to us was the greater interest and the more 
extensive knowledge of their surroundings shown by the Kénjas. 

In the course of our topographical survey of the Mahakam and 
When inquiring into the names of the principal mountains and rivers 
we met among the Bahaus with such utter ignorance, that we were 
for a long time convinced they were unwilling to tell them to us. It 
proved however later on, that if was not unwillingness on their part, 
but that only few among them knew anything about rivers and moun- 
tains outside their immediate neighbourhood, and that  e. @. high 
mountains, Which, though they stood at some distance on the territory 


of another tribe, but commanded the landscape, had no name among 
them, and that in order fo find out its name, we had to apply to 
tribes living nearer the mountain. It was, of course, quite out of the 
question fo avail ourselves of their help in determining the different 
places from such a mountain top. 

I was therefore ereatly struck, when among the Kénjas IT ascended 
a mountain, for the purpose of getting a survey of their country 
and Boe Djalong, the chief of the country, who accompanied me 
pointed out all the mountains as far as the horizon with their names, 
also those we could verify in the Mahakam = territory; he also 
indicated ihe roads leading to the different adjoining countries as 
accurately as a European could have done. 

Not only we, but also the Bahaus who accompanied me, were 
astonished at the knowledge of the history of times long past, which the 
Kenjas displayed. It is a wellknown fact that tribes, who cannot write 
and who possess a low degree of civilization, lose quickly the memory 
of past events, and the knowledge of the Bahaus about their anees- 
tors was therefore very inaccurate. Great was therefore the asto- 
nishment of Kwing Trang, when the Kenjas told him the traditions 
of his own ancestors during the time of their stay in Apo Kajan. 

This greater development of their psyche keeps pace with pheno- 
mena, Which evidence a stronger personality as regards their sur- 
roundings. They are braver, which appears clearly from their 
way of conducting warfare. The tribes in Borneo are notorious 
on account of their headhunting, a method of taking revenge and of 
fighting, which is justly looked upon as being rather cunning and 
cowardly than brave, as it consists in the laying of ambushes and the 
sudden attack of superior forces on but a few individuals. An open fight 
is rare amone the Bahaus, and as has been said before, if two tribes 
are confronted, the death ovr wounding of one man suffices to put 
his party to flight. Quite different is the warfare among the 
Kenjas: hand-to-hand fights ave frequent, in which chiefly the 
sword is used, and in which many are killed before the battle is 
decided. Though headhunting occurs also among them, yet it recedes 
more into the background, and when it occurs more personal 
valour is displayed. A few vears ago c.g. a young Kenja chieftain, 
when performing a war-dance during a visit on the Mahakam, sud- 
denly cut off the head of one of the spectators, and took it with 
ie in his flight. This was certainly treacherous, but it requires courage 
to do such a thing in a large gallery with a great many lookers-on. 

It is irritating to see, how the Bahaus submit to be illtreated by 
the Malays, who live at their expense by deceit, theft and grave- 
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robbery ete. Only rarily do they take revenge on these unwelcome 
euests, who live among them either because they gather the forest 
products, or because they had to fly from the coasts on account of 
crnes. 

The Kénja-tribes are less long-suffering: two gangs of Malays, one 
consisting of five members from the Mahakam and one of eight from 
Sérawak, who tried to live upon them in a similar way, were all 
murdered. 

As soon as we come in contact with the Kenjas, this bold perso- 
nality impresses us favourably. Among the Bahaus we could not 
establish for years the frankness of intercourse between them and 
ourselves, which was brought about with the Kénjas in as many 
months. Only incidentally and by indirect means could I get to know 
among the Bahaus what they thought of a plan and what they 
intended to do. When alone with one of them I occasionally suc- 
ceeded in getting him to express his thoughts freely, because he 
had no reason to be afraid of his fellow tribes-men, but they never 
quite relinquished their fear and distrust. 

In our intercourse with the Kénjas the last trace of suspicion had 
soon vanished, and never shall I forget the impression made by their 
political meetings on us Europeans, used to the uncertain, hesitating 
and insincere behaviour of the Bahaus, even when discussing affairs 
of great importance. In the meeting of the Kénjas all the chiefs 
present freely expressed their opinions with peculiar ceremonies on 
subjects as e.g. whether it was advisable to adhere to the rajah of 
Serawak or to the Dutch-Indian government, and the advantages and 
disadvantages were openly discussed. 

If on account of these peculiar qualities the behaviour of the Kénjas 
is noisier, coarser, braver and less sensitive than that of the Bahaus, 
it is interesting to see what influence this has had on their society. 
Among the Bahaus on the Mahakam we find a number of perfectly 
unconnected tribes, in which every individual considers himself quite 
independent of all the others, and perfectly free to look upon his 
own interest as of chief importance, which renders the chiefs powerless 
to exert any influence over their subjects for more general interests 
and enterprises. Everybody entertains the greatest fear for unexpected 
sudden attacks from far or near, and while in the day-time the men 
always go to their rice-fields strongly armed, in the evening they 
dare not even be under their houses without a naked sword. Of 
course women and children are still more afraid. 

Among the Kénjas, on the contrary, we find a somewhat loosely 
constructed, but yet connected whole of all the tribes under the 
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acknowledged supremacy of the tribe of the Oemo Tow and its chief 
Boei Djalong. The country is so safe, that the population goes to the 
fields only armed with a light spear as support, and that women 
unarmed and unaccompanied dared to come and visit me from neigh- 
bouring settlements at many hours’ distance through the primitive 
forest or in boats. 

In. this better regulated society the higher moral qualities of the 
kKénjas also stood out to advantage. If among the Bahaus the want of 
interest in the public welfare was strongly felt, among the Kénjas 
this was different. In the character of the Kénja chiefs a sense of 
responsibility and disinterestedness came to the front accompanied 
with more moral courage and influence on their subjects. When 
questions arose as to wages, the payment of which always consisted 
in goods chosen by the party concerned, the Bahau chiefs always 
retired for fear of quarrels with their people. Among the Kénjas 
the chiefs calculated, how much was due to each of their people, 
took it home and distributed it there. 

When it had been resolved in the political meetings, that repre- 
sentatives of several tribes should go with me to the Mahakam, hundreds 
of Kénjas prepared to go. Bad omens for the journey, however, caused 
more than 400 to draw back, and though the principal chiefs might 
have done so too, they only sent back their followers and went on 
themselves, because they felt the great importance of carrying on 
the negotiations. 

Among the Bahaus no chief would easily have gone to look after 
the general interests, and certainly not against bad omens. 

Also the conduct of their inferiors during the journey was quite 
different. Eighty Kénjas sueceeded in deriving the required favourable 
omens from the flight of birds, the cries of does and the appearance 
of certain snakes, and accompanied us. Though from different villages, 
they formed one company, having their victuals in common, and when 
the Bahaus and ourselves had not enough they shared their stock 
with us, which was then soon exhausted. They had, however, full 
confidence in my assurance that IT would buy them fresh provisions 
on the Mahakam. 

The different groups in a Bahau escort never voluntarily share 
their rice with each other, and when T and my Malays were in 
want of rice on the journey, we could only get some from them 
at very high prices. At last a young man had the assurance to ask 
me three times that exorbitant price for his rice, though as a physician 
I had saved his life, and had treated all of them without asking 
any reward. 
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In spite of the great advantages, which the Bahaus derived from 
our stay, | never met with any direct proofs of gratitude; they only 
put somewhat greater confidence in me than in other strangers. When 
however I left a Kénja tribe after a six days’ stay, the family of the chief 
came personally to thank me for everything I had given to them 
either by way of exchange, presents or medicine ; the first expres- 
sion of gratitude for many years. 

All this proves that the Kenjas of Apo Kajan are far superior to the 
Bahaus also as regards those traits of character, which are considered as 
Ingher ones among Europeans. 

Another striking example of their stronger personality is furnished 
by the way, in which thew religious ideas influence their existence. 

From them standpoint as agricultural tribes of faivly low deve- 
lopment, with whom the influence of nature on their principal 
means of subsistence, agriculture, and on thei persons in diseases 
and disasters is strongly felt, these peoples contemplate their surroundings 
with great fear. Their thoughts about these surroundings and the 
place they occupy in them, which represent their religious conviction, 
are not of a very elevated nature. 

They think that thei lives are ruled by one chief god, w -hom they 
call Tamei Tingei, our high father, and who punishes already on 
earth all crimes with adversity, disaster, disease and death. For the 
execution of his will he makes use of a host of evil spirits, who 
people all nature around. 

All calamities and diseases, therefore, even death on the battlefield or 
at a confinement, are to these tribes the manifestations of anger of their 
chief god with regard to the sufferer, who has incurred this anger by 
the conscious or unconscious violation of human usages or divine laws. 

When the attempts, to guard themselves against the manifestations 
of the anger of their god by observing these laws and usages scrupulously, 
proved fruitless, they tried to reach their aim by extending the preseribed 
laws to the minutest details, so that they have definite precepts as to 
the course to be followed not only in all emergencies of every day 
life, but also in agriculture, the chase and fishery. 

All these precepts are called pémali, and they render certain actions 
in certain cases lali, pantang or taboe. 

If the observation of the pémali is to shield them from the evil 
spirits, they enjoy the assistance of a whole multitude of good spirits, 
indivectly through the mediation of the priests and priestesses or directly 
by warning omens, which are communicated by certain birds, snakes 
and does, and also by certain events. These omens are very numerous, 
and are strictly followed, especially by the Bahaus. 
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As however these pémali and omens have risen, independent of 
the true requirements of the existence of these tribes, they have 
constantly a disturbing influence. To give an example: the Bahaus, 
when growing rice, do not regulate their work according to dry or 
wet weather, or to the condition of their fields, but all the families of 
a tribe have to conform to what the chieftain does, and he sees that 
the necessary religious rites before the special successive agricul- 
tural proceedings are duly performed. When the preliminary rites 
for the sowing have commenced, no one is any longer allowed to 
burn dead wood on his field; if the chief is weeding, every one must 
cease his sowie, ete. 

In the same way they begin all important enterprises, such as 
travelling, the building of a house, etc. not according to the demands 
of the moment, but according to whether a bird flies up to the right 
or to the left, and whether a doe is heard or not. 

Of course, stronger races do not so meekly submit to the galling 
restraints of these pémali and omens, as more timid natures. [had an 
opportunity of observing this as a characteristic difference between 
Bahaus and Kénjas. It is true that both have the same religion and 
that their pémali and omens are essentially the same, but the pemali 
are more developed among the Bahaus and go more into details, than 
among the Kenjas. Among the former all the adults in a tribe are obliged 
to observe the pemali closely; among the Kenjas the priests ave specially 
charged with this, so that the mass of the people have more liberty. 

Among the Bahaus e.g. nobody eats the flesh of the stag; among 
the Kenjas the priests only do not take it. 

The Kenjas have not introduced the above-mentioned very injurious 
precepts for the growth of rice with the same restrictions. It is true 
that also among them the chief causes the necessary ceremonies to be 
performed, but still, every one is free afterwards to do in his field, 
what will prove necessary, and this is of the greatest Importance for 
the success of the harvest. 

The Bahaus cling much more scrupulously to the existing pemali 
and omens than the Kénjas. In spite of my having lived for years 
among the Bahaus, 1 was forced, to observe their precepts as scrupu- 
lously as they themselves did. Only in case of urgent necessity I dared set 
out on a journey or receive a patient during the time prohibited by thei 
laws, and I was therefore as much shut out from the outer world 
as they were. Once they made the inhabitants of their own village 
on their return from an eight months’ expedition remain in the forest, 
starving, rather than violate the lali of their village by admitting 


them or bringing them provisions. 
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When I arrived with my companions among the Kénjas, the prin- 
cipal chief and his famiy happened to be in the condition of lali, 
but in order to be able to receive us he quickly had a new house 
built in another place for the priest family in his house, who were 
the principal bearers of the pémali. By this means it was permis- 
sible for him to receive us in his house. 

Later on we proceeded to another village, where the house of the 
principal chieftain was also Jali. For our reception he divided his 
house, which was very long, into two parts by means of a gate, 
so that we strangers could not enter the one part. In the other he 
received us. 

The Kenjas watch the omens before every enterprise as earnestly 
as the Bahaus, but as soon as they are in conflict with the require- 
ments of the moment, they dare take their own course to a much 
greater extent. 

I have already mentioned that the Kéenja chiefs ventured to 
accompany me to the Mahakam in spite of the bad omens of their 
birds. 

In case of imminent danger, e.g. if an enemy is thought to be 
hidden in the neighbourhood, the Kenjas disregard omens. 


So we see among the Bahaus the more scrupulous observance of a 
more developed system of religious usages keep pace with the deterio- 
ration of many of their physical and psychical qualities. In these the 
Bahau is inferior to the Kénja, which can originally not have been the 
case, but which is owing to the change of abode of the Bahaus more 
than a hundred years ago, because through this change they were 
exposed to the more injurious influences of their new surroundings, 
the principal of which is a greater prevalence of malaria. 


Mathematics. — Prof. P. H. Scnourn discusses : “Relations betrreen 
diagonals of parallelotopes” with a view to show by a simple example 
how it is possible that investigations of more-dimensional figures lead 
to new theorems on figures of our three-dimensional space. This 
example relates, as the title indicates, to those figures which continue 
in the spaces with more than three dimensions the well-known series 
of line-segment, parallelogram, parallelepipedon.... and can there- 
fore be called by the name of parallelotopes. Here diagonal always 
denotes a line connecting — across the inner part of the enclosed 
space — two epposite vertices. rst our attention may be drawn 
to the fact that the number of diagonals of the pare allelotope i is doubled 
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line-seqment, parallelogram, parallelepipedon, bith 
[Bree le 
every time a new dimension is added, whilst the number of constants 
determining the figure, though at first larger than the number of 
diagonals, increases less strongly than the latter; this is illustrated by 
the following little table, where under each other the corresponding 
values of the number » of the dimensions, the number d of the dia- 
gonals and the number y of the determining constants are indicated, 


whilst the meaning of / is explained further on. 


m}j2]}8(4/5/6/7| 8 | 9 | 10 | eh 
a] 2 | 4) 8 /16)32/64) 128 | 956 | 512). - Qn 
| | | 
y || 36 10 15 2128 36 | 45 | an 1 EN en gh Ue rae ite 
A|| | |4) 5 [16/42] 99 [219/466]... . 2! —4n(@@—l)—4 


From this is evident in the second place that when constructing 
parallelogram and parallelepipedon all diagonals can be used as 
determining lines, but that this is not possible for the parallelotope 
P, with five and for the following parallelotopes P,, P;... with 
still more dimensions; and from this ensues in the third place, what 
becomes the principal thing here, that between the 16 diagonals of 
P. at least one relation must exist and that this number of relations 


for P,, P,... must increase consecutively to 32—21 or 11, 64—25 
or 36,... If in the fourth place we wish to trace those relations 


and try to do so under the condition that the length of all the edges 
must figure amongst the determining data, then we find that the 
sum of the squares of all the diagonals — always equal to the sum of 
the squares of all the edges — is known at the same time, and that 
the other relations, between the diagonals only, always present them- 
selves in the form of homogeneous equations, the number h of which 
is indicated above. This includes that already for the parallelotope 
P, we come across a relation between the diagonals. ‘This simple 
relation can be expressed as follows: If we divide (Fig. 2) the eight 
vertices of one of the eight parallelepipeda forming: the boundary of 
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the four-dimensional figure into two groups (4,, 4,, A, 4,) and 
(4,, B,, B,, Bp) of non-adjaéent vertices, the sum of the squares of the 
diagonals terminating in the four points A is equal to the sum of 
the squares of the four remaining ones, terminating in the points 2. 
And from this ensues, the common centre of the eight diagonals being 
indicated by QO, the equation 


OA OA? OA? 2 OAF = OR FR OR ah ane. 


or in words: If we divide the eight angular points of a parallelepipedon 
into two groups of four non-adjacent points, the sum of the squares 
of the distances from an arbitrary point O to the points of each of 


Fig. 2. Fig. 3. 


the two quadruples is the same. If we now suppose in the //7th place 
that this point O lies with the parallelepipedon in the same three- 
dunensional space, our space I may say, we finally find the following 
theorem belonging to our solid geometry ; 

“If we connect (Fig. 3) an arbitrary point O of space with the 
two quadruples of non-adjacent vertices of a parallelepipedon, we 
obtain two quadruples of line-seements for which the sum of the 
squares has the same value.” 

This simple theorem which up till now I never came Across 1 
any handbook is of course easily proved; we have but to know the 
formula for the median line in a triangle. With the help of this 
formula we find that, disregarding quantities not depending on the 
place of UO, the sum of 0 4,” and O A,” can be replaced by two 
times O OR the sum of O.A,* and AO, by two times O Cy, and 


twice the sum of OC%, and O CL, by fow times OIL; from which 


is evident that for the two sums named in the theorem, disregarding 
the same quantities not depending on Q, the same value is found, 
nunely four times O.1/?, ete. 
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Finally this observation: it is not our purpose to emphasize even 
in the slightest degree the above-mentioned theorem, up till now acci- 
dentally remained unnoticed. Neither have we in view to point out 
that for each parallelotope 2, the diagonals and the sides furnish 
equal sums of squares and that all possible relations between dia- 
gonals mutually can be represented in the above mentioned form. 
Whilst referring for this to a paper, to appear shortly in the “Archives 
Teyler’, we repeat here, that this short communication was given to 
satisfy the wish to show also to non-professional mathematicians by 
means of a simple example how the study of polydimensional geo- 
metry may lead i.a. to the discovery of new theorems of plane or 
solid geometry. 


Chemistry. — “On the atomic weight of Antimony.” By Prof. 
Ernst Conmn and Mr. Tu. Strencurs. (Communicated by Prof. 
W. H. Jutius). 


(Communicated in the meeting of February 28, 1903.) 


1. In ‘connection with a physico-chemical study on the nature 
of so-called explosive antimony conducted by one of us (C.) conjointly 
with Dr. W. E. Rinexr, the question of the exact atomic weight of 
antimony became a very important one. 

Notwithstanding a number of investigators’) have attempted to 
determine this atomic weight, it is not as yet known with sufficient 


certainty. 
Crarkb?) stams up his criticism on the determinations made up 
to the present with these words: “..... This result, therefore, should 


be adopted until new determinations of a more conclusive nature, 
have been made.” 


1) Berzetus, Poacenn. Annalen 8, | (1826); Kesszer, ibid. 95, 215 (1855); 
Scuneiwer, ibid. 98, 293 (1856); Rose und Wuper, 98, 455 (1856); Dexrer, ibid. 
100, 363 (1857); Dumas, Annales de chimie et de physique (3), 55, 175 (1859) ; 
Kesster, Pogg. Ann. 118, 145 (1861); Uncrr, Archiv der Pharmacie 197, 194 (1871): 
Cooke, Proc. Amer. Acad. 5, 13 (1877); Kesstur, Ber. deutsche chem. Gesellschaft, 
12, 1044 (1879); Scunemer, Ueber das Atomgewicht des Antimons, Berlin 1880, 
Journal f. prakt. Chemie (2) 22, 131 (1880); Cooke, Amer. Journ. Sciences and 
Arts, May 1880; B. B. 18, 951 (1880); Preirer, Ligs. Ann. 209, 161 (1881); 
Popper, ibid. 238, 153 (1886); Boncanrz, B. B. 16, 1942 (1883); G. Cl. Friend 
and Epaar F. Surra, Journal Americ. Chemical Soc. 238, 502 (1901). 

2) The constants of nature, Smithonian Miscellaneous Collections Part V, 


Washington 1897. 
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Proceedings Royal Acad. Amsterdam, Vol. V. 
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2. Poprrr'), under von PrBats guidance has tried to make a 
determination of the atomic weight by an electrical method. 

He connected in the same circuit a silver coulometer and a cell 
containing a hydrochloric acid solution of antimony trichloride. A 
rod of pure antimony (wrapped in linen) suspended in the liquid 
constituted the positive clectrode, whilst the negative electrode con- 
sisted of a weighed platinum wire. 

During the electrolysis the electrolyte was kept in continual motion 
by means of a stirrer so as to exclude local changes in the concen- 
tration of the liquid. 

Under these circumstances explosive antimony is deposited on the 
negative clectrode*). Popprr fused the substance formed in a tube 
made of hard glass’ in an atmosphere of nitrogen; in this way 
the antimony trichloride present in the metallic mass was expelled. 
As soon as all the chloride had volatilized the antimony regulus was 
washed first with solution of tartaric acid, then with water, dried 
at 120° and weighed. Additional experiments had proved that the 
glass tube did not suffer any alteration in weight on heating and 
melting the metal contained therein. 

The silver electrode in the coulometer was wrapped in a piece 
of linen. After the electrolysis was completed, the silver which had 
deposited in the platinum dishes employed was boiled and washed 
with water until this no longer gave a reaction with hydrochloric 
acid and it was then dried at 120°. 

Poprgr’s results obtained in the electrolysis of solutions containing 
respectively 7 and 22 per cent of SbCl, are given in the subjoined 
table. We have, however, recalculated the data as Popprr still uses 
the atomic weight 107.66 for silver whereas more accurate investiga- 
tions have shown this to be 107.93. 

In a second series of experiments in which a few more improve- 
ments had been made as regards the insulation of the silver coulo- 
meter, Poprrrr found for 7 per cent solutions as equivalent weight 
the value 40.33, therefore as atomic weight the value 120.99. 

As he could not discover any sources of error in his process and 
still believed in the accuracy of the results obtained by Cookr, who, 
by purely chemical means, had found the atomic weight of antimony 
to be 119.9 he concludes his paper with the words: “Sollte nicht 
die Entdeckung des Elements “Germanium” durch Wrnxurr den 


1) Compare 1. 

*) Such was the case with solutions containing 22 per cent of Sb Clg. In solu- 
tions containing 7 per cent. Popper obtained crystalline 207-explosive antimony. 
I will fully refer to this particularity later on in my paper with Dr. Ringer. (Conen.) 
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Ceamnecine Weight of the metal Electrolytic Atomic 
Sb Cl, in 100 deposited in the same time equivalent weight. 
Grans circuit in the same time. clues eas 
solution. : mas cae? of Antimony (Silver 
Antimony Silver = 107.93) 
ee en SE ae ee ee 
7 1.4788 | 3.9655 40.25 120.75 
2 
7 2.0074 5.3649 40.39 424.17 
7 | A. 4893 41.1847 40.43 421 29 
il 4.4885 41.1847 | 40.42 421 .26 
7 5.6869 15.1786 40.43 421.29 
bf 5.6994 15.1786 | 40, 46 4124.38 
22 1.4856 3. 9655 40.43 424.29 
22 2.0120 | 5.3649 | 4Q 47 121.44 
22 3.8882 10.3740 | 40.45 421 .35 
De, 3.8903 10.3740 | 40 47 124.44 
22 4,2740 11.3868 40.48 121.44 
22 4.2752 | 11.3868 40,52 121.56 
| 


Wee andeuten, auf welchem die Losung des vorliegenden Ratsels zu 
suchen sei?” 


3. We have not only repeated the research of Popper but also 
extended the same by using hydrochloric acid solutions of SbCl,, 
whose concentration varied between 2.3 and 83.3 percents of SbCl, by 
weight. 

It was necessary to pay particular attention to the purity of the 
materials employed. The antimony trichloride was obtained from 
Merck; 20 grams were dissolved in solution of pure tartaric acid 
and then digested on the waterbath for some hours with excess of 
clear sodium sulphide. The liquid remained perfectly clear *). 

Some kilos of this antimony chloride were precipitated with sodium 
carbonate free from foreign metals, the precipitated Sb, O, was washed, 
dried and reduced to metal by fusion with pure potassium cyanide 
in a Prrror’s furnace. The crucibles used were previously tested to 
see whether they would yield any foreign metal to potassium cyanide 
but we could not prove the presence of any impurity in the melt. 


1) As commercial antimony generally contains lead whose atomic weight exceeds 
that of antimony it was absolutely necessary to prevent the possibility of any lead 
being present in the materials employed, 


37% 
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The fused metallic antimony was poured into cylinders of asbestos 
paper tied round with copper wire: the rods of antimony thus formed 
were cleansed with hydrochloric acid and washed. 

By way of control we dissolved a piece Weighing 20 grams in 
pure strong nitric acid with addition of 75 grams of crystals of 
tartaric acid. The clear acid solution so obtained was rendered alkaline 
by adding small lumps of sodium hydroxide prepared from metallic 
sodiuin (the lye was free from foreign metals) and digested on the 
waterbath with a clear solution of sodium sulphide but gave no 
precipitate. 

The solutions were prepared by weighing the pure antimony 
trichloride roughly and dissolving the same in pure hydrochloric acid 
of 1.12 sp. gr. at 15°. The exact composition of the solutions was 
determined by electrolysis of the liquid in presence of sodium sul- 
phide according to Nrumann’s directions *). 


4. In each experiment two silver coulometers were put into the 
circuit; one in front and one behind the series of antimony solutions 
which took part in the electrolysis. The coulometers consisted of 
200 ce. platinum dishes with rough inner surfaces. We will not 
omit to point out that such dishes are particularly suited for coulo- 
metric determinations as it is possible to precipitate in them a large 
amount of silver with little chance of any traces being detached on 
washing the precipitates *). The amount of silver deposited in our 
experiments varied from 25 to 50 grams whilst when using the smooth 
dishes usually employed it is difficult to handle a few grams without loss. 

As electrolyte we used a 10 or 15 per cent neutral solution of 
silver nitrate; no difference was noticed with these solutions. The 
positive silver plates were cast of silver which we received from 
Dr. Horrsyma, Comptroller-general at the local Government Mint. 
On analysis, we could not trace foreign metals in 100 grams of this 
silver. The plates were 6.5 ¢.m. in diameter and 4 mm. thick. 
They were surrounded by a covering of filter paper (SCHLEICHER and 
ScHuLL). Each silver plate was suspended by a thick platinum wire. 
The coulometer dishes after being filled with the silver solution were 
covered with a glass plate with a hole in the centre through which 
a platinum wire was introduced. 


*) Analytical Electrolysis of Metals, Halle 1897. S. 145. 

Here, we provisionally took the atomic weight of antimony to be 120; as will be 
seen from what follows, the uncertainty of the atomic weight is of no consequence here. 

*) Compare Kane. Wisp. Ann. 67, N.I. 1 (1899); Ricuarns, Conus and Hermon, 
Proc. American Acad. of Arts and Sciences XXXV, 123 (1899). Ricuarps and 
Hemmov, Zeitschr. f. physikalische Chemie 41, 302 (1902), 
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Great care was bestowed on the insulation of all the apparatus. 
The conducting wires were strongly insulated and were, as far as 
possible, in contact with air only. Each platinum dish was placed 
on a copper plate which stood on a glass plate; the latter was 
carried by porcelain insulators which acted as feet. 

For a rough orientation a technical ammeter was included in the 
circuit; the current was taken from 1 to 3 storage cells. 


5. The antimony solutions which were subjected to electrolysis 
were contained in spacious beakers (1 litre) (B in fig. 1) in which 
constant stirring could take place by means of Wirt’s centrifugal 
stirrers. A  Heiricr hot-air motor kept all the stirrers in motion. 
The rods of antimony which served as positive electrodes were sur- 
rounded by a piece of linen which was fixed to the rod with platinum 
wire, or by glass tubes closed at the lower end containing a large 
number of not too small perforations (O, O, O...) (8 or 4 m.m.). 
The object of surrounding the rods was to prevent any loose particles 
of antimony from getting into the liquid. 

As negative electrodes we used platinum wires (2?) about 10 cm. 
in length and 0.3—0.4 mm. thick; they were provided at the upper 
end with the capillar glass pieces (C), on which a number was 
engraved. 

Both antimony rods and platinum wires were attached to copper 
binding screws which moved along glass standards (S). In order to 
prevent contamination of the liquids by contact with copper, a piece 
of platinum wire (Pf) was placed between the binding screws and 
the rods of antimony or platinum suspended thereby. 


6. The experiments were now conducted as follows: After the 
platinum wires had been weighed they were put in their places ; 
the silver coulometers were connected up and the current closed, 
At the commencement the strength of the current may only amount 
to a few hundredths of an ampere; if this is exceeded, evolution of 
hydrogen instead of separation of antimony takes place. When the 
precipitate on the platinum wires had reached a certain quantity, 
when in other words, the surface had become enlarged the strength 
of the current was increased and gradually raised to about 0.3 ampere. 

At the end of the electrolyses the vods were rinsed with a 12 per 
cent solution of tartaric acid ?), then washed with water, alcohol and 
ether and dried over sulphuric acid in a desiccator. 


1) By a special experiment we had convinced ourselves that this did not cause 


any perceptible diminution in weight. 
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To determine the amount of antimony separated by the current 
the following method was adopted *). 

The vod was’ placed in a tube of hard Jena glass closed at one 
end (length of the tube 30 em., diameter 1 ‘¢m.). This tube had 
been previously cleaned, strongly heated in a current of dry air 
(dried over H,SO, and P,0O,) and then weighed. The antimony 
rod was now weighed and by way of control the tube and rod 
were again weighed together. 

The air from the tube was now expelled by means ofa continual 
stream of carbon dioxide which had been dried over sulphuric acid 
and phosphoric anhydride. The tube (evplosion-tube) was then closed 
with a properly fitting india-rubber cork and put into a metal cooling 
vessel made of composition tube in the manner represented in fig. 2. 
This tube was connected with the water tap. 

If now the explosion tube is shaken for a moment the explosive anti- 
mony explodes. The tube is then strongly heated with a triple burner 
on the spot containing the rod; the Sb Cl, evolved condenses on the cold 
wall of the tube to a clear white mass. The heating is continued 
until the antimony is perfectly fused and this is then allowed to cool 
slowly. The tube is then opened, the SbCl, is removed by rinsing 
with a mixture of alcohol and ether (3:4) the tube is then rinsed 
with ether and dried by heating in a current of dry air as deseribed 
above. 

The tube with the antimony regulus is now weighed. 

A previous experiment had proved that the explosion tube suffers 
no alteration in weight by the heating and subsequent treatment. 
It was found for instance that an explosion tube weighed 29.6614 
gram before the experiment and 29.6610 gram after the experiment 
the contents having been removed by means of nitric and tartaric 
acids. 

By way of illustration one of the experiments is reproduced in 
detail whilst the results of the other measurements are united in 
a table. 


Electrolysis of a 15.6 proc. SbCl, solution. 
Silver coulometer N°. 4. 
weight of platinum dish + silver 73.1920 grams 
I! 1 i 36.7310 / 
weight of silver 36.4610 grams 


*) Further particulars about this method will be found in the paper of Conen 
and Dr. Rinaer. 
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Silver coulometer N°. 2. 
weight of platinum dish + silver 71.4580 grams 
" M" M" 34.9902 


weight of silver 36.4628 grams 


weight of explosiontube + regulus + platinum wire 55.0281 grams 
/ " 41.0780 " 


weight of regulus + platinum wire 13.9501 grams 
weight of platinum wire 0.2696, 


weight of regulus 13.6805 grams 


From this result the equivalent weight of the antimony is calculated 
as follows: 
pales < 13.6805 — 40.49. 

36.4628 

The results so obtained are collected in the following table. (p. 550). 

From this table we see that the atomic weight obtained increases 
with the concentration of the SbCl, solutions and varies between 
120.87 and 121.89 within the concentrations 2.3 and 83.3 per cent. 

From this it is quite plain that we cannot arrive at the determination 
of the atomic weight of antimony by the electrolysis .of solutions of 
antimony trichloride and that the values fouud by Popppr, to which 
in the caleulation of the atomic weight is attached the same value as 
to those of ScunempEr, Cooke and Boneartz'), are quite accidental, being 
dependent on the concentration of the solutions employed. 

It further appears from the above that unknown electrolytic or 
chemical changes play a part here which require further investigation 
and which may be expected to add to our knowledge of the formation 
and composition of the remarkable explosive antimony. 

We hope, shortly, to investigate these changes. 


1) Compare Ostwatp. Lehrbuch der allgemeinen Chemie I, 53 (1891). 


Grams of 
Sb Cl, in, 100 
grams 
solution, 


Weight of Weight of the silver in the 


the antimony 
regulus in 
grams, 


Coulometer in grams. 


N°, 2, 


Equivalent 
weight 
of the 

Antimony. 


Atomic 

weight 

of the 
Antimony. 


a3 16.8747 45.2069 45.2019 40.28 
120.87 
ae 14.5914 39. (805 39.0816 4 29 
3H 18.7961 50.3791 50.3860 40.26 120.781) 
5.0 16.9175 45.2019 45.2069 40 38 
421.47 
5.0 14.6298 39.0805 39.0816 40.39 
ais 18.8627 50.3791 50.3860 40.40 
5.3 12.6206 33.7294 33.7203 40.38 121.20 
5.0 15.0054 40 0810 4.0794 40.44 
14.4 13 129 3.9633 34.9680 40.49 
14.4 18.8881 50.3791 50.3860 40.46 1244 
14.4 12.6470 33.7294 33.7203 40.47 
15.6 9.5049 25. 3416 25.3407 40.48 
15.6 13.6805 36.4610 36. 4628 40 49 1924.47 
15.6 13,6803 36.4610 36. 4628 40.49 
18.8 13.5984 36.2088 36.209 4 40.53 
: ; 121.59 
18.8 13.8618 36.9531 36.9566 WO.53 
52.2 14.6219 38. 9046 38.9098 40.56 
OLN 
52 2 15.0689 AO.O810 40.0794 AO.58 
15.7 13.7199 36.4610 36. 4628 40.58 
x ADTs 
B>.7 =| 14.7014 39.0805 39.0816 40.59 
83.3 13.6305 36. 2088 36.2004 40.63 
83.3 14.9424 = 39.6998 40.61 494.89 
83.3 | 13.8998 36.9531 36. 9566 40.64 


washing, 


1) This result is decidedly loo low, as a trace of antimony got lost 


during the 
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Chemistry. — “The conductive power of hydrazine and of substances 
dissolved therein.’ By Prof. Ernst Conen and Prof. C. A. Losey 
pr Bruryy. (Communicated by Prof. C. A. Lospry pr Bruyn). 


(Communicated in the meeting of February 28, 1903). 


The investigation of the conductive power of non-aqueous solutions 
has of late years been known to have an increasing significance and 
particularly so on account of the important result that the laws and 
rules applying to aqueous solutions do not appear to apply in the 
case of other solvents. Apart from methyl and ethyl alcohol (the 
constitution of which does not differ much from the type water) 
sulphurdioxide, ammonia (NH,), formic acid, hydroeyanie acid, pyri- 
dine, some nitriles, hydrogen peroxide and others have been studied 
as such’). 

The physical properties of free hydrazine*) N,H, although still 
incompletely known, might lead us to suppose that this liquid would 
manifest a strong ionising power. In the first place, like water, the 
lower alcohols and acids, it possesses an abnormally high boiling 
point. This is obvious if this point (about 113° at 760 m.m.) is 
compared with of ammonia (— 34°), difference of 147°, and if one 
considers that the difference between the boiling points of CH, and 
C,H, is decidedly less (80°); this fact as well as the high critical 
temperature of (at least) 380° point to an association of the N,H, 
molecules. The solubility of several alkali salts in hydrazine has also 
been shown to be very considerable although less than in water. 
Another existing observation points to the fact that hydrazine may, 
like ammonic¢ take the place of water of crystallisation *). And finally, 
the dielectric constant of hydrazine, which Prof. P. Drupr (Giessen) 
had the kindness to determine at our request, has turned out to be 
rather high, namely, 58 at 22°. It is now a known fact that there 
exists a certain although sometimes remote parallelism between the 
dissociating power of a liquid on the one hand and the association 
of its molecules, the solvent power and the dielectric constant on 
the other hand. As according to the experiments of FRANKLIN and 
Kraus and of Capy liquefied ammonia is an ionising solvent, this 
might also be expected in the case of hydrazine. From the experiments *) 
presently to be described it will be seen that such is the case. 


1) Compare Jones, Am. Ch. J. 25. 232. Kancenserc, J. Phys. Chem. 5. 339. 
Watpen and Crnrnerszwer, Z. phys. Ch. 89. 514, 557 e. by J. Travse, Chem. 
Zt. 26. 1071. (1902). 

2) Lopry pe Bruyy, Recueil des Travaux Chimiques des Pays-Bas. 15. 174. 


3) Ibid. 179. 
4) Some preliminary determinations were already made in 1896. 1. ¢. 179, 
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Let us first observe that the dielectric constant of hydrazine is 
only surpassed by those of five other liquids and is decidedly larger 
than that of NH,. We have namely : 


hydroeyanie acid 95 acetonitrile 40 

hydrogen peroxide 93 nitrobenzene 36.5 

water 82 methylalcohol 32.5 

formic acid 57 ammonia 22 (at —34°) 
nitromethane 56.5 pyridin 20 

hydrazine 53 


The peculiar properties of hydrazine (its very hygroscopic nature 
and lability to oxidation by atmospheric oxygen) demand great 
precautions in its preparation. It took place, according to the method 
already described ?), by treatment of the so-called hydrate with 
barium oxide and distillation in an atmosphere of hydrogen. 

The heating with barium oxide and subsequent distillation were 
thrice repeated and the base was finally collected in six different 
fractions in pipette-shaped tubes in the manner previously described. 
During the last distillation the base had been only in contact with 
purified, dry hydrogen. 

Apart from the properties of hydrazine mentioned, the high cost 
of the material was a factor which in our experiments had to be 
taken into account. A special apparatus (see illustration) was, therefore 
constructed which admitted of working with a small quantity of the base 

(about 5.5 ¢.¢.) and through 

(4 which pure, dry nitrogen ?) 
could be passed, whilst 
through the exit tube for 
the gas the weighed portions 
of the different salts could 
be introduced. 

On account of the some- 
what limited quantity of 
the base at disposal we 
could not, as is customary 
in the determination of the 
conductive power of solu- 
tions, start with the largest 
concentration and succes- 
sively dilute this by adding 
the solvent, but the reverse 
was to be done. 


Le ave p. 175. 
*) We take the opportunity to call attention to the fact that platinised electrodes 
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Weighed quantities of a salt were, therefore, successively dissolved; 
on account of the unavoidable errors in weighing it was difficult to 
experiment with very dilute solutions of accurately known composition, 
but by evaporating a measured quantity of a very dilute aqueous 
solution in a pipette which was then rinsed with the hydrazine we 
have reached for KCl a concentration of V = + 900. 

In view of the above we wish to remark generally that our 
results cannot lay claim to very great accuracy, although they quite 
suffice even from a quantitative point of view, to prove that free 
hydrazine has a strong ionising power comparable with that of water. 

We have worked with solutions of H,O, KCl, KBr, and KJ and 
made a few experiments with a solution of Na and H,N in N, H,. 

In the first experiment the six different fractions of the hydrazine 
had not been kept separate; as we had previously found?) that the 
meltingpoimts of the second and fourth fractions were the same we 
thought we might conclude that at least the middle fractions were 
similar. It then appeared, however, that the'conductive power of 
the bases taken from different tubes often showed appreciable 
differences. 

For this reason a second preparation was made and the hydrazine 
of each fraction (each time collected in several tubes) was examined 
separately as to its conductive power. From the following figures it 
appears that the conductive power gradually decreases and is smallest 
for the last fraction. 


5 


fraction n°. 2 x at 25° 181.10 © 
3 12.8 » 
4 JAD - 3; 
5 10.0 4 
6 COG 


We do not know what impurity (in any case very small) is the 
cause of this; possibly we are dealing here with a minute quantity 
of ammonia which is present in largest amount in the first fractions 

The smallest conductive power observed by us in any fraction 
prepared previously was 4.10—°. 

Our experiments have been mostly conducted with fraction N°. 6 
of the above-mentioned quantity. 


dried in the air may occlude such an appreciable amount of oxygen that this 
must make its influence felt when working with readily oxidisable liquids. Such 
appeared to be the case when filling our apparatus with hydrogen when a spont- 
aneous deposit of visible drops of water was formed. 

2) Prepared from air and phosphorus. 

Vel €.upanl tls 
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The apparatus was put into a glass vessel containing paraffin oil 
; ; 3 
which was placed in an Ostwald thermostat; the temperature was 25°. 


Hydrazine and water (¢ = 25°) 


5e fraction. Gi = 5.185. 6¢ fraction. G = 4.249. 
N. % N 3 
0 40.0 .40—° 0 6.04.10 — 
0.93 9.79 » 41.1 LSTA TIS 
7.94 8.95 » 49.5 4.5 » 
ON GA 7.68 » 58.4 4,36 » 
33.8 7220 69.5 4,55» 
65.6 6.04 » 81.6 4.9 » 
82.4 6.09 » 124.7 les » 
101.8 etsy 
156 10.41 » 
955.5 47.51 » 


Potassiumcehloride. 


foe x = 6,2.10—5 
NoHy 
G = V K a 1) 
5.369 0,0272 14.7 7.0.40 70° 402.9 
» 0,0157 25.4 4X» 103.7 
» 0,0080 49.7 2a sy 109.3 
[+5.4 0,00045 + 900 4.2.40— 4 + 107 2) ] 
Potassiumbromide. 
(=225; 26.5, 103 
Noll, 
G e V x A 
5.350 0,0617 10.3 40.05.40 —3 403.8 
» 0,0329 ORS 5.66 » 109.2 
» 0,021 4 2009 Bev i) 412.7 
» 0,0405 60.7 1.965 » 118.9 


1) Aw could not be determined, so that the degree of dissociation of the salts 
is not known. The a’s, however, agree in magnitude with those of the aqueous 
solutions of the same salts. 

*) This value, obtained in the manner described on p. 553, is as a matter of 
fact uncertain. It proves that a very minute quantity of a dissolved substance may 
increase the conductive power considerably. 
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Potassiumiodide. 


t= 25° x—5,6.10-° 
NU, 
G g V x A 
5.600 0,072 12.9 8.19.10 2 105.6 
» 0,0493 18.8 iy Tt)» 108.8 
» 0,0280 oem 3.40 » 112.8 
» 0,0129 12 1.64 » 118 
G = weight of hydrazine in grams. A = aequivalent conductive power. 
g = weight of the sall in grains. V = uunber of Liters, in which is dis- 
solved one mol. of the substance. 
x = specific conductive power ~ for the water used = 0,28.10~° 


Without comuitting a grave error the sp. gr. of hydrazine at 25° may be taken 
ayia E00) 


It is already known that sodium dissolves ino hydrazine with 
evolution of hydrogen?). Pure hydrazine (.=9,1.10-%) was introduced 
into the apparatus and two particles of sodium (weighing about 10 


milligrams) were added. 

The metal slowly dissolved with evolution of hydrogen and after 
solution was complete the specific conductive power appeared to have 
increased to 131.10-°. 

It seemed very peculiar that a powerful evolution of gas still went 
on after the sodium had dissolved, showing a decomposition of the 
hydrazine with formation of ammonia. This decomposition ceased as 
soon as the liquid was poured out of the apparatus; apparently it 
only takes place by contact with the platinum black present on the 
electrodes and is, therefore, quite comparable to the spontaneous 
decomposition of an alkaline solution of hydrogen peroxide exposed 
to the same influence. 

Finally a few experiments were made with a solution of ammonia 
in hydrazine. The solubility of that gas at the ordinary temperature 
did not seem to be large; about 4.3 per cent of NH, is present in 
the saturated solution. After a few bubbles of ammonia had been 
absorbed in the hydrazine (with * == 5.2.10~°) the conductive power 
appeared to be but slightly increased (* = 6.9.10-5); this was also 
still the case after the liquid had been saturated with ammonia (about 


1) lc. p. 183. Dr. J. W. Diro has found that an alom of hydrogen is replaced 
here; the NaH; N, formed is a substance which on being exposed to the air 
causes a violent spontaneous explosion, 
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220. mgr. .of HN in 4.920) er..of N;Hy, y= 0:38) 910) it 
is known that on dissolving ammonia in water the conductive power 


is but very slightly increased, 


From the foregoing we may draw the conclusion that, with regard 
to its ionising power, hydrazine is comparable to water. 

As regards mixtures of hydrazine and water it may be observed that 
on addition of water the conductive power at first decreases reaching 
a minimum with a mixture of 60 mols. of H,O to 100 mols. N,H, 
(about 25 percent of H,O and 75 per cent of N,H,) then increasing 
again. This minimum, therefore, does not correspond with the com- 
position N,H, + H,O, or the so-called hydrate. 

Utrecht—Amsterdam, January 1908. 


Chemistry. — “The velocity of transformation of tribromophenol- 
bronane into tetrabromophenol.” By Mr. A. H. J. Benzer?), (4th 
Communication on intramolecular rearrangement, presented by 
Prof. C. A. Losry pr Bruyn). 

(Communicated in the meeting of February 28, 1903). 


Brexepixt *) found in 1879 that tribromophenol brought into contact 
with bromine water is capable of exchanging a fourth hydrogen 
atom for bromine with formation of a tetrabromo-derivative. The 
study of this substance led him to the conclusion that one Br-atom 
occupies a peculiar position in the molecule; it is, in fact, the cause 
of a certain number of reactions in which that Br-atom is readily 
displaced. As moreover the new substance seemed to have lost 
the character of a phenol as shown by its insolubility in alkalis, 
BENEDIKT gave it the formula C,H, Br,.OBr and the name of tribro- 
mophenolbromine. Brnypikr also noticed that, when melted under 
sulphuric acid, it passes into the already known isomeric tetrabromo- 
phenol, a true phenol which no longer contains a loosely bound 
Br-atom. 

In his first publication Bexepixr looked upon this transformation 
into tetrabromophenol not as an intramolecular displacement of atoms 
but as a process taking place between two mol.s of tribomophenol- 
bromine; in a later communication however he does so, without 
Stating any reasons. 

When a few years ago, Jon. Tuie*) found that Brnepixr’s 

1) Proc. 31 May, 28 June and 25 Oct. 1902. 


2) Annalen 199. 127, Monatshefte 1. 361. 
3) Ber, 33, 673 (1900), 
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tribromophenolbromine by means of leadacetate passed into 2.6 
dibromoquinone, with substitution of 2 Br by O, he looked upon it 
as a dibromoquinone in which one O is replaced by 2 Br {therefore 
as a tetrabromoketodihydrobenzene]|; he is of opinion that its forma- 
tion from tribromophenol can only be explained by assuming that 
the latter can react in the tautomeric form of a p-quinoid ketone 
as follows: 


H_ HBr 


BT N\y C2 
ae 


OH ee yar Oo —— Br 
é ae 


ee 


nt 
ay 


igt 


& 
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In a paper which appeared a year ago, Kastir’) has come to the 
same conclusion as THimin, as the result of investigations conducted 
conjointly with Loxvennart, Rosa SprvEr and Ginsert. Kastie has 
also established the fact that it is only sulphurie acid which, even at 
the ordinary temperature, is capable of causing the transformation 
into tetrabromophenol; a dozen other reagents gave a negative result. 
In order to explain this specific action of sulphuric acid, Kasrie 
assumes the intermediate formation of an additive product of this 
acid with tribromophenolbromine; this at first would lose HBr, which 
would then again react at once with reformation of sulphuric acid 
and cause the migration of Br into the benzene nucleus. This inter- 
pretation of the transformation requires the appearance of two non- 
isolated and therefore hypothetical intermediate products and of three 
successive reactions. 

Mr. Bretzer has now studied the velocity of transformation of tri- 
bromophenolbromine. The circumstance that the first substance readily 
parts with an atom of bromine would lead to expect that its 
quantitative estimation would be possible in the presence of tetra- 
bromophenol. It now appeared that the elimination of free iodine 
from hydriodic acid, also observed by Kasr1x, takes place quantita- 
tively; tribromophenolbromine may therefore be estimated in the 
presence of tetrabromophenol by titration. 

At the commencement of the investigation the behaviour of the 
solid substance towards sulphuric acid was ascertained. If the crystals 
are covered with the ordinary 96 per cent acid it is noticed that 
they lose their yellow colour and become opaque and white; of 
solution in the acid taking place nothing can be perceived even by 
the aid of the microscope. No formation of striae can be observed; 
the whole phenomenon seems to be enacted within the solid substance 
commencing on the surface where the substance is in contact with 


1) Amer. Ch. J. 2%. 31. (1902). 
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the acid. If the velocity of transformation is measured under these 
circumstances it is no matter for surprise firstly that no reaction 
constant is found, secondly that the reaction coefficient constantly 
diminishes as the imner parts of the crystals get more and more 
inaccessible to the acid. As expected beforehand the experiment has 
shown that very small crystals or the powdered substance are, on 
account of the larger free surface, more rapidly transformed than 
the larger crystals. The continuation of the research will show that 
the transformation is monomolecular and must, therefore, be taken as 
a real displacement of atoms (perhaps of two displacements one of 
which takes place with very great velocity). It is a remarkable fact 
that there should take place inside the molecule of a solid substance 
a displacement of atoms, an internal change of equilibrium leaving 
the molecule intact, by mere contact with sulphuric acid, without 
there being any question of solution. 

Although we could not expect to get reaction-constants for a 
heterogenous mixture of a solid substance and sulphuric acid, this 
should be duly the case when we worked in a solvent. Here however 
a difficulty occurred which at first threatened to put a stop to the 
further prosecution of the research. A solvent was wanted which 
had no action either on tribromophenolbromine or sulphuric acid. 
Acetic acid scarcely dissolved the first substance and chloroform 
appeared to dissolve only traces of 96 per cent sulphuric acid. It 
was finally decided to choose the latter solvent and to thoroughly 
shake the solution with sulphuric acid’). The experiment proved 
that on applying the formula of the first order, constant reaction- 
coefficients made their appearance. A first result was thus obtained ; 
the transformation does not proceed bimolecularly. 

Mr. Brtzer has now studied the influence of the concentration of 
the sulphuric acid and the temperature. 

In most of the experiments, 3 grams of the substance were 
dissolved in 150 cc. of pure chloroform 7), the solution strongly 
shaken with the acid and after definite times 25 cc. were titrated. 

Use has been made of: 

a, H,SO, with about 36°/, SO,, 6. H,SO, with about 1°/, SO, 

c, equal volumes of 6 and d. d. 96 per cent H,SO,. 

In the following tables the results obtained are not given in the 

form of reaction-constants, but to make the matter more plain, the 


1) A uniform emulsion is very soon obtained. 
*) The chloroform was agitated a few times with water, dried over calcium- 


chloride, shaken with strong sulphuric acid and redistilled; it was preserved in 
the dark. 
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times (T) are mentioned at which the transformation has proceeded 
halfway. 


A. Influence of the Concentration of Sulphuric Acid. 


t = 25°. 0,5 cc. sulphuric acid. 


acid a b c d 
ibe 5 min, 49 sec. | 2 hours 57 m. | 13 h. 40.5 m. very slowly 
{ = 240°. 1 ce. silphurie acid. 
acid a b c d 
as | too rapid 25 m. 44 s. 2h. 38.5 m. 7h. 45 m. 


B. Influence of the Quantity of Sulphuric Acid. 
i =e oeracideas 


Accs | OlGrce: | ORONCCs | Osrec: 


Ie | too rapid too rapid 5 m. 49 s. 


eS acid i 


2ZEce. | lay on) A2B ECE, Aste, 0.5 ce. 0.25 ec. *) 
bs | too rapid | too rapid | 25 m. 44s. | 55 m. 20s, | 2 h. 57 m. 
t= 20. AC 
dE OUCCs Anees 0.5 cc. 
4M AG. Own, Ae 2 hh. 324m: 13 h. 40.5 m. 
2) 2h, 38.42. 
C. Influence of the Temperature. 
Acid a. 
0.5 ce. 0.3 ce. | 0.2 ce. 
ate tao —— 6 m. 12.5 S. ) + 30 32 m. 33 s. 
» 950 | Fm. 492) 4 49/3 b. 8m. pe Za 
Pe tren 58 manag, ee aes etl 
Acid b. 
al Ge, 0,5: ec, 
ih A= Bee —— 33 m. 56 s. ) ay 
» 9 (25 m. Aes.) 49 |Z 97 m, | times 
y Papeh [hn 16m.) UME ae | 
1) Transformation almost completed after 20 minutes. 
2) Not yet decomposed to the extent of 15 °/) after 21 hours. 
38 


Proceedings Royal Acad. Amsterdam. Vol, V. 
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Acid ¢, Acid d. 
AGC: Ace: 
T. at t = 95° 58 m. 10 s. 1h. 536 m. 
» 950 2h. 35 m. 7h. 45 m. 
» 45° 3h. 27 m. | 


From the results obtained it appears in the first place that the 
transformation is a monomolecular one and, taking into consideration 
the circumstances under which it takes place, must be considered 
as an intramolecular rearrangement of atoms. 

To this conclusion the following observations may be added. 

A. The influence of the concentration of the acid, the other cireum- 
stances being the same, is very great. The course of the figures leads 
to the idea that the active agent, the catalyser is not H,SO, but SO,. 
Experiments were therefore made to ascertain how chloroform 
behaves towards the four acids employed. Whilst from ordinary 
96 °/, acid (d) but very minute traces were dissolved, this amount 
was perceptibly larger with acid c¢ and still larger with acid 6, 
whilst acid a@ appeared to yield very much SO, to the chloroform °). 

The idea that SO, is the catalysing substance is consequently 
confirmed. The rapid decrease of the concentration of the acid is 
also in agreement with this idea; this velocity is therefore as it 
were a measure of the concentration of the SO, still present in a 
sulphuric acid of given concentration. 

B. It is now also very plain that the quantity of the acid must 
have a great influence. As shown by its behaviour to acid a, chloro- 
form may dissolve considerable quantities of SO,. On shaking with 
sulphuric acid of a lesser concentration, the amount of SO, which 
passes into the chloroform will consequently depend on the quantity 
of the acid. The equilibrium for the SO, which distributes itself 
between the chloroform and the sulphuric acid changes, as is known, 
with the relative quantities of the two liquids and with the 
temperature. 

As a consequence of the view taken here, it must be assumed 
that ordinary 96 °/, sulphuric acid still contains a minute quantity, 
of free SO,-molecules. This view is admissible ®) since it is known 

1) The ratio in which different acids yield SO; to chloroform will be further 
determined. 

*) Kuretscu, in his well-known research on sulphuric acid, has shown that an 
acid of 97—98 %) absorbs SO; much more readily than acids of smaller or 
larger concentration. From the results obtained up to the present it does not 
appear that, in the transformation of tribromophenolbromine, the 98 Wee Clas 


behaves in a particular manner; an extension of the research will elucidate this 
question, 
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that 100 °/, sulphuric acid contains a little SO, and consequently 
free H,O. 

C. The temperature-coefficient for sulphuric acid a is particularly 
large and increases rapidly with the temperature; for acid & it is 
decidedly smaller and very small for the 96 °/, acid. It will be 
readily understood that in the case of the acid a the dissociation of 
H,SO, into SO, and H,O and the distribution of SO, between chloro- 
form and sulphuric acid are modified in a large degree when a 
change of temperature takes place. 


The rearrangement of atoms may now be represented by the following 
schemes which respectively correspond with Brnepikr’s formula (I) 


and TxHrEe’s formula (II): 
Wie ve ve 
Bie NORE | ==>. Wwe OH Bry a O 
tie. ee ra Coe 


Hee Higgs Br Jel Bhi 

Against the acceptance of Tumin’s formule (II) it may be pointed 
out that in the displacement a Br atom must first remove an H 
atom; this then proceeds to the O atom with migration of the double 
bonds, a rather intricate process practically consisting of three succeeding 
displacements. As it has been proved that the reaction is one of 
the first order, two of those displacements must take place with 
immeasurable velocity. Against Benepix’s formula (1) may be remarked 
that, according to experience, the meta-position is hardly ever selected 
in the migration of an atom or of groups from the side chain into 
the nucleus. 

The hypothesis proposed by Kasrix, which assumes the inter- 
mediate formation and decomposition of non-isolated products, is not 
at all supported by the observations communicated here. 

The investigation as to the transformation of tribromophenolbromine 
will be completed and also extended to other analogous compounds. 


Geology. — “Some New Under-Cambrian Erratic-blocks from. the 
Dutch Diluvium’. By J. H. Bonnema. (Communicated by 
Prof. J. W. Mott). 


I. In the Geological-Mineralogic Institute at Groningen is found 
a piece of sandstone which a few years ago I found at Odoorn, in 
the province of Drente. With muriatic acid applied to it, there is 
no effervescence; consequently it does not contain any calcium- 
carbonate. The grains of sand are small, but with a magnifying 
glass they may be well distinguished. They are peculiarly lustrous. 
The colour of this erratic-block is chiefly dark-grey. In some 
88% 
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places it is brownish. Moreover there are light-grey worm-shaped 
parts, varying in length and having a breadth of about 6 millimetres. 
This erratic-block is most probably a piece of Under-Cambrian sand- 
stone, in which is found one of those problematical things that are 
sometimes called worm-passages. As they are not straight and do not 
run parallel to each other, they are different from those described as 
Scolithus linearis Hall. They show more resemblance with those tubes 
that were described by Torert.*) as Scolithus errans of Hardeberga 
and Andrarum. According to Ho.st’), however, there are various 
kinds of these worm-passages differing from Scolithus linearis Hall, 
whilst they also occur in different layers. This geologist makes men- 
tion of them as being found both in many places in the neighbour- 
hood of Simrishamn and near Kalmar. 

The Odoorn erratic-block bears no resemblance to the Hardeberga 
sandstone, in which Scolithus errans Tornit is found. Mosere *) writes 
that this sandstone shows a greyish-green colour, and that the worm- 
passages are dark-coloured. Nor does it resemble the Andrarum (For- 
semOlla) sandstone. According to TuLipyre *) the latter is a white, 
quartziferous sandstone with yellow worm-passages. 

The erratic-block also differs from the “Kraksten’, which Hoxst 
mentions, as being found near Kalmar, and which is greenish grey. From 
the kinds of sandstone with worm-passages which according to Hoist 
are met with in the neighbourhood of Simrishamm, differs that which 
occurs to the West of Raskarum in being whitish; and that whieh 
is found close by Ljunglyckorna is different because its worm-pas- 
sages possess a dark colour. The sandstone which, according to this 
geologist, occurs to the North-West of Raskarum, may resemble, in 
colour, the Odoorn erratic-block : he says that its colour is sometimes 
a dirty-grey one. Unfortunately he does not tell his readers what is 
the colour of the worm-passages. 

Consequently we cannot with certainty conclude whether this 
kind of sandstone still exists as firm rock, or not. 

Nor have I been able to find anything whatever concerning the 
presence of suchlike erratic-blocks in the German and the Dutch diluvium. 


1) Torett, Petrificata Suecana formationis cambricae. Lunds Univ. Arsskrift. 
1869. Tom. VI. p. 12. 

*) Housr. Beskrifning till karthladet Simrishamn-Sveriges geologiska Undersékning. 
1892. Ser. Aa. N?. 109, p. 13. 

Horst. Bidrag till kinnedomen om lagerféljden inom den kambriska sandstenen. 
Sveriges geologiska Undersikning, 1893. Ser. C. NO, 130 sp.t03 onda, 

5) Moser. Geologisk vigvisare inom Fogelsingstrakten. 1896. p. 30. 

*) Tuttpere. Om Agnostus-arterna i de kambriska aflagringarne vid Andrarum. 
Sveriges geologiska Undersdkning. 1880. Ser. C. N° 42, p. 3. 
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Il. Some years ago I made an excursion in the surroundings of 
Murmerwoude in company with Mr. Borkn, at the time a teacher 
at Murmerwoude, now a teacher at a secondary school at Nimeguen. 
To the West of this village, situated in the north-eastern part of the 
province of Frisia, we found in the sand that lay by the side of a 
freshly-dug canal two slab-shaped pieces of sandstone that fit each 
other exactly and must have formed one whole. The dimensions of 
the bigger piece are about 20, 10 and 4,5 centimetres. The other 
piece also possesses the two first-mentioned dimensions, but the third 
is 3 centimetres. 

These pieces drew my attention as containing many more or less 
complete stone-kernels and _ off-prints of pyramidal Hyolithus-shells. 
The pointed ends of all these he in the same direction, which must 
certainly be attributed to the influence of streaming water. 

These erratic-blocks consist of hard, grey, very fine-grained sand- 
stone. With muriatic acid applied to them there is no effervescence. 
Here and there they show small, yellow-brown spots. Some of the 
stone-kernels and that which lies close around them show the same 
colour. 

The stone-kernels are straight and slowly increase in breadth. 
The dorsal side is flat or somewhat concave; at the mouth it is more 
or less convex. This side is not lengthened towards the front, so that 
we have here a specimen of the subgenus Orthotheca. With the 
exception of the dorsal side the surface of the stone-kernels is regu- 
larly vaulted. Consequently the transverse section is about circle- 
shaped, with only one segment cut off. Towards the pointed end 
they become more or less triangular. In one stone-kernel, which is 
not exposed to view in its full length, the visible part points to a 
length of about 35 millimetres and to a breadth, at the mouth, of 
7 millimetres. 

It appears from these properties that these stone-kernels originate 
from the Hyolithus (Orthotheca)-species, which has been described and 
pictured by Horm?) as Hyolithus (Orthotheca) de Geeri. 

Horm tells us already that sandstone with Hyolithus de Geeri is 
Under-Cambrian. I have, however, not been able to find in his work, 
on what grounds this assertion is founded. Most problably he came 
to this conclusion because the nature of the stone points to it. At 
the time sandstone with Hyolithus de Geeri was not yet known as 
firm rock. Even now I have not been able to find in the books at 
my disposal, that sandstone with Hyolithus de Geeri should be known 


1) Hoim. Sveriges Kambrisk-Siluriska Hyolithidae och Conulariidae. Sveriges 
geologiska Undersiknung. Ser. G. No. 112. p. 54. 
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as such. As far as I can see this species of Hyolithus, when Holm 
described it, had not been discovered in company with a fossil from 
which its age might be determined. Mosere*) afterward found many 
specimens in a few big blocks of sandstone, which furnished him 
the material for the description of the new species of Trilobites called 
Holmia Lundgreni. The latter lay in the neighbourhood of lake Tun- 
byholm in the eastern part of the province of Schonen; according 
to Mosrre suchlike stone with remains of Trilobites occurs as firm 
rock not far from this place. As Moxzere informs us that sandstone 
with Holmia Lundgreni is older than that with Holmia Kjerulfi Linrs, 
this was probably also the case with the sandstone-layers of which 
the Murmerwoude erratic-blocks formerly formed part. 

It appears from Mosere’s description of the stone of the erratic- 
blocks with Holmia Lundgreni, that this stone in some respects 
resembles the material of which the Murmerwoude erratic-blocks 
consist. Both are very fine-grained and contain no calcium-carbonate. 
There does not seem to be much difference in colour either, at least 
as far as some parts of the Swedish erratic-blocks are concerned : 
Mopere tells us that the sandstone described by him is chiefly of a 
bright light-grey colour, though sometimes showing small brown 
spots of ferrihydroxide. My erratic blocks, however, contain no pieces 
of phosphorite, which those from the neighbourhood of lake Tunby- 
holm do. 

Besides the erractic-blocks spoken of just now, others of sandstone 
with Hyolithus de Geeri-remains were also found, as Holm tells us, 
in the province of Schonen, near Simrishamn and K®6pinge. 

The same author makes mention of suchlike stones having been 
gathered near Riidersdorf not far from Berlin, and near Biitzow in 
Mecklenburg. It follows from the descriptions he gives of these 
pieces, that petrographically they bear no resemblance to those found 
at Murmerwoude. The latter are least different from the erratic-block 
found by Prof. pr Ger at Riidersdorf. My pieces, however, contain 
no particles of glimmer. 

No more have corresponding erratic-blocks of Hyolithus-sandstone 
been found in any part of the Netherlands. The first of this kind of 
stone were made mention of by van CaLkrr?). They originate from 
Steenbergen in the northern part of Drente; they are three stones 


") Mosere. Sveriges alsta kinda Trilobiter. Geol. Foren. in Stockholm fér- 
handlingar 1899. Bd. 21. Haft 4. p. 324. 


2) VAN CaLKER. Ueber ein Vorkommen von Kantengeschieben und von Hyoli- 


thus- und Scolithus-Sandstein in Holland. Zeitschr. d. Deutsch. geol. Gesellschalt. 
Jahrg. 1890. p. 581. 
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resembling each other. From the description van CaLkur gives of the 
stonekernels occurring in them, Hou already drew the conclusion that 
they originate from Hyolithus de Geeri. These erratic-blocks consist, 
however, of dark asch-grey sandstone, so that they differ in colour 
from the Murmerwoude ones. 

Afterward two more pieces of Hyolithus-sandstone were mentioned 
by me’). One was found at Kloosterholt (Heiligerlee), the other 
at Roden, in the North of the province of Drente. The former is a 
small piece of fine-grained sand-stone, yellow-grey on the inside and 
brownish on the outside, in which are found some fragments of 
stone-kernels of Hyolithus-shells. A few of these fragments are enti- 
rely dark-brown, others .have a light-grey surface. One of the stone- 
kernels shows the transverse section characteristic of Hyolithus de 
Geeri. The Roden erratic-block is rather a large slab of sandstone, 
containing especially off-prints of pyramidal Hyolithus-shells. This 
one is reddish on the inside and light-grey on the outside. 

Where the sandstone-layers of which the Murmerwoude erratic- 
blocks in former times formed part, were originally found as firm 
rock, cannot be said with certainty, as appears from what was 
written above. Most probably it was near the western coast of the 
southern part of Sweden. 


III. That the knowledge of our sendimentary erratics still leaves 
so much to be desired, must certainly be partly attributed to the 
fact that so few of them have been gathered up to this time. Non- 
geologists, too, by their researches, may deserve well of this branch 
of knowledge, as was proved once more by Prof. Dr. J. C. Kapreyn, 
filling a chair at the Groningen University. 

This well-known Astronomer, who in summer lives at Vries, in 
the northern part of Drente, last summer searched the surroundings 
of this village for sedimentary erratic-blocks. To his researches we 
owe a piece that is certainly the most interesting of the erratics 
described here. 

Just outside this village, by the road leading to Donderen, was 
found a small, slab-shaped erratic-block three centimetres thick, the 
largest dimension of which is 14 centimetres. It consists of sandstone 
coloured yellow-grey by ferrihydroxide. At the surface it is brownish. 
With muriatic acid there is no effervescence. The grains of sand 


1) Bonnema. De sedimentaire zwerfblokken van Kloosterholt (Heiligerlee). Vers]. 
y. d. Koninkl. Akad. v. Wetenschappen 1898. p. 450. 

Van CatKer, Ueber eine Sammlung von Geschieben von Kloosterholt. Zeitschr. d. 
Deutsch. geol. Gesellsch. Jahrg. 1898. p. 234. 
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ave for the greater part very small; they are not easily distin- 
cuished. Among them are bigger transparent ones. The diameter of 
these latter grains is at most '/, millimetre; they are mostly arranged 
in parallel planes, in consequence of which an indistinct layer-like 
construction becomes visible on the vertical sides. On one of the 
horizontal sides there are still parts of a few thin layers. In the 
stone are a great many small cavities, which were formerly evidently 
filled with organic remains. 

On both of the horizontal sides we find remains of Tribolites. On 
one of them the most important are an off-print of a mid-shell about 
8 millimetres long, and a stone-kernel 10 millimetres long, part of the 
shell of which, turned into iron-hydroxide, is still present. On the 
other horizontal side is found the front part of an off-print of a much 
larger mid-shell, which once had a length of about 15 millimetres. 

Undoubtedly these remains, which in many respects resemble each 
other, have come from the same kind of Tribolites. The two first 
mentioned are remains of younger individuals; the other belonged 
to a more or less full-grown specimen. 

With the younger individuals the glabella was convex, its length 
surpassed its breadth a little, its breadth diminishing towards the front. 
On the front side the glabella is somewhat rounded. On the plaster- 
cast I made of the off-print of the small mid-shell, it is clearly visible 
that the glabella possessed at least 2 side-furrows on either side. The 
stone-kernel shows that the neck-ring was broadened in the middle. 
The cheeks were vaulted, which is very clear in the stone-kernel 
especially. Very characteristic is a deep furrow enclosing the glabella 
in front and being continued on either side on the cheeks, where it 
broadens and becomes less deep. Before this furrow is a vaulted part, 
which does not turn down. The front-edge of this part is on about 
the same level with the back-edge, whilst its height is equal to that 
of the glabella. In the off-print of the little mid-shell the glabella is 
4'/, millimetres in length, and the part in front of it nearly 3 milli- 
metres in breadth. 

It is apparent from the off-print of the mid-shell of the more or 
less full-grown animal, which mid-shell is only partly exposed to 
view, that the glabella and that part of the mid-shell which is in 
front of it, which does not turn down here either, are less vaulted, 
and that the furrow separating the two, is less deep. Here are no 
side-furrows to be distinguished on the glabella. 

With the assistance of the scientific works I dispose of, I found 
that these remains are most like those of Arionellus primaevus Brocerr, 
of which up to this time only mid-shells have been pictured and 
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described. The first pictures were given by Kserunr?, after remains 
of the “gr¢n skifer” from Tomten (Témten?) in Norway. He informed 
us already that they came from an Arionellus-species. Later on they 
were described by Bréeerr’), who by them was induced to assume the 
new species Arionellus Primaevus. Under this head he also ranged the 
mid-shell that had been pictured by Kurrvutr in fig. 6. Afterward 
LINNARSSON *) pictured and described remains of this Tribolite. He 
moreover tells us that the mid-shell pictured by Ksrrunr as fig. 6 
rather seems to belong to a new species called Ellipsocephalus Nordens- 
kidldi, instituted by him in the same essay. His material had been 
got from the “grivacke-skiffern” of Forsemélla near Andrarum. He 
dared with certainty to range under the head Arionellus Primaevus 
a small mid-shell 5 millimetres long, which had been found in a 
sandstone-like variety of the stone mentioned above. This was not 
the case with mid-shells from the ordinary stone, which are about 
15 millimetres long. He gives as his reasons for not daring to range 
these latter among Arionellus Primaevus Bréeeerr : first that they are 
much flatter, secondly that the furrows are much shallower, thirdly 
that the glabella has no side-furrows, fourthly that the glabella 
towards the front considerably diminishes in breadth. Why, notwith- 
standing all this, he at first ranged them under this head, though he 
had never heard of transition-forms, he explains by saying that 
Barranpe had found exactly the same difference between the old 
and the young specimens of the Bohemian species Arionellus Cetice- 
phalus Barr., of which transition-forms are known. 

The very same points of difference occur in the Trilobites-remains 
of the erratic-block found at Vries. Here, however, the glabella of 
the older specimen does not diminish in breadth more considerably 
than that of the younger individuals. 

As I wished to be as ceftain as possible in my determination, I 
wrote to Prof. Mopere, director of the Geological Institute at Lund, 
to ask whether there was any material for comparison at my disposal 
there. Remains of this species of Trilobites seem to be very rare at 
Forsemolla, however, so that my request could not be complied with. 
I received as a present, however, a mid-shell of the Ellipsocephalus 
Nordenskidldi, which seem to occur more frequently there, Prof. 


1) Kssruur ,Sparagmitfjeldet”. Universitetsprogram Kristiania, 1872. p. 81. Fig. 
7—9. 

2) Broeaer, Om Paradoxidesskifrene ved Krekling. Nyt Magazin for Naturviden- 
skab. 1878. Bd. 24. p. 58. 

3) Linnarsson, De undre Paradoxideslagren vid Andrarum. Sveriges geologiska 
Undersékning 1882. Ser. C. N°. 54. p. 21. Taf. IV. fig. 3, 4. . 
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Mosere supposing that my Trilobites-remains would prove to belong 
to this species, which is not always to be distinguished from Arionellus 
Primaevus. : 

Indeed, I had been thinking of this species, but as Linnarsson declares 
that here the vaulted part of the mid-shell before the glabella towards 
the outside slopes strongly down, I thought I could not range my 
remains under this head. The mid-shell I received from Lund con- 
firmed my opinion. | informed Prof. Mosrre of this and sent hima 
few plaster-casts of the Trilobites-remains occurring in the erratic- 
block found at Vries. I was answered that Prof. Mosmra shared my 
opinion and considered them as having come from Arionellus Pri- 
maevus. At the same time he was so kind as to send me a plaster- 
cast of the best of the mid-shells of this species of Trilobites, found in 
the collection at Lund. Now I could ascertain that in Arionellus 
Primaevus the part of the cephalon in front of the glabella does 
not turn down, which is not specially mentioned by Brécerr and 
LINNARSSON. 

Also in the mid-shell of which Mopsre sent me a plaster-cast, the 
breadth of the glabella diminishes but little towards the front, though 
its length is about 14 millimetres. 

I think, then, that we now may with certainty conclude, that in 
the Vries erratic-block we find remains of Arionellus Primaevus 
Bréeerr. As this Trilobite occurs only in layers that contain remains 
of Holmia (Olenellus) Kjerulfi Linrs, and as these are taken to be 
the youngest of the Under-Cambrian ones, the age of the layer of 
which this erratic-block in former times formed part, may be easily 
determined. 

Besides occurring at Témten in Norway and at Forsemélla near 
Andrarum in Schonen, which places I mentioned already, Arionellus 
Primaevus is probably found in two more places in firm rock, viz. 
at Kiviks Esperéd to the North and at Gisléfs Hammar to the South 
of Simrishamn in Schonen. The former place was first made mention 
of by Naruorst *), who told that he had found there an off-print of 
an Arionellus? That in Gisl6fs Hammar remains of an Arionellus 
occur, was first communicated to us by Linnarsson, in his description 
of the Arionellus-remains of Forsemdlla. According to this writer, 
many of the mid-shells found there by von ScHMALENSEE much 
resembled the larger shells of Forsemdlla, which he dared not with 
certainty call Arionellus Primaevus. 

1) Narnorst. Om de kambriska och siluriska lagren vid Kiviks Esperéd ete. Geol. 
Foreningens i Stockholm Foérhandlingar. Bd. 3. 1877, p. 264, 


As for two kinds occurring in the same place, Hoist‘) mentions 
that the “grivackeskiffer’”” may also contain a species of Arionellus 
(Arionellus Primaevus Bréeerr ?). 

From communications made by TunnperG?) and Hennic*) the 
conclusion might be drawn that Arionellus Primaevus Broce occurring 
at Kiviks Esperéd and Gisléfs Hammar, had been sufficiently indi- 
cated. I think, however, that this should not be done. The list of 
fossils which these two authors have drawn up with regard to 
the “grivackeskiffer” of the two places mentioned just now and of 
Andrarum, must refer, in my opinion, to these places taken collec- 
tively and not to each separately. I am confirmed in this opinion 
by the fact that remains of Holmia Kjerulfi Linrs (or of a kindred 
Species) are not mentioned by Mospre *) as being found at Kiviks 
Ksperéd, whereas they are mentioned by them. 

The origin of this erratic-block must most probably be looked for 
in the eastern part of Schonen or in the Baltic Sea-region bordering 
on it. That petrographically it differs from the ordinary “grivackes- 
kiffer’, does not clash with this opinion, several writers informing 
us that the latter often changes into sandstone. The thin layers on 
the lower side indicate that something of the kind has been the 
case here. 

It is not likely to have come from Norway, for never was a 
sedimentary erratic-block found in these parts, of which this may 
be said. 

As was mentioned above, I take this erratic-block to be the most 
interesting one of the pieces that are described in this paper. I 
do this because it is the first piece coming from layers with 
Holmia Kjerulfi Linrs that has ever been made mention of. Nowhere 
in literature did I find anything about an erratic-block of that age. 


IV. Shortly before the summer-holidays of last year I found, when 
visiting the loam-pit close by Hemelum, a slab-shaped piece of fine- 
grained sandstone three centimetres thick, whilst its largest dimension 
is a little more than 20 centimetres. It is layered and contains 
calcium-carbonate, so that with muriatic acid it gives effervescence 
of dioxide-carbonate. 

Owing to the large number of Glauconite-grains it contains, the 


1, Hoxsr. Beskrifning till kartbladet Simrishamn, p. 17. 

2) Tuttperc, Skanes Graptoliter. I. Allmin dfversigt dfver de siluriska bildingarne 
i Skane och jemfodrelse med Gfriga kinda samlidiga aflagrinzar. Sveriges geologiska 
Undersékning. 1882. Ser. G. No. 50. p. 26. 

3) Hennig, Geologischer Fiihrer durch Schonen. 1900. p. 26. 

4) Mopera, Sveriges iilsta kinda Trilobiter. 
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stone of which this erratic-block consists is coloured a strong green. 
This is the case with some layers especially. Some particles of a 
light-coloured kind of glimmer are found in it., 

My attention was drawn to this kind of sandstone, because, when 
splitting this erratic-block into two parts, I found that it contains 
Hyolithus-remains, viz. grey-coloured stone-kernels. The lower part 
of one of them is brown. 

When visiting the Natural History-Museum at Hamburg last sum- 
mer, and admiring its collection of sedimentary erratic-blocks, I asked 
Prof. Gorrscuz whether he knew of suchlike erratics. Prof. GorrscHE 
thought he remembered such pieces to have been found in the sur- 
roundings of Hamburg. Owing to want of exposing-room, however, 
they lay packed up among other pieces, in consequence of which 
they could not be shown me. He drew my attention to the fact that 
in this kind of erratic-blocks sometimes occur small conical valves 
of horn-shelled Brachiopodes. These valves were shown to me in a 
brown-coloured erratic-block. 

A short time after I found on the beach at Borgholm in Oeland 
not only an erratic-block with Hyolithus-rests entirely corresponding 
with my Hemelum piece, but also a brown piece of sandstone with 
a valve of a small horn-shelled Brachiopode. 

I searched my books for anything on the subject of this kind of 
erratics or stone, but at first without any result. 

As Prof. Mozere at Lund in the summer of 1901, when I had 
requested him to be so kind as to give me some information con- 
cerning Oeland, had noted down on my map of this island that on 
its coast, to the North of Farjestaden, occur erratic-blocks with Dis- 
cinella Holsti (then unknown to me), and the valves of Brachiopodes 
I had found were, like those of Discina, horny and flat-conical, but 
much smaller, I supposed that Prof. Mosyre could give me some 
information about this stone. For this reason I intended to write to 
him concerning this subject, and, was going to do so, when acci- 
dentally I discovered in the essay of Hotm’) on the Swedish Hyoli- 
thidae and Conulariidae, that by Mosgre ”) a greenish kind of sand- 
stone, rich in Glauconites, with Discinella Holsti Mopere and Hyoli- 
thes, occurring as erratic-blocks in Oeland, had been described. 

Having studied Mosrre’s essay, I find that the stone of which my 


1) Hotm. Sveriezs Kambrisk-Siluriska Hyolithidae och Conulariidae. Sveriges 
Geologiska Undersékning. Ser. C. No. 112. 


*) Moserc. Om en nyuppltackt fauna i block of kambrisk sandsten, insammlade 


of dr. N. O. Hotsr. Geologiska Féreningens i Stockholm Forhandlingar 1902. 
No. 142. Bd. 14. Haft 2. p. 103. 


erratic-blocks with Hyolithus-remains consist, has been described by 
this author as type a. The piece of brown sandstone with the valve 
of a small Brachiopode I found at Borgholm, belongs to his type d. 
The fossil occurring in it has been determined by me as a vaulted 
valve of Discinella Holsti Mosrre. The erratic-block that was shown 
me by Gorrtscne probably belongs to the same type; the organic 
remains occurring in it are likely to have come from the same 
species of Brachiopodes. 

The Hyolithus-remains in the Hemelum erratic-block have been very 
imperfectly preserved, which, according to Ho.m,') is usually the 
ease with this stone. A longitudinal section possesses a length of 10 
millimetres and at the mouth a breadth of 4 millimetres, so the 
dimensions of this shell remind of the one pictured and described 
by Mosrre’*) under the name of Hyolithus Insularis nov. spec., 
whereas Hou afterward called it Hyolithus Confusus nov. spec. 

The relative age of this kind of erratic-blocks does not seem to be 
with certainty known yet, as up to this time no corresponding stone 
has been met with as firm rock, and the organic remains found in 
them have not yet been discovered in company with such as might 
contribute to the solution of this question. Moprre, however, thinks 
he may conclude from the general character of the fossils occur- 
ring in them, from their petrographical nature and from the way 
in which they are spread, that they come from Under-Cambrian 
layers. 

Hoist *) draws the same conclusion, after tracing the manner in 
which they are spread. I think I may infer from his essay, that in 
his opinion they come from the youngest Under-Cambrian layers. 
In accordance with this is the presence of Discinella-remains, this 
genus of Brachiopodes occurring, according to Mosrre, in North- 
America, in layers containing Olenellus. 

As was said just now, a corresponding kind of stone was not yet 
met with as firm rock. Most probably it formerly occurred west- 
ward of Oeland; it may be found there even now at the bottom of 
the sea, because this kind of erratic-blocks is found in large num- 
bers only on the western coast of this island, between Halltorp and 
Morbylinga, and on the little isles and cliffs in the neighbourhood. 
Less numerous they are in the other parts of the eastern and western 
coasts of the Kalmarsund. 


1) Howm loc cit. p. 74. 
2) Moperc. Om en nyupptickt fauna i block of kambrisk sandsten ete. p. 117. 


3) Horst. Bidrag till kannedomen om lagerféljden inom den kambriska sand 


stenen, p. 9. 


Caras 


Mosrre says that these erratics were found by Dr. Hoist on 
Bornholm, too., Neither in German nor in Dutch literature have I 
been able to find anything concerning suchlike erratic-blocks. It is 
almost doubtless, however, that they are mentioned by Gorrtscne ') 
as “Cambrische Grauwackeschiefer”. Only those erratic-blocks which, 
according to him, resemble the Swedish “Gravackeskifer’, must be 
taken into consideration then. The description of the latter entirely 
corresponds with that of type a by Mosere. The small, round, 
horny-lustrous Brachiopodes-valves with a diameter of 2 millimetres, 
mentioned by Gorrscuz, which may come from Discinella Holsti 
Mosere, also cause us to conclude that we have the same kind of 
stone here. Gorrscue does not inform us of Hyolithus-remains occurring 
in suchlike erratic-blocks. No erratics containing them had perhaps 
been found at the time. It follows from what he orally communi- 
cated to me, that now they have most probably been found. 

The same author says that according to Liynarsson a kind of 
stone entirely corresponding with the one described by him, has 
been met with by Hummut near Tereskov (wich Hummet calls Torekoy), 
on the coast of N. W.-Schonen, as firm rock. Judging from the 
description Hummer *) gives of it, it much resembles, petrographically, 
type a of the Discinella Holsti-sandstone. Hummen does not say, 
however, that fossils are found in it. Perhaps we have here 
the same case as with the Glauconitic sandstone from the neigh- 
bourhood of Simrishamn, of which Ho.sr *) writes that a corre- 
sponding kind frequently occurs in the “sandstone-region” of the 
Kalmarsund. Here, too, the resemblance seems to be petrographic 
at best, for Mossre, in his essay, speaks about this sandstone no 
more than about that of Torskoy. 

Most probably the thin-layered, greenish stone which resembles 
the “Grauwacken-Schiefer’ of the Olenellus Kjerulfi-region, and 
which petrographically keeps the medium between the Olenellus- 
stone of Hardeberga in Schonen and the equally old “gr6n skiffer” 
of Bornholm, with stone-kernels of a Brachiopode probably belonging 
to Acrothele, and with Hyolithus-remains bearing the greatest resem- 
blance to Hyolithus Lenticularis Holm, as Strotury *) writes, — is 
also Discinella Holsti-sandstone. 


1) Gorrscue. Die Sedimentiir-Geschiebe der Provinz Schleswig-Holstein. 1883. p. 8. 

*) Hummer. Beskrifning till kartbladet ,Bastad”, (No. 60). Sverices geologiska 
Undersékning. 1877. p. 10. 

*) Horst. Beskrifning till kartbladet Simrishamn. Diglor 

4) Srouiey. Die cambrischen und silurischen Geschiebe Schleswig-Holsteins, Archiv 
fiir Anthropologie und Geologie Schleswig-Holsteins und der benachbarten Gebiete. 
1895. Bd. I. Heft. 1. p. 130. 


Finally I must mention that, on the occasion of a later visit to 
the loam-pit near Hemelum, I found two more erratic-blocks, which 
must probably also be counted among pieces of Discinella Holsti- 
sandstone. Neither contains any fossils. One corresponds petrogra- 
phically with what was described; the other is for the greater 
part white, but possesses green layers. If I am not mistaken, I 
sometimes saw suchlike stones on the beach of Borgholm. 


Physics. — “On the course of the values of b for hydrogen, in 
connection with a recent sorimula of Prof. van pur Waats.” 
By Dr. J. J. van Laar. (Communicated by Prof. J. D. van Der 
W AALs). 


1. Making use of the theory of cycle motions, Prof. vAN DER 
Waats has given a new deduction of the equation of state of a 
simple substance, in which the size of the molecule appeared to be 
variable, and to be a function of the volume *). 

For a bi-atomic gas the following formula has been found: 


b--b bb, \? 
Fae es .) ap agai soameakdl 3 
v—b bg—b, 


Here }, denotes the smallest value of 4, corresponding to the case 
that the two atoms of a molecule touch each other; 4, represents 
the greatest value i.e. the value for very great (infinitely great) 
volume. The above equation may be easily derived from the so 
called “equation of state of the molecule” : 


[pS + 0b) ] 0-2) = RP, ere) 


when we take v=o, in which case } assumes the value 6, and 


D+ ee may be neglected with respect to @(/—b,). So we get: 
U 
a (bg—b,)* = RT. 
If we substitute this value into equation (a), paying regard to 


ie IRI 
P+ vw? v—b 


7) 


we get the equation 


1 bao, a 
(St gaap) eva) 


which yields immediately equation (1). 


1) These Proceedings of the meetings of February, March and April 1901. 
See also “Livre jubilaire dédié & J. Bosscua” of the Arch. Néerl., p. 47, (The 
first communication and part of the second discuss principally the specific heat 


for very large volume). 


( 574 ) 


The quantity @ in the equation of state (a) depends on the forces, 
which keep the atoms together in the molecule. These forces are 
supposed to be proportional to the linear deviation from the position 
of equilibrium 7r—r,. d 

The equation of state (a) for a tri-atomic gas, e.g. CO, — which 
in this case is the combination of two similar equations — will con- 
tain besides #7’ still a factor 7, whose value will vary from 1 to 2 
according as the different cases occur, which we may distinguish in the 
motion of the atoms. For CO, a value of nearly 2 is found for /. 
As, however, this quantity / for a certain substance is, strictly speaking, 
variable (see the paper in the “Livre dédié & Bosscua”’, quoted above) 
and as the accurate equation is therefore very complicate, I have 
chosen a bi-atomic gas, namely hydrogen, in order to test the new 
equation of van DER Waats. In this case J =1 and the relation 
between 6 and v is represented by the simple equation (1). I hope 
later to test the equations for oxygen and nitrogen, in order to 
examine whether the results found for hydrogen also hold for these 
gases. 


I. An accurate knowledge of a is required for the exact caleu- 
lation of 6. This is still a great difficulty. Adsolute certainty as to 
this value cannot be obtained as yet, but still it appears to me that 
the value a=30010-6') has a high degree of probability. Assu- 
ming another value for a, I found namely that the values calculated 
for 6 decrease much too rapidly, — much more rapidly than agrees 
with formula (1); this is principally the case in the beginning, i. e. 
for large values of v. Only the values of d, calculated for a=300X10-6 
varied in such a way, that their course was represented by equation 
(1) with nearly perfect accuracy. ScuatKwuK *) also calculated from 
his last experiments 10° @ = 300 (10° 6, = 910). I therefore thought 
myself justified in assuming 300 for 10°a. In the following table 
we find the values for } at 0° Centigrade, calculated from the equation 


(» + 5) (o—8) = (1 + a) (1-8) (1a) 


For (1--a) (1—d) we put 0,9994. All values have been multiplied 
by 10°; the same will be the case with all values of 6 which we 
give in what follows. 

At 0° C. we have: 

0,9994 
—b= ‘ 
a 
pea a 
1) All values of v, b, etc. have been expressed in the usual practical units. 
*) These Proceedings, June 1901, p. 124, 


OG, 
p vl) y2 3 | v—b d | Ro | A 
found. | from (1) 

100 | 10690 | 414.3 | 2.62 9739 951 907 aay) 
150 7353 | 54.07 5.58 6425 928 901 497 
200 5690 | 32.38 9.98 4177 913 396 7 
250 4692 | 92.01 ida 3791 904 891 +40 
300 4030 16.2% | 18.47 3138 892 886 eG 
350 3560 42.67 23.68 2675 885 880 ao 
400 3207 10.28 99.48 9399 878 875 4.3 
450 2933 8.602 34.87 2061 872 870 sey) 
500 9713 7.360 | 40.8 1848 865 865 +0 
550 2533 | 6.416] 46.8 1675 858 860 a) 
600 93865 | 5.695) 52.7 1534 855 855 +70 
650 9959 5.103 | 58.8 1410 849 850 oA 
700 49° 4.620 | 64.9 4307 843 845 5559 
750 | 2053 4.5 | 71.2 1217 | 836 840 Be 
800 1971 3.885 | 77.2 1139 832 835 2558) 
850 1897 3.599 83.4 1074 826 830 ead 
900 | 18335 | 3.362! 89.2 4010 893 826 a8 
950 | 41774 3.147] 95.3 956 818 821 = 
4009 17295 2.967 | 101.4 908 | 815 817 — 2 
4100 1637 2.680 144.9 825 812 809 aoe 
4200 1557° | 2.496 | 41937 757 x01 804 + 0 
1300 1491 2.993 | 4135.0 696 795 793 Bor 
1400 4432 2.051 | 146.3 646 786 785 Hed 
1560 1380 4.904 156.3 603 777 TTT +0 
41600 4334 1.781 | 168.4 565 769 | 1770 a4 
4700 42945 1.681 | 4178 5 532 men) 763 we 
1800 | 1958 | 1.583 | 489.5 502 736 756 «| +0 
4.900 4995 1.501 | 199.9 476 749 749 + 0 
2000 41945. | 1.497 | 210.2 42 742 743 | — 4 
2100 11665 4.361 | 220.4 43A 736 736 | +0 
9200 AMA 4.302 | 930.4 MAA 730 730 | +0 
9300 | 4148 1.250 240.0 393 725 Wh | 4 
2400 40975 1.205 249.0 377 720 119 44 
2500 41078 4.162 | 958.2 362 116 14 128. 
2600 10595 1.123 | 267.4 3 ye 7A 710 +4 
9700 | 1042 4.086 | 276.2 336 706 705 +4 
9800 | 1024° 4.050 | 285.7 304 701 700 Berd 


) Up to 1000’ atmospheres the values of v have been borrowed from the results 
of the “second method” of Amagar (méthode des regards) ; from 600 atm, to 
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The values of v have been borrowed from the well known expe- 
riments of AMAGAT *), 

The too large values of 6 in the beginning — here only to about 
300 atm. are still present. This indicates probably that the value 
a = 300 is still slightly too great. But from 300 atm. upwards the 
agreement is quite satisfactory. Small inaccuracies in the determina- 
tion of the value of v have for large volumes a great influence on 
the values of 6. To this circumstance also it may be ascribed that 
the values of 4 are in the beginning not reliable. So the value 
v = 10690 at p= 100 cannot be accurate to a higher degree than 
to ten units at the utmost. So it might also have been 10680 or 
10670 and 6 or v—(v—b) might have been 10 or 20 units smaller. 
The values of 6 “calculated” have been determined with the aid 
of equation (1) in the assumption 


by = dN ome 46a! 


6, may be determined in the following way. If we substitute 
into (1) 

b—b, is 

bg —b, page 


av 
and pay regard to b—b, = 


(4,—0), then we get for (4): 


sae 


& by—b 
=i l—?, 
Nw b= 
and therefore: 
by—b = 4 
= (1 —«?). 
C—O x 


For an assumed value of }, this equation enables us to determine 
the corresponding value of 2 froni v and b at e.g. 500, 1000, 1600, 
2200, 2800 atm. The value of 6, may then be caleulated from 

b,=b—(1 —x’) (v—D), 
which follows immediately from (1). So I found with by == Diieat 
1000, 1600, 2200, 2800 atm. respectively the values /,—=455, 463, 
462, 466. If we put a=400 instead of a=300, then we find with 
b= 1000 at p= 2800 atm. in the same way 6, = 463. With 


1000 atm. the values of » at 600, 700, 800, 900 and 1000 atm. represent the 
mean values of the results of the first method (that of the electrical contacts) 
and those of the second method. From 1100 atm. upwards the values of v have 
been determined by the first method. 

*) Mémoires sur Vélasticité et Ja dilatabilité des fluides jusqu’aux tres hautes 
pressions, p. 32—33 and 38, 


(LOTR) 
a = 500, 6, = 1100 we find at 2800 atm. again 6,= 464. So we 
may assume with perfect certainty 4, to differ very little from 463. 
With this value of 4, in the first place >, was again calculated. 
From (1) follows: 


(b—b,) a, b—b, (v—b) — (b—b,) 


Ca ek al ae 


3 b 
bg— b, = (b—b,) v4 : 
3 @—H) —0—2)) 


In this way I found at p=500, 600, 700, 800, 900, 1000, 1200, 
1400, 1600, 1800, 2000 atm. respectively b, = 918, 917, 914, 912, 
912, 913, 919, 917, 917, 917 917. From these values I concluded 
thato, 917. 

After that the values of ) (calculated) were determined as follows. 
We derive from equation (1): 

pb: (b—b,) 
(a as eens 
If we put J—b, = y, then-we get for b,—b, = 454: 
y y" 


(v—b,) — y a 


from which follows: 
(v—b,) — 2y 
(v—b,) — y 


We know the values of y already in approximation from é (found). 


y = 454 


These values, substituted into the second member of the above 
equation, yield the accurate value of y, and so also of 6. 


Ill. Let us begin with assuming that the values of 4, and b, 
ave independent of the temperature, which follows from the supposition 
of Prof. van per Waats, that the quantity @, which depends on the 
forces between the atoms, is proportional to the absolute temperature. 
Then we may calculate the critical quantities in the following way. 
Equation (1) in connection with the following equation: 

3b5 
~ 1420848) - 
1 2 


2, 
lr vE Op 3 Uke (1 B, B.), 


(=) 
db il dv? k 

al ene, = ee, 

ei (5), ea ae w) (=) 
ie ees 

k 


dv 


Vie 


where 


39% 
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yields after some reductions '): 


; 1 —) 
3 1 i al ies 
2 Tis ea (1—«)?\? ~ 
Eve cae 1 ie 
1+4(1 ai( 4 val ( ee 
. Daa, ; b, § 
Here iss eal and w= — . We may write for the 
bg—b, b,-—b, 
second member: 

2 (143 2?) 


(1+ 2)(2—a+ 47)? 
Therefore we get also: 
l—w# = 3(1+e)(2—a#+2')? 
— } =o - b 
age a i 1377 ) 


The value of 1 may be derived from this equation. As 6,=917—=1,98),,, 


il : ; ‘ 
u gets the value cog 1,02, and we find in approximation for & 


the value 0,709. 
Therefore 
bp —b, 
——_* — 1/ 0,709 = 0,842, 
by =3b, 
from which we may easily derive: 
by = 0,922 6, = 845. 
Now we have: rok 
Saale jetpe cal ne Ase aii: 0,9163, 
es (1+-2)(2—#+ 2)? 
from which we find: 
(0) Moet PNW IE NE 8, + 8B, = 0,0887. 
The critical volume is therefore: 
VE == 2,57 by (= 2,37 6, = 4,69 SA Pom WEE 


At 0° C. this volume is (comp. the table) already reached at a 
pressure of about 700 atm. The values of » at 0° range in the 
experiments of Amacat to 1025; the verification of equation (1) of 
VAN DER Waals may therefore be extended over volumes which have 
the size of liquid volumes; this fact compensates the want of experi- 
ments below the critical temperature. 

We may also calculate the quantities 8, and 8, separately. From?) 


1) See v.-p. Waats, 1. c. IIL, p. 652. 
1) van DER Waats, l.c. III, p. 651, 


B sis 1 x (Cato 
; lte 2—a#+4+ x? 
chit Nea 
Ta) 


follows : 
B, = 0,0472 ; 8, = 0,0365. 
We find for K7%,:") 
ay = 22 ABBA, +B) 


OT by, ea 
or 
8 a 0,83961,1674 een a 
asf bn oe = 1,029 x —— = 0,305 —. 
ae OT 0,9528 Xo i 
With a = 300, 6, = 845 we find therefore: 
Ty 
RT, = 0,9994 —~ = 0,108, 
273 


which gives: 
Pass 29°,5 ’ 
Dewar found 7;,—= 30° a 32° *). 
The critical pressure is represented by *) 


1 a (1—$,—48,)(1+2(8,+8,))’ 


ee oe ey 
or 
loa 0,8068 1,363 Lire a 
p= ss = 1,154 Kk — — = 0,0427 —. 
27 db}? 0,9528 27 by? by? 


Introducing into this expression the values of a and d,, we find: 
Pk = 18,0 atm. 
Dewar found 15,4 atm.; Onzewski‘) 20 atm. 
We find for the so called critical coefficient X: °) 


pop ees en coe le 
RT k 8 (1—8,—8,)” 


or 
2 0) 30GB a8 
Nie Sd ES ).961 = 0,860. 
8 X 9.8396 8 x ——— 


Finally the quantity 2” may be calculated from *) 


1) Id. Ul, p. 583. 

2) Proc. Royal Inst. 16 (2), N°. 94 (1901), p. 477. 

3) v. p. Waats, |. c. Il, p. 583. 

+) Wied. Ann., 56, p. 133 (1895). See also Verscuarrett, These Proceedings, 
Febr., 1899, p. 327. 

5) vy. p. Waats, lc. Il, p. 584. 

6) Id. Ill, p. 648. 


¥ 
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T dp 1—~p,—8, 0,9163 
i c= 4 eed ee Ase es 
(- a 1—p,— 4p. x 0,8068 oe 


Just as VY comes again very close to the narmal value 0,375, so Y 
for hydrogen approaches again close to the theoretical value 4. The 
expressions for 7% and p, differ only little from those, found for 
these quantities for tri-atomic gases, such as CO,; the expression for 
v; on the other hand deviates strongly from it. This is to be ascribed 
to the fact, that 6, has here not the value of nearly four-times 6,, but 
amounts to only twice that value. The quantities 8, and #, are there- 
fore much smaller than in the case of tri-atomic gases. 

VAN Drr Waats found for CO, e.g. 8, = 0,138 and 6, = 0,1, the 
values we found above amounting to only about one third of these 
values. 6, is also in this case not 0,86 by but 0,92 4,, and for v% we 
find 2,57 b, instead of 2,03 6;, or 2,37 6, instead of 1,75 Da. 

It is certainly of the highest importance to know whether the 
result for vg agrees with the experiments. At the same time the value 
of the critical coéfficient will then agree, for the values of 7% and 
Pe agree very well. But with the investigation of this question, and 
with the verification of VY, we will wait till we have investigated 
the behaviour of 6 at higher temperature, which will be done in the 
next chapter. 


IV. In the first place we will repeat the calculations of § 2 at 
99,25 C. We derive the following table (p. 581) from the expe- 
riments of AMaGatT?) at that temperature. 

v—b has here been calculated from 


u—U ee ee 


a 7 , @ 
p+ Aly eS ee 
) ) 
For the “calculated” values of 6 I determined quite in the same 
Way as is indicated above for O°: 
Gi Olt ene eer 


 eaaennnnieemmemee ened 


Again the initial values of 6 “found” (up to about 400 atm.) are 
too great. But afterwards the agreement is sufficient, though the 
verification was only possible up to 1000 atm., as, alas, no further 
experiments were available. We come to the remarkable result, that 
the value of 4, has considerably decreased though the limiting value 
of & has remained unchanged. It seems that at higher temperature 


the atoms in the molecule may approach one another closer than at 
lower temperature, 


') Le p. 388 (nd method), 
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1D0" GC. 
| } a Hees Pe b 
p r ve 3 ; tb calculated A 
found from (1) 
150 9846 | 96.94 3.09 8902 | MA 902 +42 
200 7567 57.26 5.2! 6640 907 | 807 +30 
250 6200 | 38.44 7 80 5286 14 892 1-99 
300 5286 97.9% | 40.74 4385 901 887 44 
350 4636 21.49 13.99 3744 892 881 44 
400 4AAT 17.20 17.43 3265 882 876 6 
450 3766 14.18 M18 2892 874 871 Sig 
500 3462 | 411.99 25.02 2596 | 866 866 +0 
550 WA 40.33 29.08 9353 864 864 + 0 
600 3006 9.036 30,2 D152 854 856 =) 
650 2831 8.015 37.0 1983 848 851 3 
700 2680 7.182 44.8 | 41887 843 846 = § 
750 2551 6.508 46 A ATA2 839 841 ane) 
800 9436 | 5.934 50.6 — 1602 834 836 — 9 
850 9336 5.457 55.0 | 1566 830 831 | 
900 | 2244 5 036 59.6 4490 824 827 as 
950 (2174) 4.76 63.5 1345 (829) ') 822 = 
1000 | 2003 | 4.98 | 68.5 | 4975 818 818 +0 


From equation (a) follows that for great volumes : 
(by—b,)? = RI. 

Now we find: 

Oz by—b, SS Ail | (b,—6,)" ey 0 6 bee 10$ 
1000] ,, = 581 | = 28,20 ,, 

(b,—b,)’ has therefore increased in the ratio 1:1,368. But 7’ has 
increased in the ratio 1:1,364, from which would follow that @ is 
independent of 7’ 

In order to investigate whether this also apples to still higher 
temperatures, I have also performed the calewation for 200°,25. 

r—bh may then be calculated from: 


0,9994 (1+200,250,0036627) — 1,7324 
, sant S a 
P+— Pt 


1) The vale given for v at p= 950 atm, appears to be erronious; probably 
it must be 2164, 


—— b= 
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With the aid of the following table we may survey the results. 


- 200° C. 
ae : : Sse Nia, CBB ree 

a ‘ ’ 2 et found | calculated | ° 

150 | 19390 | 454.78 1.98 | 41399 921 go4 |. 4.97 
200 | 9420 88.74 | 3.38 | 8x8 | 902 a 
250 | 7680 58.98 5.09 | 6791 889 gga. | 5 
300 | 6520 42.54 7.06 642 878 | 879 amt 
350 | 5694 32.42 9.95 | 4992 s72_«| ~~ 873 aA 
400 | 5075 9.76 ||) Ad 6B) 4208") Vee Be7 868 ay 
450 4593 21.10 14.29 3732 861 | 863 = 
500 | 4210 17.72 | 16.93 | 3354 859 858 A 
550 | 3891 15.44 | 49.82 | 3040 &1 | 3 | —2 
600 | 3697 13.146 | 22.80 | 9782 85 | Bas aes 
650 | 3403 41.58 | 95.91 2563 840 843 ae 
700 | 3211 10 31 | 99.10 } 9376 835 838 Se 
750 | 3045 9.972! 32.16 | 9014 Sof ki) wass pee) 
800 | 2900 8.410 | 35.67. | 2073 827 | 828 ard 
850 | 9779 7.684, 39.0 1949 923 | 998 | +0 
900} 2657 7.06 | 42,.5 1838 si9 | sio | +0 


Only at 150 and 200 atm. the values for 6 “found” are somewhat 
too high; furtheron the agreement is satisfactory. The experiments 
ranged only to 900 atm. The values of 4 “caleulated” have been 
determined from (1) with the aid of: 


by = 910 , b, a 306. 


by appears to be slightly smaller than at 0° and 100°, but b, has 
again strongly decreased. It is a remarkable fact that the decrease 
of 4, between 0° and 99° amounts to 77, and that between 99° and 
200° to 80; so for each degree the same amount namely (0,8. 

As to by—b,; we have now: 


0° | by—b, = 454 | (by—b,)? = 20,61 
200° | 5) == 0048 Weotneeeacer: 

The ratio of the values of (00h Ie LB On 1+ at we find 
1,73. Taking for 6,—6, at 200° a value which is only 6 units 
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smaller, namely 598, ihe ratio of the values of (b,—b,)? would also 
have been found equal to 1,73. We may therefore safely assume 
that (4,—6)? is found to be accurately proportional to the tempera- 
ture within so large an interval of temperature as that between (° 
and 200°, in consequence of which the quantity @ must be quite 
independent of the temperature. 

It is not astonishing that @ is independent of the temperature ; 
the contrary would rather seem to be remarkable. Being induced 
to make this contrary supposition for the better agreement of the 


quantity (Sa) for CO, with the experiments, Prof. v. p. Waats?) 
al /k 

immediately pointed out its astonishing character. 

We shall just draw attention to the following consequence of the 
fact, that 6,—6, is proportional to V7. 

If we put: 

bg—b, = VT, 
then equation (1) may be written as follows: 
b—bg + Vy a rahe boy): jaa Cree 


vo—b gl. Be ye yr 
With small value of 6,—0 and great value of v, we get approxi- 
mately : 


Vir ye pig 
wie yee 
therefore 
yp 
bg—b.— = : 
2v 
, RT 
» being in this case approximately equal to ——, we get: 
P 
Ter 
Oy Ue aR” 5 
or 


b= by—y'p, 

i.e. the value of 4 depends only on p and no more on » or 7, the 
value of 6, being nearly constant. The values of 6, calculated for 
the same pressures, have therefore the same difference whether the 

femperature be 0° or 200°. For we have: 

! i se 

Dye Oy == 2/ (Ps—Pi): 

We found this fact affirmed in the above tables’). For the purpose 


1) 1. ¢. Il, p. 646. 

2) I pointed this out already: before in a paper in the Archives Teyler (,Sur 
Vinfluence des corrections, etc.” (2) VIL, 3me partic, p. 26—27.) I tested there the 
b-values for hydrogen to an empirical formula of Kamering Onyes. 
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of a more direct comparison we collect the values of 6 for pressures 
differing each time 100 atm. in another table. 
o \ 


b r | l 
vu 
ye 100° 200° 
100 907 = — 
41 
200 896 897 esse 
| 10 10 10 
300 | 886 887 879 
d1 11 fel 
OO 875 876 868 
10 10 10 
500 865 S665 Ny esas 
40 40 10 
600 | 855 856 848 
| 40 40 | 10 
700 | 845 846 | 838 
40 a0) 10 
800 | 835 836 | 828 
9 OF 9 
900 826 827 819 
| 9 g 
4000 | 817 818 | = 


We see that the differences are the same. All the values of 6 at 
200° are 8 units less than the corresponding values at O° and at 
100°, because the value of 6, at 200° is 7 units less. But the course 
is always just the same. And as at a given value of p we always 
find inereasing values of v at increasing temperature, so the value 
of 6, must of course always decrease. 

From the above follows also, that we may determine 4, immediately, 
eg. adding 52 units to the values of 6 found at 500 atm., or 32 
units to that at 400 atm., ete. 

On the preceding reasoning we may base the following short 
calculation. 

At p,—p, = 100 the initial value of 4,—b, amounts to cirea 10 
a 11; we have therefore: 

y 10,5 10-8 
2 dap 00s 


! 


Y= 


== 0,105 10 
Therefore 


by —), =V yt = 103 0,21 RP 10-8 0.01 10,9994 ee at), 
or 


by —b, = 10-6 V21 X 10° (1 + ai). 
So we have at 0° 10°(,—d,) = 458 (found 454). 
At 100° we find 10°,—b,) =V 21<10°><1,3627=535 (found 531). 
At 200° we find 10°(4,—d,) = 21<10°<1,7324—=603 (found 604), 


( 585 ) 


V. A. slight correction must of course be applied to the caleula- 
tions of § 3 in consequence of the variability of 6,—d, with the tem- 
perature. For the assumption that 6, remains constant pleads also 
the circumstance, that according to an observation of D. BertHEe.or 
the experiment yields the value 2,93 a 2,98 for the ratio between 
the temperature at which a gas in extreme rarefaction follows the 
law of Boyrn, and the critical temperature; for which ratio the sup- 
position that 4, is constant over this large temperature interval *) leads 
to the value 2,9. If we assume this same supposition, we shall 
find 4, to be equal to circa 920 also for the critical isothermal. 
But 4, will be found to be considerably higher than at 0°. We saw 
above that the difference amounts to 77 units for 99° difference in 
temperature. We shall therefore find , at — 242° C. from the equation : 


242 
5g X17 = 468 4 188 = 651. 


b, = 463 + 


If therefore we put 4, = 920 and 6, = 650, then in the first place 
b, is no longer equal to 20,, but to: 
by = 1,415 b,. 


The variability of 4 is therefore much smaller than at 0°, and in 
consequence of this the quantities p, and ~B, will also be found to be 
much smaller, and the critical quantities will approach still more 
closely to the normal values. 


| 1 ; 
Ine squantity (6. Stas iete 2,41, and the value of 
; g—b, 0,415 


av 


by.—b ‘ c 
rae (; x of equation 4 ceases accordingly to be 0,709, but becomes 
Mg =i 


0,852. In consequence of this we find: 


bj. —lb 
k=" 1 0,852 = 0,928, 


by ——— b, 
from which follows: 


Gp ONT 100, == 899: 


For 7 and for 6, + 8, we find (comp. § 3): 
One 2,01 Op. 57 pea bs ==2.0,0220. 
So we find: 
0 = 2,87 by (= 2,80 6, = 3,97 0,) = 2579, 


a volume which is reached at 0° C. at a pressure of + 550 atm. 
The values of 8, and 8, taken separately are: 

1—.«)? 

pee bly = p01. 

2—w+ 2? _ 


1) Zie van per Waats, l.c. III, p. 647. 
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Now we return, to the experimental verification of vg. 
4 . Be lard 
1 Gr. H, at. 0° C. and 1 atm. occupying a space of 11127 cM*., 


V_ 18 expressed in ccM’. equal to 2579 & 107% & 11127, hence the 
critical density is: 


1, —= —— = 0,0348. 
=e 88 70 a 
According to the theorem of the straight diameter of Maruras we have: 
d, +d, 


which quantity g has been found by Youne and Maruias to differ little 
from unity for different non-associating substances. 

Dewar ') found the density of the liquid phase at the melting point 
of H, (16°,5) to be 0,086, so we find, neglecting the density d, of 
the vapour: 


0,086 16,5 
—2=1— = 0,468, 
dj, 31.0 
which yields for d, : 
0,086 
dy == = 0,0348, 
2,468 ——— 


in perfect agreement with the value of d, we have calculated above. 
We now proceed to the calculation of the other critical quantities 
Lis Dine NAN ays 
We find for 7}: 


8 a  0,9549 x 1,0456 lor i 
RPS ES ee T0100 00 ee 
Aone 0,9883 x 94 be ; bi 


With a = 300, 6, — 899 we find therefore 


Ty 
0,9994 = — 0,100, 
273 


so 
A ern Gar 
This value is somewhat too low; the experiment has yielded 
peels 
We find for the critical pressure: 
1 a. 0,9489 X 1,093 


lat a 
= = 1,044 x — — = 0,0887 ©. 
PES 37 bys ones SOT ee ae 


) 1. c. bl. 477. Dewar finds the melting point to be 16° a 17°; the critical 
temperature to be 30° & 32° absolute temperature. [The density of the liquid 
phase at the boilingpoint (20° & 21°) has been estimated to be + 0,07, but then 
the vapour density may no more be neglected. | 
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With the values found for a and db; we get: 
pk = 14,4 atm. 
Dewar found + 15 atm. 
The critical coefficient Y becomes : 
Ate 3 4 aisle z ~-0,989 = 05371, 
8 0,9549 8 sare 
so nearly the normal value 0,375. 


For r=(-2 Op ae find now another value than before. In the 
pP 4 


general expression ) 


T (dp eer dP, PR hal ete 
(a j=tt cla t fe) rt 
PRET fe pl db /, dTdb\ dv 


: db F = dP» 
the factor of 7, 18 now no longer zero. For as wee (6—b,), we 


U 
po (eR ra tes 
— {| — ] = — Ta —, 
a7 \ db dT 


as we found a to be independent of 7, 4, on the other hand to 


have: 


db 

depend upon 7. We find therefore for the factor of A 
b—b, pies 
meas 


We have found above: b;—)b,=VyT, so 6, =b,—VyT, and as 
b, has been found to be nearly independent of 7, we get 


db, i 
ie V1 ——— 3 (9b) 


db 
The factor of fs becomes therefore : 


v 
d 
a (0-1, aa 9 (4 —b)) ’ 


if (0+ S)e—9 Wena ' 
Si ett ee) oa) 


and with 


~ (b—5,)° (b,—b,)* bb, Jb, 
pe eee ei bate 
— as according to (1) we have Coe eae EUR 


we get: 


1) y. p. Waats, |. c. Ul, p. 644. 
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Day beim ia V loeee a 
(0 sla aaa Ae p ii 


LT’ dp db 
This expression for | ——— Rae: therefore, if wee pul: = =A): 
pal dv 


Mee) —by 1b,—b, 
ree ieee “\riea(s =—1) ae =) 
pdt ree Phere by.—b 2 a 


This yields with the values calculated above (see 


§ 
eae: ee 1+0,0117 me 1 1— | 27 = 
= 4X aeag9| 1+ Ca) 2° 249) | 


— 4 >< 1,085 [1 + 0,0117 & 5,747 X¢ 0,4578], 


or 
Y = 4,140  1,0308 == 4,267. 


; L dp 
Finally we investigate, whether this value of (= *) may be 
P é 


brought into agreement with the few experimental data of Dewar. 
Dewar found namely (l.c.): 

Tea 0 aa 

Ty = 30" 432° 


The two data yield by means of the integral formula 


T 
nep pee = (FZ oe 1) 
iP 
__ nep log 15 2.708 Oe 
MMV PEU Ube cy is) 


according as we take 20° and 32° or 21° and 30°. The lowest 
value is 4,51, so still higher than the calculated value 4,27. We 
must further note that 20° differs comparatively very much from 7%, 
(being */, 7%) and that therefore at 20° the factor J will certainly 
be found to be greater than near 7’, hence 4,51 is prob yably too 
great. 

From the above we may in any case conclude, that the large 
extrapolation, by means of which we have caleulated the value of 
b, at — 242° from the values of 6 at 0°, 100° and 200°, really 
yields the critical data with a sufficient scares of accuracy at 
least in so far as we may judge from the few data, that are available. 
Only Y is probably too low. 

We have reason to expect a priori that the new equation, derived 
by van per Waats for the variability of b with the volume, does 


Pra atm: 


pe = 15 atin. 


for f the value: 
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not represent the experimental data with perfect accuracy. For the 
correction, introduced before for the partial coincidence of the distance 
spheres has not been taken into account in the deduction of. this 
formula. The quantity 6 in +—b for a monatomic gas, e. g. 
mercury vapour, argon ete. would according to the new theory of van 
per WAALS remain invariable; whereas this quantity which according 
to the former considerations would for very large volumes be equal 
to four times the molecular volume, for smaller volumes would 
certainly have a smaller value, and it would approach to about twice 
the molecular volume at least if the shape of the molecules does 


not exercise any influence on this calculation. 


Physics. — “/%culiarities and changes of Fraunhofer lines interpreted 
as consequences of anomalous dispersion of sunlight in the 
corona’ by Prof. W. H. Junius. 


(Communicated in the meeting of February 28, 1903). 


Especially by JEWELL’s investigations on the coincidence of solar 
and metallic lines‘) attention has been drawn to several variable 
peculiarities of Fraunhofer lines. Here we do not mean the irregu- 
larities occurring in the spectrum of spots or of faculae, which relate 
to disturbances in comparatively small parts of the sun, but abnor- 
malities shown by the average sunlight, as observed when the slit 
is illuminated by a long strip of an imperfectly focused solar image. 
In that case, according to Doppier’s principle we may, of course, 
expect displacements of the lines in consequence of the Sun’s rotation, 
of the rotation of the Earth, and of the change in the distance between 
Sun and Earth caused by the excentricity of the Earth’s orbit. But 
even when all these influences have been allowed for, some irre- 
gularities still remain. 

Indeed, JeweLL has observed that some Fraunhofer lines do, others 
do not, exactly coincide with the emission lines in the are spectrum 
of elements, and that the displacements are unequal both for lines 
of different elements and for the various lines of one and the same 
element. Moreover, the shifting of certain lines on one set of photo- 
graphic plates was sometimes found different from that on a set of 


1) L. E. Jeweut, “The coincidence of solar and metallic lines. A study of the 
appearance of lines in the spectra of the electric are and the Sun.” Astroph. 
Journ. Ill p. 89—113, 1896. The same : “Spectroscopic notes. Absolute wave-lengths, 
spectroscopic determinations of motions in the line of sight, and other related 
subjects.’ Astroph. Journ. Xf p. 234—240, 1900. 
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plates taken at another time. With several lines the intensity too 
appeared to be. variable. 

JEWELL explains these phenomena on certain hypotheses on density, 
pressure and temperature of the absorbing and emitting gases in the 
different layers of the solar atmosphere, and by variable ascending 
and descending velocities of matter. 


Haue’s abnormal solar spectrum. 


Much greater than the irregularities mentioned are those, found in 
an “abnormal” solar spectrum, lately described by G. E. Haus. ') 

This highly remarkable spectrum had accidentally been photographed 
as long ago as February 1894 in a series of exposures made with 
the sole intention of investigating the peculiarities of the grating. 
Only a few months later it was discovered that a very extraordinary 
phenomenon had been photographed. Hain hesitated to publish this 
accidental discovery. Copies of the plate were sent to several spectro- 
scopists for examination with the request that an explanation, referring 
the phenomenon to some origin other than solar, might be supplied, 
if possible. As no such explanation was forthcoming, the spectra 
were very carefully measured and described. 

Qn one and the same plate 12 exposures had been successively 
made in the third order spectrum of a plane grating. A solar image 
of SL mm. in diameter was so adjusted that the image of a spot 
fell exactly on the slit. The length of the slit (6.5 m.im.) corresponded 
to about one eighth of the sun’s diameter. 

The first exposures show the normal spectrum without any con- 
siderable changes. Then came the disturbance, which culminated in 
the eighth spectrum and, in the following four, decreased rapidly. 
Han gives reproductions of four spectra, each of them extending 
from 23812 to 24132. N°. 1 has been taken before the disturbance 
occurred ; N°. 2 is the most abnormal spectrum; N°. 8 is called 
by Hare the “intermediate” spectrum, it has been obtained a few 
moments after the abnormal one; N°. 4 shows once more the nor- 
mal solar spectrum, as it was photographed at another time on 
wother plate. Nos. 1, 2 and 3 show a dark band throughout the 
whole spectrum, corresponding to the sun-spot which had been 
focused on the slit. 

The most prominent features of the abnormal spectrum are : 

1°. The band due to the spot appears much fainter than in the 
spectra, photographed before and after the disturbance. 


") George EK. Haze. “Solar research at the Yerkes Observatory”. Astroph. Journ. 
XVI p. 211—233, 1902. 
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2°. With several Fraunhofer lines the intensity or the width is 
greatly diminished. This is most conspicuous with the 
broad, dark calcinm bands H and K and with the hydrogen line 
Hd, these being almost totally absent in the abnormal spectrun. 

3°. Other lines, on the contrary, appear uncommonly 
strengthened. 

4°, Mung lines are more or less displaced. 

The same peculiarities are noticed, though generally in a smaller 
degree, in the intermediate spectrum, so that the latter, in fact, forms 
a link between the abnormal and the normal spectrum. 

This marvellously complicated disturbance was not confined to 
light coming from a comparatively small part of the solar disk, for 
instance from the immediate surroundings of a spot; on the contrary, 
it extended almost equally over the whole width of the spectrum and 
was therefore nearly the same for all the light which came from a 
very great area of the Sun. 

The moments of the 12 exposures and the exact date had not been 
recorded, but there was sufficient evidence that the whole process 
of the disturbance lasted only a very short time. 

Hautxe calls the phenomenon: “a remarkable disturbance of the 
reversing layer’. But is it not almost impossible to imagine a rather 
thin layer in the solar atmosphere undergoing suddenly and simul- 
taneously over a great part of the sun such a thorough change, as 
to make its absorbing and radiating power in some parts of the 
spectrum for a while nearly unrecognizable ? 

It occurred to me, therefore, that the origin of the phenomenon 
should be looked for somewhere on the path of the light between 
the Sun and the Earth. If on this path there be media, causing 
anomalous dispersion, the beam must show an altered composition. 


As I formerly indicated’), the properties of the chromospheric 
light may be derived from the supposition, that this light has been 
scattered out of the photospheric light by anomalous dispersion. 
According to this hypothesis the spectrum of the chromosphere 
informs us, which are the kinds of light, that may follow rather 
strongly curved paths in the solar atmosphere. So the idea suggested 
itself, that the same waves might play a striking part in HALg’s 
abnormal spectun. 

In order to investigate the question as impartially as possible, I 
marked (before consulting Haue’s table or a table of chromosphere 


1) Proc. Roy. Acad. Amst. II, p. 575—588: Ill, p. 195—203; IV, p. 162—171; 


Physikalische Zeitschrift 4, p. 132 —-'36. ae 


‘Proceedings Royal Acad. Amsterdam. Vol. V. 
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TABLE I. 


Lines whose intensity is less in the abnormal than in the normal spectrum. 


Intensity 


Chromo- Remarks. 


sphere 


inter- 
mediate 


Wavelength 


normal abnormal 


SPUIULIT A 


(ROWLAND)| (ELALE) (HALE) (LOCKYER) 


3871 .4 Not mentioned in HALrE's 
wm xe | iso date wala 
3874.09 4 9 — Fe on the reproduction. 
3878 . 47 22 Ob — Fe, Fel 2 = 3878.15 and 1 = 3878.72; 
Il, 3889 05 ? Ab ms H HALE mentions Le, Mn. 
3595.80 Ten ere _ 
3899 .30 5 4 —— 
3903.09 10 42 — 
3905.66 12 20 — 
3906 70 44 — 4 
3913.63 9 7 — 
3914.49 7 8 5% * These intensities are very 
3916.54 3 nad 4k probably estimated too high 
% when compared with the 
3920.41 40 10* 10* numbers in the second column. 
3993 05 49 49% 19% Cf. the Note on p, 593. 
K 3933.82 
3944.16 45 15* 42* 
3948 .91 13 15 — 
3950.10 5 — ) 
3953 . 02 17 15 = 
3958 35 5 8 = 
3961 67} . 20 20 — 
H 3968.63 | (700) 7 Zi 
H, 3970.18 7 8 nat 
3977 .89 6 8 = 
3986 .90 6 8 — 
3998 .78 4 4 4s 
4012.50 8) 4 5* 
4033 . 22 | 42 3 
4034.64 6 10 == 
4045.98] 30 | 30 5 
4063.76 20 ie ene) _— 
4071.91} 45 | 45 15%* 
4077 .88 Senet 7% 


H 4102.00 40 7 — 
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lines) on the reproductions of the speetra in the Astrophysical Jour- 
nal a number of lines, which struck me as being weakened in the 
abnormal spectrum. By means of Grorcr Hices’ photographic atlas 
of the normal solar spectrum the wave-lengths of the selected lines 
were easily read; they are to be found in the first column of Table I, 

The second, third, and fourth columns show the intensities of 
these lines in the normal, the intermediate, and the abnormal spec- 
frum as given by Hane (for the normal spectrum from Rownann’s 
tables, for the other two from estimations by Mar. Apbams). Hann 
remarks that the intensities of the lines were estimated independently 
for the two disturbed spectra!). The fifth column indicates the inten- 
sities of corresponding chromosphere lines as found by Lockyer in 


TABLE II 


Lines whose intensity is greater in the abnormal than in the normal spectrum. 


Intensity. 
“4 ie} 
ee = 
Wave- inter- Chromo- a Remarks. 
length normal mediate | abuormalf sphere i 
N 
(ROWLAND)) (HALE) (HALE) [| (LockyErR) 
3921 86 a A ae ee () Zr, Mn 
3927.77 a es ea) ? 
3930.45 Sev ileitot eel 208 =a Ve 
3937 .39 pew eae 10 ? 
394095] — | 7 12 ? 
3950.50 2p pact A Etech Fast lg ih 
3962.29 Brae Se. lat Ve? 
3973.77 Gay AL AS 22 Ni, de,Ca 
92 Le ie CARIES O80 6% Ti, Ve | * In Wumpureys’ table 
eh ae Peale <3 CG, of chromosphere lines (1904 
3992.97 2 | “Std i Gal Vee eclipse) this line does zot 
3996. 80 =e e—— ee iy) ? occur. 
4013.90 oa eto ts Ti, Ve 
4014.67 5 a 20 He 
4023 .38 — — ; 10 ? 
4033.77 D2 Gan Wee es Mn 
4040.79 3 6 | 20 4, Le 
WE 08 |p am 4), 220. hate. | Ve 


1) In selecting the lines that appeared weakened in the abnormal spectrum I 
did of course compare the three spectra mutually. That is why in my table some 
lines occur, whose intensities, as estimated by Mr. Apams, are not comparatively 


low in the abnormal spectrum. 


#40) 
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the spectrum, secured at Viziadrug during the 1898 eclipse '); the 
sixth column shows the absorbing substances. 

In a similar way Table I] has been composed; here we find the 
lines, which on the reproduction appeared to be strengthened 
in the abnormal spectrin. 

The result is very strikmg. Weakened lines correspond 
to chromosphere lines, almost without exception; 
mostofthe strengthened lines, on the other hand, 
arenotto be found inthe spectrum of the chromo- 
6: pihreire: 

Lockyer gives the strength of the chromosphere lines on a scale 
such that 10 indicates the strongest and 1 the faintest lines. If we take 
into account that in his list the greater part of the lines bear the 
numbers 1 and 2, our table shows us, that by merely observing the 
abnormal solar spectrum we have been able to pick out strong 
chromosphere lines. This cannot be chance. Undoubtedly both phe- 
nomena — the weakening of Fraunhofer Imes in the abnormal spec- 
trum and the origin of the chromosphere spectrum are to be 
explained in close relation with each other. 

The strengthening of lines in the abnormal spectrum does 
not, on the contrary, seem to be so directly connected with the com- 
position of the chromosphere spectrum. 


If our view be correct that the chromospheric light has been se- 
parated by strong ray-curving from the ‘white’ light emitted by 
deeper layers, those special radiations must, as a rule, show reduced 
intensity in the spectrum of the Sun’s disk’). Fraunhofer lines cor- 


1) Lockyer, CurisHotm-Barren and Pepier. “Total Eclipse of the Sun, January 
22, 1898. — Observations at Viziadrug,” Phil. Trans., A, vol. 197, p. 151—227, 1901. 

2) It might be thought that the rays forming the chromosphere light, need to 
be absent only from the spectrum of the edge but not from that of the central 
portions of the Sun’s disk. By a’simple consideration, following from a look at 
Fig. 4 of my paper, read in Febr. 1900 (Proc. Roy. Acad. Amst. II, p. 580) we 
see, however, that the chromosphere light visible to us may very well, fora part, 
have its origin even in points of the Sun which lie opposite to the Earth’s diree- 
tion. The chromosphere light, reaching the Earth, may proceed from any point 
of Scumpr’s “critical sphere“. For the greater part it is likely to come from the 
back half of the Sun. But then the half, facing us, furnishes the chromospheric 
light which travels to other regions of the universe, and this light, of course, is 
wanting in the spectrum of the disk. (There is some reason for supposing that, 
on an average, more chromospheric light is sent forth in directions making great 
angles with the Sun’s equator, than to the equatorial regions, including the 
Earth’s orbit.) 
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A 


responding to chromosphere lines will therefore have a more or less 
darkened background in the ordinary solar spectrum. The rate of 
darkening at various distances from the centre of an absorption line 
is, of course, connected with the shape of the dispersion curve near 
that line; whereas the average shading depends 1st on the quantity of 
matter causing anomalous dispersion and 2°4ly on the slopes and the 
directions of the density gradients in the gases through which the 
light is transmitted, viz. on the Sun’s “activity” *). 

We distinguish, therefore, a twofold origin of the dark lines in 
the solar spectrum: real absorption of those waves, exactly cor- 
responding to the periods of the media, and dispersion of the 
strongly deviated neighbouring light *). 

The dispersion will be especially evident where extraordinary diffe- 
rences in the density of the medium occur ; in this way the widening 
of most of the Fraunhofer lines in the spectra of spots may be 
accounted for. 

Dispersed light has not, of course, vanished; the absence of certain 
rays in the spectrum of a spot is counterbalanced by the increased 
intensity of the same radiations in the light coming from the neigh- 
bouring faculae. Thus the distribution of the density in the solar 
gases may locaily be such, that a limited part of the disk seems to 
emit a considerable amount of rays with abnormally high or abnor- 
mally low refractive indices. In the spectrum of such parts not only 
will the Fraunhofer lines show narrower and fainter than usually, but 
here we may even meet with lines contrasting brightly with their 
surroundings. These bright lines will not coincide with the corre- 
sponding absorption lines; their average wave-length will in general 
be greater or smaller than that of the absorbed light, for, according 
to the accidental distribution of the density, we shall find cither the 
rays with high or those with low refractive indices most prominent 
in the beam. 


The above considerations suggest an explanation of HALn’s abnormal 


spectrum. 
In fact, the lines showing especially faint in this spectrum were 
exactly those, causing strong anomalous dispersion — witness the 


1) The possible influence of the general or regular ray-curving (after Scuspt’s 
principle) on the feature of the spectral lines has, im the present paper, been left 
out of consideration. If we were able to observe or to calculate the radii of the 
“critical spheres“ for radiations undergoing anomalous refraction, it would be 
possible to estimate that influence; but as yet sufficient data are wanting. 

2) Proc. Roy. Acad. Amst. II. p. 580. 
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chromosphere spectrum. With //, A, H> and some iron lines it is 
conspicuous that the abnormal faintness regards mainly the broad 
dark shadings of the lines, i.e. those parts, whose darkness in the 
normal spectrum we attributed not to absorption, but to dispersion. 
Moreover, the dark band due to the spot has nearly disappeared. This 
means that waves, which in normal circumstances are wanting in 
the spot spectrum on account of their strong dispersion, at the time 
of the disturbance had been gathered again into the beam reaching 
the instrument. ; 

How all this may happen will become evident as soon as we shall 
be able to establish a plausible cause, by which, within an angular 
space great enough to include a considerable part of the solar disk, 
the strongly dispersed rays might be gathered again. 


It is not necessary to introduce a new hy pothesis for the purpose. 
The same idea about the Sun’s constitution?) which enabled us to 
explain the properties of the chromosphere and the prominences, 
furnishes us once more with the required data. 

Indeed, if (according to Scumipr’s theory) the Sun is an unlimited 
mass of gas, surfaces of discontinuity must exist similar to those, 
whose general feature has been determined by Empen ?) for a sharply 
outlined radiating and rotating sun. These surfaces must extend unto 
the remotest parts of the gaseous body 


a conclusion in excellent 
harmony with the visible structure of the corona. For along the 
surfaces of discontinuity waves and whirls are formed; the core-lines 
of the vortices nearly coincide with the generatrices of these surfaces 
of revolution, and in these cores the density is a minimmn. This 
may account for the streaky appearance, shown more or less dis- 
tinctly in all good photographs and drawings of the corona. 

This particular appearance may have another cause, though ; for 
What follows, however, this is immaterial. We only asswne that the 
density of the coronal matter varies in such a Way, as to correspond 
to the striped structure visible at the time of a total eclipse of the Sun, 

A coronal streamer which, at a given moment, runs exactly in the 
direction of the Karth may be very roughly compared, then, to a 
bundle of glass tubes through which we are looking lengthwise. Such 
a structure will gather and conduct rays of various directions, énte- 
ring it at one end. This takes place also if the parts with the greater 
and those with the smaller optical density do not alternate abruptly, 
like glass and air, but gradually. 


1) Proc, Roy. Acad. Amst. IV, p. 162. 
*) R. Empey, Beitriige zur Sonnentheorie, Ann. d. Phys: [4);°%. p. 176-197, 
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In Fig. 1 the optical density of the 
matter may be represented by the com- 
pactness of the streaking. A ray for 
which the medium has a large positive 
refractionconstant would for instance 
follow the path AA’, curving round the 
denser paris of the structure; a ray BB, 
for which the medium possesses a large 
negative refractionconstant, would move 
in a similar way through the more rare- 
fied regions. On the other hand, the light 
CC' for which the constant exactly equals 
zero is not influenced by the fluctuations 
of the density ; and if for some kind of 
light the refractionconstant is very nearly 
zero, the ray would have to travel a long 
way almost parallel to the structure before 
its curving would be perceptible. 

Now the corona sometimes shows exceedingly long, pointed strea- 
mers. We only have to suppose that the Karth was exactly 
inthe direction of such-astreamer at the moment 
they abnormal spectrum was photographed; then 
all the irregularities observed in this spectrum become clear. Light, 
under normal circumstances absent from the solar spectrum through 
strong dispersion, has been collected by the coronal streamer ; hence 
the weakening of the Fraunhofer lines, especially also of those 
in the spectrum of the spot. As the abnormalities were caused by a 
peculiar distribution of matter in the vast regions of the corona, lying 
between the source of light and the Karth (and not by disturbances 
in a relatively thin “reversing layer”) they could appear in the 
same way over a great part of the Sun’s disk. The rarity of the 
phenomenon is the result of the slight chance we have to take a 
photograph at the very moment on which an unconmmonly long coronal 
streamer is projected exactly on the part of Sun’s disk illuminating 
the slit; the short duration finally is a consequence of the 
difference between the angular velocity of the corona and that of the 


Earth in its orbit. 


As we have mentioned before, no chromosphere lines correspond, 
in general, to those lines showing extraordinarily strong in the abnor- 
mal spectrum. How are we to account for the strengthening of 
these lines? 
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We might be tempted to think of absorption in the corona; for 
if it be true that a streamer was turned towards the Earth, the rays 
had to go an uncommonly long way through an absorbing medium. 
But on closer examination this idea is less probable. 

The particles of the extremely rarefied corona gases will hardly 
influence each other; their periods will, therefore, be almost absolutely 
constant, so as to cause very sharp, narrow absorption lines. Thus it 
is difficult to understand, how an absorption line, already present 
in the normal solar spectrum, might be strengthened by the absorbing 
power of the corona. Further, in studying Haun’s table, we observe 
that many lines which are strong in the abnormal spectrum, show 
a much smaller intensity in the intermediate spectrum (taken only 
a few moments later); whilst the reverse happens as well, viz. that 
lines are strong in the intermediate and very weak in the abnormal 
spectrum. This hardly fits in with the absorption hypothesis. Some 
lines showing this peculiarity are given in table ITI. 


TABLE IIL. 
Lines whose eee is very different in the intermediate and the abnormal spectrum. 


Intensity. 

on normal | owe abnormal ree lemons Reoenis 

(ROWLAND)| (HALE) (HALE) | (LOCKYER) 
3905.66 20 e 2 pep 
3905.81 ‘i Vest ap ies.) Si 
3991.71 Ouirreaae as Ti,La,Zr, Mn 
3921 87 h eee | Zr, Mn 
3050093 |hiaeaaeth AiO Mi enes ? 
3950.51 2 = 43 ¥ 
3972.30 OF ee at ane Mi 
3972.61 Sew tanta tend ? 
4005.86 3 OR Nea ky ? 
4057.39 4 Pa 4-2 Co, Fe 
4057.66 [oid HO ete ° 


In the chromosphere spectrum corresponding lines seem to be 
wanting. (At 2 3905.66 and 4 4057.39 the faint chromosphere line 
may possibly belong to another element than the abnormally streng- 
thened absorption line). 

To arrive at a more satisfactory explanation of the strengthening- 
phenomenon we suppose that these absorption lines do indeed cause 
anomalous (dispersion of neighbouring wayes, but in a very slight 


degree. Then, the refractive indices of the neighbouring waves differing 
hardly from unity, the direction of those rays will only be percep- 
tibly changed after they have travelled a very long way through 
the corona and almost parallel to its strueture-lines. Whereas the 
strongly refracted rays, entering the coronal streamer in various 
directions, were obliged to follow the structure-lines, curving about 
them, and so in a sense were concentrated on the Earth, it may 
happen with the extremely slightly curved rays we are now consi- 
dering, that they have been bent for instance only once over the 
whole length of the streamer and continue their way in a direction 
not meeting the observing station. The divergence of a beam con- 
sisting of these rays will have increased, the intensity diminished. 
Thus, the resultant spreading of neighbouring light causes the 
absorption line to appear somewhat widened and therefore strengthened. 
But obviously it must be possible too, that, after a short time, under 
the influence of another part of the corona, circumstances turn out 
even favourable for that slightly curved light to reach the observer. 
In that case the absorption line is weak again. (Similar alternations, 
of course, also occur with the more strongly refracted rays, and that 
in quicker succession, but this does not alter the fact of their average 
intensity appearing increased as long as the structure lines of the 
coronal streamer are turned towards the spectroscope. For a detailed 
discussion of this case see the Note at the end of this paper). 


In both abnormal spectra a number of absorption lines are more 
or less displaced. Perhaps this is partly due to motion in the line 
of sight; but after the foregoing it will not be necessary to explain 
in detail, that also anomalous dispersion can account for this pheno- 
menon. Dissymmetric form of the dispersion-curve as well as a 
peculiar distribution of the density of the coronal matter may une- 
qually affect the intensity of the light on both sides of the absorption 
line, and thus bring about a seeming displacement of the line. 


Certain peculiarities of lines in the normal solar spectrum. 


If we have been right in connecting the uncommonly great abnor- 
malities in Hanx’s spectrum with a very particular position of the 
Earth with respect to the corona, if is to be expected that similar 
irregularities, though to a smaller degree, will ever be found, as the 
sunlight always reaches us through the corona. 

According to JEwRLL’s above mentioned investiga’ ions this supposition 
proves to be well founded. Many solar lines have varying intensities 
and positions, so that Jewer1 deems them unfit for standards for 
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very accurate determinations of wavelengths. And these are for the 
greater part the most prominent lines of the spectrum, especially the 
shaded ones *). . 

JEWELL emphasizes the fact that all distinctly shaded lines in the 
solar spectrum show to a greater or less degree the following typical 
feature *). 

Within a broad, shaded, moderately dark background a much 
darker central absorption line contrasts rather sharply (Fig. 2). 


vg. 22 Fig. 3. 


Besides, the absorption curve often shows dippings close to the central 
line, as in Fig. 3, sometimes symmetrical, sometimes dissymmetrical. 
JmWELL affirms that this is not an optical delusion, due to contrast, 
but a real phenomenon. He assumes, therefore, that the broad absorp- 
tion band is produced in the lower portions of the solar atmosphere 
and under a great range of pressure; that in higher levels radiation 
prevails again, producing a rather wide emission line ; and that finally 
in the highest parts, where the pressure is very much less, the sharp 
absorption line is produced. The position of this central absorption 
line with respect to the emission line is usually unsymmetrical, which 
is Conspicuous in the case of H and A. The central line itself also 
varies somewhat in width upon different plates and its maximum of 
intensity is not always in the middle of the line. The displacement 
of this central line in H and AW varies in magnitude, but, so far as 
has been observed, always toward the red with respect to the emis- 
sion line and the corresponding metallic line (in the are). 

JnweLL concludes that the absorbing calcium vapour descends all 
over the solar surface with a velocity sometimes amounting to about 
75 miles per minute. 

Upon the same plates showing strong dissymmetry in H and X, 
the shaded lines of other elements (/fe, A/, Aly, Si) have been 
examined. ‘The strongest iron lines and one aluminium line showed 
displacements of the same character as that observed in the ease of 


1) Astroph. Journ. XI, p. 236, 1900. 


*) Jewett, “Certain peculiarities in the appearance of lines in the solar spectrum 
and their interpretation”, Astroph, Journ, UL p. 99, 1896, 
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AT and K, but to a much smaller degree and sometimes toward. the 
violet, sometimes toward the red. Certain shaded lines of Mg and Si, 
on the contrary, showed no evidence of a displacement, nor did the 
iron lines without considerable shading, the faint caleium line at 
2 3949,056 and many other lines. 

If we admit no other explanation of line-shifting and -widening 
besides those, based on Doppner’s principle and on the effect of 
pressure and temperature, we arrive at very strange conclusions 
relative to the condition of the elements in the solar atmosphere. Not 
less surprising is, as noticed by Jewnr.?), the small amount of the 
absorption in the shaded parts of the lines, when we consider the 
enormous depth of the solar atmosphere and the high pressure which 
must exist in the absorbing layers, for them to produce a broad 
absorptionband. 

By making various suppositions concerning the condition of the 
gases in the solar atmosphere, JeweLt succeeds in finding an inter- 
pretation of most of these astonishing facts. But it must be granted 
that his explanations include a greater number of arbitrary and mu- 
tually independent hypotheses than is the case with our explanations, 
founded as they are on selective ray-curving and readily deduced 
from that principle for each separate phenomenon, without intro- 
ducing new suppositions. 

Only the dark central lines of the Fraunhofer lines are to be 
ascribed, in our theory, to real absorption. Their shaded background 
of varying intensity we consider as an effect of anomalous dispersion 
of the not absorbed neighbouring waves. This selective scattering 
will be strongest in those places where the density-gradients are 
relatively steep, viz. in whirls in the deeper regions of the gaseous 
body. But some of the widely dispersed rays may be gathered by 
the corona owing to its “tubular structure and be conducted along 
its greater or smaller streamers. 

This will especially apply to the most strongly refracted waves, 
Whose position in the spectrum is very close to the real absorption 
lines; thus pseudo emission lines are produced in about the middle 
of the pseudo absorption bands. ”) 


1, Astroph. Journ, III, p. 106. 

2) A most remarkable fact is that the shading of A, H, the iron-line A 3720.086 
and of some other strong shaded lines is sometimes partially kroken up into a 
series of faint nebulous lines, symmetrically situated about the central line. In 
each case the distance apart of the component lines increased as the distance from 
the center increased (JewetL, Astrophysical Journal 8, p. 51—53). 

It might have been predicted by our theory that we should meet with this 
phenomenon now and then, 
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Most likely Hat's abnormal spectrum has shown us a case, where 
these seeming emissionbands acquired an uncommon extent. We may 
therefore expect that a systematical investigation of solar spectra, 
photographed at different times, will afford all kinds of intermediate 
Cases. 

It would be desirable, for the moments when the photographs 
are taken, to know form and position of the coronal streamers ex- 
tending toward the Earth. At all events the actual phase of the sun- 
spot period, with which the shape of the corona seems to be con- 
nected, should be taken into consideration; and perhaps the simul- 
taneous observation of the photospheric reticulation, discovered by 
JANSSEN, May procure some evidence concerning the position of coro- 
nal streamers, and thus contribute to our knowledge of their influence 
on the Fraunhofer spectrum. 


Mineralogy. — “On the refractive index of rock-qlasses,” by P. TEScH: 
(Communicated by Prof. J. lL. C. ScorowpEr van DER KOLk). 


Of the group of the igneous rocks, the origin of which out of 
fluid red-hot condition we accept, the voleanie rocks constitute that 
subdivision, which includes the rocks, that as lavas have broken 
through the surface of the earth. 

The quick cooling at the atmosphere renders it possible that in 
these rocks part of the magma congeals amorphously, so that next 
to the minerals a rockglass appears, which constitutes either an infe- 
rior part or a prevailing one of the rocks. So in general this glass 


Let us consider a beam of light of an exactly defined wavelength belonging to 
the shaded background of an absorption line. This beam leaves the deeper layers 
of the Sun with a certain divergence. As it passes along a “tube” of the corona, 
its divergence will alternately diminish and increase, and on reaching the Earth 
it shows in the spectrum an intensity, depending on the divergence (or perhaps 
convergence) with which it has left the last traces of the corona. For a beam of 
light whose wavelength is only slightly nearer to that of the absorption line, the 
medium will have a considerably greater refraction constant, so that the rays of 
this beam, on their way through the corona, may make part of a bend more than 
the former ones. The beam may therefore arrive with a quite different degree of 
divergence and, consequently, of intensity. Thus, proceeding towards the absorption 
line from either side, we easily see that we must meet with a periodically changing 
intensity. Rays, corresponding to the middle of one of the so formed fringes, will 
have made one full bend more or less than the rays, belonging to the middle of 
the next fringe. 

{f this interpretation he correct, the width and the number of fringes visible 
must prove to be variable. As far as I know, the observations made on this point 


are not numerous. May the proposed views serve to further the investigation of 
this interesting phenomenon, 
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consists of silica and metal-oxides. We may suppose that the silica, 
which is most likely to be the principal part, will also have a pre- 
valent influence on the physical characters of such natural glass. 

A determination of the specific gravity of the glass is made more 
difficult by the presence of many gas-bubbles. If this obstacle did 
not exist, the specific weight would be a better expedient for : 
quick temporary orientation than the determination of the refractive 
index, for which more instruments are necessary. With respect to the 
specific gravity it could be stated, that with these rocks where the 
value of the index the use of bromoform as liquid of comparison neces- 
sitated and whose exponent proved to be greater than that of bromo- 
form (1,593), the specific gravity of the glass was still higher than 
that of bromoform (2,88). The small air-free, not to be isolated 
grains, still sank in this liquid. Now I have tried to find out in how 
far the refractive index is dependent on the SiO, percentage. For 
that purpose 16 rocks have been examined, forming a series of the 
most acid to the most basic magmas, which occur in nature. 

The result has been comprised in the following table: 


Name Origin SiO, Index 
Granite Magurka, Hungary 72,65 | 4,500 
Granite | Brocken, Harz Mountains TAA 4,500 
Granite Auvergne 70,62 4,500 
Granite | Korinitsch, Hungary 67,34 1,510 
Quartzdiorite Adamello, Tyrol 66,58 41,510 
Syenite | Plauensche Grund, Dresden 60,26 4,520 
Elaeolite-syenite | Ditro, 59,88 4,525 
Diorite | Hodritsch, Hungary 5957 4,525 
Syenite | Ditro, 57,36 1,530 
Augite-syenite Monzoni, Tyrol 53,75 1,550 
Chrysolitenorite Radau Valley, Harz Mountains 53,64 1,550 
Diorite | Auvergne 50,86 4,570 
Quartzdiorite Dumkuhlen Valley, Harz A889 1,585 
Basalt Dyrafjord, Iccland 48,50 1,690 
Gabbro Radau Valley, Harz | A408 4,620 
Harzburgite Harzburg, Harz 42,24 41,630 
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From this we see that a classification exclusively according to 
decreasing SiO, percentage, coincides with an increasing value of 
the refractive index. : 

Apparently the metal oxides present have only little influence on 
that value, at least this influence falls within the limits of the 
errors of observation. 

A chrysolite-norite and an augite syenite with about the same 
SiO, percentage have also the same index, whereas the oxides, 
especially MgO are sure to be there in quite another relation, for 
in the chrysolite-norite the minerals containing Mg come strongly 
to the foreground. 

As regards the colour of the glass it will be almost wholly 
dependent on the iron-percentage. 

With the examined glasses the colour changed from light green 
to dark brown. Just as with isomorphous mineral series, as e. g. the 
enstatite-hypersteneseries, the dark colour most likely points to a 
greater iron percentage than the light one. 

The typical amorphous glassfracture can be easily distinguished 
at the splinters under the microscope. 

The fusion of the vock-powder took place in a gasflame in which 
compressed oxygen was blown. As an underlayer a cupel of chalk 
or bone-ash was used. But care has to be taken that the melted 
magma of the cupel remains isolated, because there is a chance that 
oxides of alcalic earths will be absorbed by the cupel and in 
consequence the composition of the magma does not answer any 
nore to that of the rock. This can be obtained by directing the 
point of the flame towards the middle; the upperlayer then fuses 
quickly to a little ball, which remains isolated by the underlaying 
rock-powder of the cupel. To control the regularity found in the 
independence of the refractive index of the SiO, percentage, two 
mixtures of the following composition were made: 


i 1B 
siO, 60 °/, 60 °/, 
Fe,O, 10 20 
Al,O, 10 5 
CaO 10 5 
MgO 5 10 


K0 Naz O) 5 — 


Of both the mixtures the fused glass had the index 1.520; here 
we see again the prevalent influence of SiO,. 
At last some slags and melted minerals were investigated. 
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Composition. Index. 
SiO, 7455 1,600 
CaO 1958 

FeO bo 

SiO, 27,4 1,750 
PeO: “4h 7 

CuBi 20,2 

Pb 1.5 

Al,O, 1038 

ZnO 24,8 

MnO 


In this slag the ZnO plays the part of the MgO. When ZnO is 
replaced by MgQ, the index remains the same. 
Finally the index of the following minerals was determined: 


Quartz SiO; 400 */, 1,475 
Chrysolite r, 40—45 1,610 
Orthoclase 1 65 1485 


The last mineral, the pure K.Al silicate consequently does not fit 
into the composed series. After mixing with some grains Fe,O, 
(5—10 ,/*’ and fusing anew the index was raised to 1,510. 

The method described above can be of practical use for a quick 
determination of the SiO, percentage of slags from the refractive 
index with an accuracy of + 2 °/,. 

A word of thanks for the aid and advice to the Professors Dr. J. L. C. 
ScHROEDER VAN DER Kork and S. J. Vermaxs Jr. may find a place here. 


Mineralogy. — “On an “EKisenrose” of the St. Gotthard.’. By 
G. B. Hogenraap. (Communicated by Prof. J. L. C. SCHROEDER 
VAN DER KOLKk). 


Some time ago I tried to get a Hematite-streak with a so-called 
‘“Bisenrose.” I did not succeed however, for to my astonishment 
the streak was not red but black. Several explanations came to 
my agnind : 

1°. that the mineral was somewhat friable, which was the cause 
that the streak could not consist of the very finest particles. But in 
rubbing the black colour remained; only the outlines showed a 
reddish-brown tint. The same was stated with about 25 other pieces 
of the same finding-place. So that the explanation proved to be not 
the right one. 
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2°. that the mineral contained Mn or Ti, since these elements have 
a great influence on the colour of the streak. But an analysis only 
produced little Ti and no trace of Mn, so that this explanation did 
not hold good either. 

3°. that the mineral was magnetite. In its favour spoke the very 
distinct magnetism, stronger than hematite generally shows. 

I then consulted some literature, to see whether anything had been 
written before on the streak, the magnetism and the chemical com- 
position of “Eisenrose.” : 

Dana says *) : 

St. Gotthard affords beautiful specimens, composed of crystrallised 
tables grouped in the forms of rosettes (Hisenrosen), and accompany- 
ing crystals of adularia. 

Dana calls this occurring Hematite, though he neither speaks of the 
chemical composition, nor gives any particulars about streak or 
magnetism. 

In the “Zeitschrift fiir Krystallographie und Mineralogie von P. 
Grotu” I found in Number 13 on p. 301 a report by A. Caturuin 
from Srriver’s account on ‘‘Pseudomorphose von Magnetit nach 
Kisenglimmer von Oglastra in Sardinién”’, written in the Atti della 
Reale Accademia Dei Lincei 1886. Volume IH, 2°. Semestre, p. 331. 
The report in question follows here : 

yDie Hauptmasse der Stufe besteht aus einem grobkéruigen Mine- 
ral, dessen unregelmiassigen Individuen von mehreren Centimetern 
Durchmesser fest mit einander verwachsen erscheinen. Jedes Korn 
zerfallt nach einer Richtung ausserst leicht in diinnste Lamellen. 
Harte 6, Pulver schwarz, stark magnetisch, schwer schmelzbar, in 
Salzsiiure leicht léslich. Diese Kigenschaften kommen dem Magnetit 
zu. Das Gemenge erscheint ganz frisch, unverandert und urspriine- 
licher Entstehung. Dass es sich hier nicht um nach {114} blatterig 
abgesonderten Magnetit handelt, folgt aus dem Mangel jeder Spur 
von Spaltbarkeit nach einer anderen Richtung ausser jener einen. 
Die Lamellarstructur als Druckwirkung aufzufassen verbietet dic 
Richtungsainderung der Lamellen in jedem einzelnen Korn. Nach 
des Verfassers Ansicht bleibt mur die Annahme einer Pseudomorphose 
von Magnetit nach Kisenglimmer.”’ 

So this appearance as regards streak and magnetism corresponds with 
the specimen examined by me. Through the absence of a chemical 
analysis it cannot be decided in how far the supposition is right, that 
he had to do here with a pseudomorphosis from Magnetite to Eisen- 
olimmer. 


1) A System of Mineralogy p. 216, 
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In the ‘Zeitschrift der Geologischen Gesellschaft” Bd. 22, 1870 T 
found on page 719 in an article by G. vom Ran the following 
statement *): 

“Pseudomorphische Massen von Magneteisen nach Kisenglanz. Farbe 
und Strich schwarz, schimmernd auf dem Bruch, magnetisch. Das 
Erz ist aber weder dicht, noch kérnig (wie es sonst dem Magneteisen 
zukomint), sondern schuppig. Man erkennt sogar in einzeluen Drusen 
ganz deutlich die hexagonalen Formen des urspriinglichen Eisenglan- 
zes; doch auch diese letzteren haben einen schwarzen Strich. Ver- 
mutlich is demnach jene ganze colossale Schichtenmasse bei Vallone 
urspriinelich Kisenglanz gewesen”’. 

So to this can be applied what has been remarked on Srriver’s 
article. 

Finally D. F. Wiszr says ”) : 

Die Kisen-Rosen vom Pomonetto wirken sehr stark auf die Magnet- 
Nadel. Das Strich-Pulver is dunkel-rothlichbraun, beinahe schwarz. 

Die Wirkung auf die Magnet-Nadel is bei den Schweitzerischen 
Kisenglanzen gar sehr verschieden, sowie die Niianzirungen von Kisen- 
schwarz bis Stahlgrau in ihrer Farbung. Bemerkenswerth scheint es 
mir, dass die Eisen-Rosen ohne aufliegende Rutil-Krystalle immer 
die schwéarzeste Farbe zeigen, und dass dieselbe hingegend immer 
heller wird, je mehr Rutt auf den Knd-Flachen der Eisenglanz- 
Tafeln, ich méchte sagen, ausgeschieden worden ist. 

Die Mineralien, welche die Hisen-Rosen vom Pomonetto begleiten, 
sind: kleine, graulich-weisse Adular-Krystalle, kleine sechsseitige Tafeln 
yon Tombackbraunen Glimmer und cite schmutzig griimlich-gelbe 
Rindenformige Substanz die vielleicht den Chloriten beigezdhlt wer- 
den darf. 

Mein Freund, Hr Bergrath Srockar hieselbst, hat die Hisen-Rose 
vom Pomonetto analysirt und wird hoffentlich nachstens das Resultat 
seiner Untersuchungen verdffentlichen.”’ 

However I could not find this promised analysis anywhere in 
literature, so that I decided to do it myself (1). For a good control 
the same analysis was made by Messrs B. H. van per Linpun (ID) 
and G. W. Mauuée (111). The results of our investigations were as 
follows: 

1) Geognostisch-mineralogische Fragmente aus Italién, chapter VIIf: Die Insel 
Elba, Zeitschr. D. G. G. 1870. 

2) Bericht tiber Mineralién aus der Schweitz. N. Jahrb. 1854 p. 26. “ 


Proceedings Royal Acad. Amsterdam. Vol. V. 
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VA LE Il. 
., Fe 69,94 69,13 69,50 
O 29,97 29,60 30,46 


accompanying mineral 1,2 


99,91 99,93 oO. s 
Reckoned for : 
Hematite Magnetite 


Fe 70 72,41 
O 30 27,09. 


So that my conclusion is that we have not to do with Magnetite but 
with Hematite. 

The results of my researches are in consequence the following: 

1st. That I have had to do with Hematite with very obvious 
magnetism and a black streak, which in rubbing along the outlines 
shows a brown tint (which generally every black streak does) and 
not with a pseudomorphosis from Magnetite to Hematite. 

2nd. That where in literature of this occurrence of Hematite has 
been spoken, no analysis has been added, though the magnetism and 
the black streak have been observed more than once. 

3°. That it is desirable to convince oneself of the chemical com- 
position with every “Eisenrose’, which shows these characteristics. 


Physics. — “Contributions to the theory of electrons.” I. By Prof. 
H. A. Lorenz. 


Simplification of the fundamental equations by the introduction 
of new units. 


§ 1. If all quantities are expressed in electromagnetic units, as | 
have done in former papers, the relations between the volume-density 
o of the charge of an electron, the velocity v of its points, the 


1) I here by have to mention that first the figure for the oxygen was determined 
by reduction in a hydrogen-current und weighing of the water absorbed by Ca Cl, ; 
that after that the figure for the iron was determined by dissolving the reduced 
mineral in dilute H,SO, and making a titra‘ion ot this solution (after reduction 
in a H,S-current and after removing the H,S by boiling in a CO, atmosphere) 
with a KMnO,-solution, of which 1 cM® corresponded with 8,9 m.G. Fe. 

The presence of Ti was shown as follows: the mineral was melted together 
with KHSO,, the fused mass dissolved in cold water. This solution together with 
H,O, gave the well-known orange colour of TiO;. Moreover after adding a 
little HNO;, the Ti after having been boiled precipitated as white TO). The 
accompanying mineral, which in microscopic examination proved to be adularia, 
was remoyed as much as possible, 
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dielectric displacement > in the aether, the current {and the magnetic 
force § are as follows‘): 


dvds=o, 
a et 
ap Be : 


[=d+o, 
dit hy —==9 , 
roth =4al=4a(d+ or), 
4acrotd)=—h, 
where ¢ is the velocity of light in the aether. To these equations we 
must add the formula 
f=4aetdt [y.b] | 
for the electric force, i.e. the force, reckoned per unit charge, which 
the aether exerts on a charged element of volume. 

The equations take a somewhat more regular form if we express 
9, >, | and f in electrostatic units (preserving the electromagnetic unit 
for 6) and a further simplification is obtained, if, instead of the units 
for charge and magnetic pole that are usually taken as the basis of 
the electrostatic and electromagnetic systems, we choose new ones, 
V4a times smaller’). Introducing both modifications, we have to 
replace @,5,! by — Oe Lge 

* V4a' V4An? 
letter must now represent the force acting on the new unit of charge, 


l ae 
Saas f by cV4a.f, because this 


and likewise § by Vidor .h. 
This leads to the equations 
Lg cea NS Tt, (ad a AMY We eee a (1) 


00 , 
ae a BOD rez Uicmaubn. oa bie” Pi Le (II) 
Ot 
(poe in te as (AL) 
‘Ek wines 10 Saeed orem 6 
1 ee 
rot fy ne (d fe Q D) Aaa ee (V) 
C C 


1) See my Versuch einer Theorie der electrischen und optischen Erscheinungen 
in bewegten Kérpern. 1 shall again suppose that all quantities are continuous 
functions of the coordinates, so that e.g. the density » will be regarded as passing 
gradually to the value O, which it has outside an electron. With the exception of the 
letters, the notations are the same as in the just mentioned treatise. The scalar 
product of two vectors a and 6 will be denoted by («.), the vector product by 
[a.b]. The axes of coordinates are supposed to remain at rest, relatively to 
the aether. 

2) This change has been warmly advocated by Heavisiwz. The units | shall 
now use ave those that have been adupted for the Mathematische [ncyclopddie. 


41* 
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ye 
Cot Dn a ee ee (VI) 
. ¢ 
1 ; 
ep fo. bbe ne, 


C 
In connexion with the last formula it may be remarked that d is 
the electric force that would act on an immovable charge. 
The electric energy per unit-volume is given by 


. 


i — ay a suak wat io hea ae One 
2 
the magnetic energy per unit-volume by 
iL 
Wi Dee on ee IX 
aL (IX) 


and Poyntine’s flux of energy by 
Ss 0 ee a eae aes tet (X) 

We shall further write U for the total electric and 7’ for the 
total magnetic energy of a system. 

The equations ([V) and (V) suffice for the determination of the 
magnetic force 6, as soon as the current [ is given in every point. 
Wn is then known by (IX) and 7’ follows by integration. In this 
sense, every motion of electricity may be said to be accompanied 


by a definite amount of magnetic energy. 
Scalar potential and vector-potential. 


§ 2. The equations of § 1 apply to every system in which 
charged matter moves through the aether, whether the charge be 
confined to certain extremely small parts of space (electrons) or 
otherwise distributed. Moreover, the motions may be of any kind ; 
the electrons may have a pure translatory motion, or a rotation 
at the same time, and we may even suppose their form to change 
in the course of time. For the validity of the formulae it is however 
required that each element of volume whose points move with the 
charged matter should preserve its charge, though its form and 
dimensions may change. This is expressed by the equation (II) and 
it is on this ground that the electric current |, as defined by (IID, 
(the resultant of the displacement-current > and the convection-cur- 
rent gv) may always be said to be solenoidally distributed, so that 

Lie 

If now the motion of the charged matter is given, the electro- 

magnetic field in the aether, within and without that matter, has 
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to be determined by means of (I)—(VJ, a problem that may be 
reduced to equations of the form 
A Diamar p cape ll Af Re Sis da ee Ss (1) 

in which @ is a known, and w an unknown function of 2, Y, Bt. 

Let o be any closed surface and » the normal to it, drawn out- 
wards. 

Then, if the equation (41) holds in the whole space S, enclosed 
by o, we shall have for the value of wy in a point P of this space, 
at the time ¢, 


1 1 1 1lfo Our 1 
Cor z= fia dS + ak . cae | rm (=) 


Here the first integral extends over the space S and the second 
over the boundary surface 6; 7 is the distance to P, and the square 
brackets serve to indicate the values of the enclosed quantities for 


i (2) 


- 
He bene) jf = 
c 


Let us now conceive the surface o to recede on all sides to infinite 
distance and let the circumstances be such that the surface-integral 
in (2) has the limit 0. Then, ultimately: 


v=_ frlass TSO oe 


where the integration must be extended over infinite space. 

§ 3. Equations of the form (1) may be deduced from the formulae 
()D—(VI) in many different ways; they may e.g. be established for 
each of the components of » and *.?) The solution is however ob- 
tained in a simpler form ’), if one introduces four auxiliary quantities, 
a scalar potential -p and the three components 4,, 4,, 4: of a vector- 
potential a. These quantities satisfy the equations 


ee 


so that, with the restrictions that are required if (8) is to be true, 
we may write 
iy pel 
C= | — lola 
PD hee) voles 
1) Lorentz, La théorie électromagnétique de Maxwett et son application aux 
corps mouvants, Arch. néerl. T. 25, p. 476 1892" 2 
2) See Levi Crvira, Nuovo Cimento, (4), vol. 6, p. 93 , 1897 ; WIECHERT, 
Arch, néerl., (2), T. 5, p. 549, 1900. 
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After having found g and a, we may determine the dielectric 
displacement > and the magnetic force $ by means of the relations *) 


re 
b =a hier, tee) tomes Se ee) 


C 
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It is to be remarked that the two potentials are not mutually 
independent; they are connected by the equation 


iis 
divi=——®@. ° 5 -) ° . . . (6) 
Cc 


Theorems corresponding to the principle of D’ ALBMBERT 
and that of least action. 


§ 4. The physicists who have endeavoured, by means of certain 
hypotheses on the mecanism of electromagnetic phenomena, to deduce 
the fundamental equations from the principles of dynamics, have 
encountered considerable difficulties, and it is best, perhaps, to leave 
this course, and to adopt the equations (1)—(VII) — or others, 
equivalent to them 


as the simplest expression we may find for 
the laws of electromagnetism. Nevertheless, even if we prefer this 
point of view, it deserves notice that the fundamental equations may 
be transformed in such a way that we arrive at theorems of the 
same mathematical form as the general principles of dynamics. This 
has been done especially by ABRAHAM in his important paper 
“Principien der Dynamik des Elektrons’ *). The considerations in 
this and the two next paragraphs agree with those of ABRAHAM, though 
presented in a form differing from his. 

We shall consider a system of electrons moving in the infinitely 
extended aether, and we shall fix our attention on the different 
states of this system, the aether included, that succeed each other in 
the course of time in any electromagnetic phenomenon. From every 
one of these states we shall pass to another, differing infinitely little 
from it, and which we shall call the varied state. The variation 
or “virtual change” will consist in infinitely small displacements q of 
1) 1 shall write grad.» (,gradient of ,”) for the vector whose components 
dp dp dy 
dw’ Oy’ Oz’ 

?) Drupe's Annalen, 10, p. 105, 1903. 


are 


(bas? } 


the points of the electrons, accompanied by infinitesimal changes in 
the dielectric displacement. 

We shall write dd for the difference, in a fixed point of the 
aether, between the dielectric displacement before and after the 
virtual change, the sign of variation d having a similar meaning 
when it precedes other symbols representing the value of some 
quantity in a definite point. If it is affixed to a letter representing 
a quantity belonging to the system as a whole, such as the total 
electric energy U/, it will simply serve to indicate the difference 
between these values in the original or real and the varied states. 

The variations to be considered are not wholly arbitrary. We 
shall limit our choice by supposing in the first place that each 
element of volume of an electron preserves its charge during the 
displacements q; this is expressed by the relation 

CO. COLOR st REE et Fe LUE eH 
which may be compared to (II). 

In the second place we shall suppose the variations of > not to 
violate the condition (1). 

In virtue of these restrictions the vector 


dd + eq 
will present a solenoidal distribution. Indeed, we see from (I) that 
div dd = dog, 


and here we may, according to (7), replace the right-hand member 
by — div (9 4). 

Let us now conceive 4 and dd to be chosen for every instant ¢, 
so that they vary continuously with the time. Then, in order com- 
pletely to define the succession of varied states, or what we may 
call the ,varied motion” of the system, we shall suppose the varied 
positions of the points of each electron to be reached at the same 
instants at which these points occupy the corresponding original 
positions in the real motion; we assume likewise that, in every 
point of space, the varied dielectric displacement exists at the same 
moments as the original one in the succession of real states. 

By this the varied motion of electricity is entirely determined ; 
indeed, since we know the velocity of matter and the rate at which 
>» changes, we are able to state what has become of the convection- 
current, the displacement-current, and also of the total current [. 
The first thing we have to do will be to express dl in q and dd, 
Of course we may be sure beforehand that the distribution of both 
the new ! and the variation d{ will be solenoidal. This must neces- 
sarily be the case, because we know 1%. that, in the states that 
succeed one another in the varied motion, each volume-element of 
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an electron retains its charge, and 2°¢. that the condition (1) is com- 
tinnally fulfilled. 


§ 5. Let us begin by considering é,. This is the variation in 
a fixed point of space. Therefore, if (d»,) is the variation for a 
definite point of an electron, we cain: have 

Ove vx 
(dv) = dvz 4 Be = Vy Oy + qz ae 


As to (dv,), it is easily shown to have the value 


dy, 
Jz) = —, 
(Son) = 
d 
if we understand by t the rate at which q, changes for a definite 


Oqx ; ; 
point of an electron. Comparing this to — or qz, the velocity of 


change in a fixed point of space, we get 


: Ogg eu Oye 
(Site) = Gant het ® pa bea: 
These equations, combined with (7), c us to 
dlz = J (dx + @ ta) = Idx + OI + tr SQ = 
= dd, + 042 + ES alee aoe 
fe Q Qe Cher, ry pO Xz 


Ove Ov, Ov, . 
0 4a adie: Vy on Q Wz Fac: div (Q 4), 


| 


or, if we add to the second member the first member of (II), multi- 
plied by q,, after some further transformation, 


Nia 


0 Ox Jax qu ‘ 
Slax = Ot (d Dy — Q qx) + Q Vo Ay QO vy Oy f- DY oa — hp dw (o q) a 


Oz 


Ov, Ov, Ox ; 
mikes an ON Arps. qa div (y v) = 


) a) 
apt Datars, Oise) -S, Lo (qe by — dy %2)] — 5 Le (Vz Be — qa ¥z)]- 


Here we may remark that the two last terms taken together repre- 
sent the first component of the “rotation” of the vector whose com- 
ponents are 


Q (qy Bz — Fe By)s O (Vz te — ga d=), @ (Aa vy — gy de)s 
and that this veetor is precisely the vector-product, multiphed by 


g, of q and ». After having calculated dl, and dl. in the same w ay 
as dlz, we may combine the results in the formula 
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What has already been said about the solenoidal distribution of 
J. is confirmed by this equation. The two vectors represented on the 
right hand side both have this property, the first by what we know 
of the vector d> + 94, and the second on account of the mathema- 
tical form in which it appears. 


§ 6. We may next proceed to determine the variation d7’ of the 
magnetic energy. In doing so we shall start from the assumption 
that the varied motion of electricity involves a definite magnetic 
energy *), to be determined as stated at the end of § 1. 


The formula 
1 
ist a dS 
2 
leads immediately to 


JT =| (6s S52 + by Sy + hz dh-) dS = {0 . Sh) dS, 


Where the integration covers all space. The same will be the case 
with the other volume-integrals appearing in the following transform- 
ations. If an integration is performed, or if the process of inte- 
gration by parts is applied, one obtains integrals over the infinite 
surface which we may conceive as the boundary of the field of inte- 
gration. These surface-integrals however will be supposed to vanish. 

We begin by writing rot a instead of *, as may be done in virtue 
of (5); and we shall next integrate by parts, keeping in mind that, 
on account of (V), 


1 
rot df) = — dl. 


C 


The result is 


1 
JT = fe a. dh) dS = fos . rot Sh) dS = fic Ol) dd (9) 


or, if we substitute for dl its value (8), 


1 
él = (0-5 } 49 + 09 Jas —f(« . rot 
c 


Using (4), we may ” for the first term 


ol). vf as. (10) 


1) This A capion only means to define the value of 7’ we shall assign to the 
wholly fictitious varied state, 
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es oe (a.{ Jd+09}) dS +fo 80-+-¢9)) 5+ | (rad. {00-+ ea) (11) 
Now, it appears from (9) that 
~ f(a. ta + ¢q}) a8. , at EN e 


is the change the magnetic energy of the system would undergo, if 
we gave to the current the change dd + eq. We shall write d'l for 
this variation of the current, and d'6, d' 7’ for the corresponding 
variations of § and 7. As to d’{, it may be defined as the current 
that would exist if the changes represented by q and dd were accom- 
plished in unit of time. 


On the other hand, fo-o) dS is the variation of the electric 


energy U and the last integral in (11) is 0, because the vector 
J> + 93 is solenoidally distributed. Thus, the first term in (10) becomes 


dd' T 
rF + dU + f@- ea) a8 


For the last term in that equation we find, integrating by parts, 
~firota feL4-91}) 48=— fe(b-[4-0}) a8 = — feta -[v-o) as, 
so that finally 
ar == + a0 + fe(a-|>+ — til Jas 


Now, the equation (VII) shows that the last term is precisely the 
work done, during the displacements 4, by the electric forces exerted 
by the aether on the electrons. 

Writing d# for this work, we have 


2 dd'T 
dB = 6 (00) ee 
dt 
an equation closely corresponding to D’ALEMBERT’s principle in common 


dynamics. 


§ 7. The motion of the electrons themselves may be determined 
by ordinary methods; it will be governed by the electric forces 
whose work has been denoted by d#, together with forces of any 
other kind that may come into play. We shall confine ourselves 
to those cases in which these latter forces depend on a potential 
energy U,; then the total virtual work of all forces acting on the 
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electrons will be dH#—dU,. Moreover we shall ascrihe to the 
electrons a certain kinetic energy 7, which they have by virtue of 
their mass in the ordinary sense of the word. Should there be no 
such “true” mass, we have only to put 7, = 0. 

One of the forms that may be given to the variational equation 
of motion for a system of material particles is 


= ci i 4 


dT, being the change of 7’, if we pass from the real motion to 
some varied motion in which the varied positions are reached at 
the same moments as the original positions in the real motion, JA 
the virtual work of the forces, and d'7’, the increment that would 
be aequired by the kinetic energy 7’, if variations, equal to the 
virtual changes of the coordinates, were imparted to the corresponding 
velocities (the coordinates themselves being kept constant). For our 
system of electrons 
dA = JE — JT); 
hence, if we use for d/7 the formula (13), 
“pom 
A ee a(t en 
We shall finally multiply this by dé and integrate from ¢, to 4. 
In case both the displacements 3 and the variations dd vanish at 


z= ()) 


the limits, we find 
to 


afr +- die — (U -|- ay ipa (Ve 
q 


This is analogous to the principle of least action. 


§ 8. In what precedes there has been question of the variations 
of the energies 7’ and U, taken for the system of electrons together 
with the surrounding aether, which extends to infinite distance. 
Sunilar though somewhat less simple results are obtained, if one 
understands by 7’ and U the magnetic and the electric energies, in 
so far only as they belong to the space within an immovable closed 
surface o. In what follows it is to be understood that this surface 
may have, relatively to the system of electrons, any position we 
like; for simplicity’s sake however we = shall suppose that it cuts 
none of them, so that, im every point of 6, the density ge = 0. As 
to the virtual variations, determined by 4 and dd, they need not 
at all be confined to the part of the system within the surface. We 
shall denote by m2 the normal to the-surface, drawn towards the 
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outside, and by 4, wv the angles between this normal and the 
positive axes of coordinates. 

If now we repeat the above calculations, we have to do with 
volume-integrals confined to the space within 6, and every integration 
by parts will give rise to a surface-integral. 

Thus, to the last member of (9) we shall have to add the term 
| COSA, COS Ul, cos 
Ar, Ay Az | Lo =f - S|, do 
Sx, Sy, Siz 


and the value of (12) will no longer be d'7’, but 
| cos 2, cos Uy, Cos P 


ria oh Vary Vy; ae d oe oT —fis . SN) |n d o. (14) 
I'D, 5'l),,, Jb. 


The last integral of (11) becomes 


of rea gy . {rot d'bi) dS = cf (om grad g . d')) dS — flamed. J'l)|, do (15) 


Here the first term on the right-hand side is 0, since rot grad g=0. 
The transformation of the last part of (10) remaining as it was, as 
we have supposed @=O in all points of the surface, we finally find 
for the second member of (138) the additional term 


J 


But, on account of (4), 


0 
—[a. dh], 4+- Ot fa. d'o]n + cfgrad p. d'd]n, do. 


0 
a fa. dy], + elgrad gp. do], = 
Cs 


dd'y . 
naa fe + [a. dyn + ¢ [grad gp . db], = 
0d't 


Se Eo. bors d. ny 
[ x it e[d. dh] 


We get therefore, instead of (13), 


0d'f 1 
eR — J fy | reall ./d bn 


§ 9. The following are some examples of the applications that 
may be made of the formulae (13) and (16). 

a. Let the virtual changes in the position of the electrons and 
in the dielectric displacement be proportional to the rates of change 
in the real motion, i.e. let 


dd'T 
Pi Dea aM Ol) i a if 4 
Mf 


do (16) 
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& being a constant infinitely small factor. From these assumptions 
it follows at once that 
Pits], dh. eb; 

Now the magnetic energy may be considered as a homogeneous 
quadratic function of the components of the current; it will therefore 
change in ratio of 1 to 1 + 2«, if the current becomes (1+ «)'. Thus: 
td Se bs 

We may also infer from our assumptions that the position of the 
electrons and the values of > are, in the varied motion at the time 
t, what they are in the real motion at the time ¢+ ¢, so that the 
only difference between the two motions is that the one is in advance 
of the other by an interval e. 

In this way it is seen that 


on 

Substituting these values in the equation (16), we get, after division 
by « and multiplication by d¢, denoting by @ the work done by 
the electric forces in the real motion, during the time dt, 


dE = —d(C4U)—edt|[v.6ndo...-. . (17) 


This is the equation of energy. The last term represents the flow 
of energy through the surface. 

b. Applying (17) to a single electron, whose motion is a translation 
with variable velocity along a straight line, one may calculate the 
force with which it is acted on by the aether, and which, under 
certain simplifying assumptions, is found to be proportional to the 
acceleration and directed oppositely to it. The quotient of this force, 
divided by the acceleration, may appropriately be called the electio- 
magnetic mass of the electron. 

c. There will likewise be a force proportional and opposed to 
the acceleration, if the latter is perpendicular to the direction of 
motion. In this case however, of which the uniform motion of an 
electron in a circle furnishes the simplest example, we must recur 
to the equation (16), in order to determine the force. The surface 6 may 
be supposed to lie at infinite distance and the virtual displacement 
must be taken in the direction of the acceleration. The ratio of the 
force and the acceleration may again be called the electromaynetic 
mass, though, except for small velocities, its value is not equal to 
that of the corresponding ratio in the case 6. 

In both cases the result agrees with what has been found by 
ABRAIAM, 
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Ponderomotive action on a system of electrons. 


§ 10. A virtual change of & very simple kind is an infinitely 
small translation of all the electrons, combined with what we may 
‘all an equal translation in the same direction of the whole electric 


field. Applying to these variations — which we give as well to the 
part. of the system outside the surface o as to the part enclosed by 
it — the equation (16), one may calculate the resulting force exerted 


by the aether on the electrons within the-surface. This force may 
be shown to consist of two parts, the first of which is the force with 
which we should have to do, if the surface 6 were subjected to the 
stresses in the aether, whose components have been already determined 
by MaxweL1, whereas the second part is determined by the rate 
of change of a certain integral, relating to the space S within o. 
The latter part will therefore vanish if the state is stationary, and may 
be left out of account if, for periodic states, we wish only to know 
the mean value of the resulting force, taken for a full period. I 
need not here work out the formulae, having formerly deduced the 
result in a more direct way. The components of MaxwesLu’s stress are 


1 1 
Kez (te = by = 8) + > (at — by — 4), ete. 


(18) 
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and the just mentioned volume-integral is 


1 
— fas 
€ 


©, being the flux of energy in the direction h, for which we seek 
the resulting force. 
Thus, the resulting force in the direction of x is given by 


Ie Ose 
is € = ee SS 
B= | Xdo aq) Gas. ste a ldye Una eae 


1 
The vector a uf EdS is called by Apranam the electromagnetic 


momentum. 


§ 11. Similar results would be obtained if we chose for the virtual 
variation, instead of a translation, an infinitely small rotation about 
an axis passing through the origin of coordinates; the equation (16) 
would then serve to determine the resulting couple, arising from 
ul the forces exerted by the aether on the electrons within the 
surface 6, The moment of this couple may however be calculated 
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in a shorter way, if we start from what we know already about 
the forces. 

Indeed, in virtue of the formula (19) and the two corresponding 
to it, the components of the force acting on an element of volume 
dS may be represented as follows : 


OXe | OXy 0%) 1g 1g aa | 
Jpbelip Waste Naame cobnawae 


Yen: Wy OLN oe lg ag 
Oa Sry ES Pee > (20) 
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and these formulae give immediately for the components of the 
couple 


> 1 : : 
[We—) dS = [w%- 2Y,)do—- ; us.) dS 75 (21) 
. G 


Sas = ( 


vas = ( 


§ 12. Another consequence of the equations (20), analogous to 
the well known virial-theorem in ordinary kinetic theory, will perhaps 
be thought of some interest. In order to find it, we have only to 
add the three equations, multiplied by 2, y,z, and to integrate the 
result over the space S, within the surface 6. Transforming such 


0X, Bis? , 
terms as AL es: dS by means of partial integration, we find 
av 


[Oe + Yy + Zz) dS = | he + Vary + Z,2) do — 


rie ligt apaniise 
— [% + Py + 2) d8 — — 5, [ (Se + Ey + Gz) dS. . (22) 


For stationary states the last term will vanish, so that, if we 
substitute in the term preceding it the values (18), 


[oe 4+ Yy + Zz) dS = ‘| CGY, y arate 4, 


Particular cases of ponderomotie action. 


§ 13. In a large variety of cases, in which the system of electrons 
is confined to a space of finite dimensions, the electric and magnetic 
intensities in the surrounding field become so feeble at great distances 
that the surface-integrals in 19) and (21) approach the limit 0, if 
the surface « moves to infinite distance. Moreover, the volume- 
integrals will vanish if the state is stationary. We then come to 
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the conclusion that the resulting force and the resulting couple are 
0 for the whole system. If the system consists of two parts A and J, 
we may express the same thing by saying that the total pondero- 
motive action on one of these is equal and opposite to the total 
action on the other. 

Of course this will be equally true if, for a system whose state 
changes periodically, we have only in view the mean ponderomotive 
action during a full period. ; 

These theorems are useful whenever the phenomena in one of the 
parts, say in A, ave not well enough known to permit a direct cal- 
culation of the force acting on this part of the system. If the pheno- 
mena in £B are less complicated, so that we encounter no difficulty 
in determining the force or the couple acting on this part, the action 
on A will be found at the same time. 

We may apply this in the first place to well-known experiments 
on electromagnetic rotations. 

Let us consider a cylindrical magnet, touched in two points 
of its surface by the ends of a conducting wire IV. Let this wire 
be the seat of an electromotive force, producing a current that 
flows through W and through part of the magnet. The ponderomotive 
forces acting on the wire are known with certainty and may easily 
be deduced from the formula (VII); they produce a couple, tending 
to. turn the wire about the axis of the magnet. Without entering into 
any speculations concerning the motion of the electrons in its interior, 
we may infer that the magnet will be acted on by an equal couple 
in the opposite direction. 

Of course this reasoning must be justified by showing that the 
surface-integral in (21) is really O, if it is taken for a surface at 
infinite distance. This is readily seen to be the case, if we keep in 
mind that, at great distances, the magnetic force produced by the 
system varies inversely as the third power of the distance, and that 
the intensity of the electric field, if it exist at all, will certainly contain 
no terms diminishing more slowly than the square of the distance. 


§ 14. I shall choose as a second example some experiments, lately 
made by Wuuirrnkap*) for the purpose of testing a consequence of 
Maxwertt’s theory that has been admitted by many physicists and is 
unavoidable in the theory of electrons, viz. that a ponderable dielec- 
tric, which is the seat of a variable dielectric displacement, and 
therefore of a displacement-current, when placed in a magnetic 


1) Wurreneap, Ueber die magnetische Wirkung elektrischer Verschiebung, Physi- 
kalische Zeitschr., 4, p. 229, 1903. 
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field, will be acted: on by a similar force as a body carrying a con- 
duction-current. In Wutrrunap’s apparatus two cylindric metallic 
plates, having the same vertical axis P Q, formed a condenser, 
in which a rapidly alternating electric field was maintained; at 
the same time alternating currents were passed through the horizontal 
windings of a circular coil, surrounding the condenser; the axis of 
the coil, which is at the same time the axis of its magnetic field, 
coincided with PQ. A sensitive torsion-balance was suspended by a 
wire passing along the axis of the instrument; the ends of the beam 
earried each a piece of some solid dielectric, so that these two equal 
pieces hung, diametrically opposite each other, in the air-space 
between the condenser-plates. The two fields, the electric and the 
magnetic, had exactly the same period, being produced by the same 
alternate current-machine; besides, the arrangements were such that 
there was a phase-difference of a quarter period between the two 
fields. Thus, at the instants at which the magnetic force had its 
maximum values, the rate of change of the electric field and conse- 
quently the intensity of the displacement-current was likewise at its 
maximum. Under these circumstances a sensible couple acting on the 
dielectric was expected, but no deviation of the beam, attributable 
to such a couple, could with certainty be observed. 

We may remark in the first place that in Wurrnnean’s formula 
for the expected effect, the specific inductive capacity K appears in 
the numerator. If this were right, a couple would act on the aether 
between the plates itself. According to the theory of electrons, as here 
presented, ponderomotive force acts only on the electrons contained 
in ponderable bodies, but in no case on the aether. The theory 
therefore regards every ponderomotive action as due to the difference 
between the properties of the body acted upon and the aether; it 
can lead to a formula containing in the numerator K—1, but never 
to one, containing, instead of this factor, the coefficient K itself. 

In the second place Wuirrnxap has overlooked a circumstance by 
which the effect he sought for must have been, at least for the greater 
part, compensated. The compensation may be shown to be complete 
if the properties of the dielectric used differ from those of the aether 
to so small extent, that quantities which are in this respect of the 
second order of magnitude, i. e. of the order (A—1)*, may be neglected. 

If this may be done, the ponderomotive action on a ponderable 
dielectric, placed between the condenser-plates, may be considered not 
to be altered by the presence in the field of a second or third piece 
of the same dielectric. Now, the two bodies suspended at the ends of 
WuiTEHHAD’s torsion-balance may be taken to have been parts of a 
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complete dielectric ring, bounded by a surface of revolution with the 
axis PQ. Moreover it will be safe to assume that the action on the 
two bodies which it was sought to observe, did not depend on their 
relative positions with respect to the wires leading to the condenser- 
plates, and remained therefore the same, in whatever position the 
torsion-balance was turned. If this was the case, the action on 
a body that is the n'> part of the ring (being cut out of it by two 
planes passing through the axis) must have been the n part of the 
couple, acting on the complete ring. Consequently, it will suffice to 
show that the effect is 0, if the experiment is made with a complete 
dielectric ring. 


§ 15. For simplicity’s sake we shall suppose the condenser-plates 
to be united by a wire W and their alternating electric charges to 
be produced by a periodic electromotive force in this wire. As to the 
currents in the coil, they may be regarded as due to electromotive 
forces of the same period, acting in the windings themselves ; indeed, 
the action on the dielectrics can only depend on the magnetic field 
and not on the way in which it is produced. For this same reason 
it is allowable to ascribe to the windings so small a resistance that 
they do not carry any appreciable charges. 

Then no other but electromagnetic forces will act on the windings 
of the coil and these cannot give rise to any couple about the axis 
PQ, because such forces are perpendicular to the elements of the 
windings. By the theorem of § 13 the couple acting on the torsion- 
balance must therefore have been equal and opposite to the moment 
of rotation, acting on the condenser-plates and the wire W. It remains 
to show that this last moment has been 0. 

I shall denote by I the electromotive forces acting in the connecting 
wire W, by II those existing in the windings of the coil, and I 
shall distinguish by the suffixes 1 and 2 the states arising from these 
two causes. Let us indicate by A, the charges of the plates and 
the currents in these and the wire W, in so far as they are due to 
I, and let A, have the same meaning with respect to II; also, let 
F, and F, be the electromagnetic fields excited by the two causes. 
In each of these fields there will be an electric force > (acting on 
charges that are in rest), as well as a magnetic force §; in virtue of 
the first, the field will exert a ponderomotive force on the charges 
of the plates and in virtue of the second on the currents, one of 
these actions being determined by the first, and the other by the last 
term in the general equation (VII). If we denote by the symbol (F’, A) 
the couple acting on the plates and the wire, in so. far as it is due 
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to a field F' and a state A of these bodies, the two actions we shall 
have to consider may be represented by 
(#,4,-A,) and (F'),.21,). 

The first of these is readily seen to be 0. Indeed, the magnetic 
field, produced by the forces II, though modified by the presence of 
the dielectric ring, is symmetrical around the axis PQ. Therefore, 
if the periphery of the condenser-plates is nowhere interrupted, the 
state A, will consist in circular currents in these plates, without any 
electric charge. It is impossible that the field F, should, by its 
action on these currents, give rise to a couple, since, whatever be 
the nature of this field, each element of the stream-tubes will only 
be acted on by a force perpendicular to its length. 

In reality the case was somewhat different, each condenser-plate 
being cut by a vertical slit. There must have been equal and 
opposite charges at the edges of each slit and the field F’, must 
Have acted on these charges, in virtue of the electric force existing 
in it. These forces may however be supposed to have annulled 
each other, because the distance between the charges on the two 
edges was very small, 


§ 16. The action (/,, A,) is therefore the only one that remains 
to be considered. Now, in the state A,, the plates of the condenser 
were the seat of charges, whose amount was modified by the 
influence of the dielectric ring, and whose alternations were accom- 
panied by currents in the wire W and in part of the plates them- 
selves. In so far as they are currents of conduction, i. e. in so 
far as they consist in a motion of electrons, these currents are evi- 
dently unclosed. We may decompose the whole system of them into 
infinitely thin stream-tubes, the tubes being all thronged together in 
the connecting wire, and widening out in the plates, at whose sur- 
faces each stream-tube ends in two elements of surface. 

Let S be one of the stream-tubes, G the end of it on the outer, 
and #H that on the inner plate, ¢ the charge in G, — e that in H, 

, Oe 

(—< —— ss 

dt 

the current in the tube in the direction from H towards G, and let 

us consider the action (f,,.A,) only in so far as it depends on this 
current z and on the charges e¢ and —e. 

In the first place there will be an electromagnetic force on the 
tube S, owing to the current 7. The couple arising from it depends 
on the course of the magnetic lines of force in the field F, ; it is 
most easily found by remarking that its work during a complete 
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revolution of ,S about the axis PQ is numerically equal to the product of 
22 by the number of lines of force that are cut by S. These lines 
(6 . 


are precisely those that are intersected by the surface described by 
S in its revolution, a surface which may have different forms, accor- 
ding to the form of the wire W, but has at all events for its boun- 
daries the circles described by the points G and H. Let N be the 
number of these lines, taken positive if the middle one of them passes 
upwards along PQ, and let us take as positive directions for the 
rotation and for the couple the direction corresponding to the upward 
direction. Then, for a full revolution in the positive direction, the 


if 
work of the couple will be —-—z, whence we find for the couple 
C 


itself 


1 
UN a cee (24) - 
22 


If this were all, we should indeed come to an effect such as was 
expected by Wuirreneap. We must however keep in mind that there 
can never be a variable magnetic field without electric forces. Such 
forces, represented in direction and intensity by the vector >, will 
exist in the field /’,, the lines of electric force being circles around 
the axis PQ. 

We must therefore add to (24) the couple arising from the action 
of the field on the charges e and —e; its moment may again be 
found by considering the work done in a complete revolution in the 
positive direction. 

The force on the charge e being ¢d, its work is equal to the 
product of e by the line-integral of > along the circle described by 
G. Similarly, the work of the force acting on the charge — ein H 
is the product of —e by the line-integral of along the circle 
described by H, or, what amounts to the same thing, the product 
of + e by the line-integral for this circle, if it is taken in the 
negative direction. Now, if we follow the circle G in the positive 
and the circle H in the negative direction, we shall have gone along 
the whole contour of the surface described by the stream-tube 5S, 
in a direction corresponding to the positive direction of the magnetic 
force. Hence, by a well known theorem, of which the fundamental 
equation (VI) is the expression, the sum of the two line-integrals by 
which ¢ must be multiplied, will be 
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and the couple to be added to (24) will be given by 


LD ay: 
— — ¢ —. 
2xc dt 
Taking into account (23), we find for the Le couple 
1 dN 1 d(eN) 
rete CN 
2c (: ety ae One dt 


Since this is the rate of change of a periodic quantity, the mean 
value will be 0, as above asserted. 


The above somewhat complicated reasoning has been used in 
order to avoid the difficulties arising in a closer examination of 
the phenomena going on in the ponderable dielectrics. The result 
may however be verified by making suitable assumptions concerning 
these phenomena. It will suffice for our purpose to replace one of 
the dielectric bodies by a single pair of electrons A and B, the 
first of which is immovable, whereas the second may be displaced 
over an infinitely small distance, in a radial direction, by the electric 
forces 
of A and B, by r the distance of A to the axis, by s the infinitely 
small distance A B, and we shall write §, for the vertical component 
of the magnetic force in the field /, and D for the value of the 
delectric displacement in this field at a distance 7 from the axis. 
We shall take the positive directions as follows: for s outwards, for 
h. upwards, and for D along the circular line of electric force in 
a direction corresponding to the positive direction of §,, i.e. in the 
direction of a positive rotation about the axis. 


d. 
Now, owing to the velocity > of the electron £, there will be, 


according to the formula (VII), a force 
e_ ds 
ea. 
acting on this electron along a Le about the axis, and producing 
a moment 


e ds 
=e te Laat, Re O) ° . ° . . . ° . Ppa! 
; rh a; (24') 


This is the couple of which WuirsnHzap has sought to prove the 
existence. It is however annulled by the moment arising from the 
action of the field #', in virtue of its electric foree D. For the 
particle A this moment is 

—erD 
and for the particle 6 it is obtained if we replace —e by +, 
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taking at the same time the value of 7D at the distance r+-s from 
the axis. 
The algebraic sum of the two moments will therefore be 


0 
ea (7D) 


and for this we may write 


@ Oh- 
Rey eee o(2a? 
c : Ot’ ee 
since, by the equation (VI) 
0 LON: 
FA es aad 
For the sum of (24’) and (24’’) we may write 
e  d(shz) 
— ae ’ 
C dt 


whence it is immediately seen that its mean value is 0 for a full 
period. 


Physics. — Methods and apparatus used in the cryogenic laboratory. 
III. Baths of very uniform and constant temperature im the 
cryostat (continued). A cryostat of modified form for appa- 
ratus of small dimensions. IV. A permanent bath of liquid 
nitrogen at ordinary and at reduced pressure. V. Arrange- 
ment of a BurckHarpr-Weiss vacuum-pump for use in the 
circulations for low temperatures. Communication N°. 83 (con- 
tinued) from the Laboratory at Leiden. By Prof. H. KAMERLINGH 
Onnus. (Read February 28, 1903). 


Ill. § 6. A cryostat of modified form for apparatus of small 
dimensions. If the cross sections of the apparatus that is to be immersed 
into the bath are small, vacuum glasses may be profitably used in 
the construction of the cryostat. For, vacuum glasses of comparatively 
small diameter can then accommodate the stirrer and the temperature 
indicator in addition to the measuring apparatus. Plate IV shows a 
cryostat of the kind, viz. the one used in the determinations by 
HynpMan and myself on the critical state of oxygen. 

Obviously the arrangement could be much simpler, as it was not 
necessary to watch the liquefied gas streaming from the jet or to use 
the generated cold vapour for the cooling and as no particles of dust 
from the leads had to be feared, a filter was not required. (Comp. Comm, 
51, Sept. 99 § 2. VY, p. 12). The principles for obtaining a uniform con- 
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stant temperature, laid down in the previous communication have all 
been applied in this arrangement, a vigorous stirring with the ring 
shaped valved-stirrer, the adjustment at the desired temperature to the 
indication of a sensitive indicator by regulating the pressure at which 
the liquid boils while reading a differential oil-manometer made for 
the purpose, and lastly the determination of the temperature of obser- 
vation as corresponding with the mean obtained graphically of the 
readings of the thermometer (as in § 5). 

Plate V shows in detail the differences in the construction between 
this form and the former plates I and II (and also Plate I Comm. 51), 
the parts unaltered remaining are indicated by the same letters as 
before, and the modified parts by letters with accents, while entirely 
different parts have new letters. 

The height of the vacuumglass 6',, is so chosen that the liquefied 
gas cannot be blown out; and the glass itself has been silvered, 
leaving open two opposing windows V',. Through these the pheno- 
mena in the experimental tube may be watched, and from the position 
of an aluminium wire fastened to a cork float the depth of liquefied 
gas may be derived. If the insulating power of the vacuumglass is 
not perfect, condensation of moisture on its outer wall may be avoided 
by placing it into a beaker filled with alcohol, which if necessary 
is renewed when cooled. Thus the same principle is followed which 
was employed when necessary in the case of the cryostat (Comm. 51) 
when the windows had to be kept clear and where hot dry air was 
drawn through the outer spaces of the observing glasses (V,, see 
Pl. I of this Comm. and for the details pl. I Comm. 51). 

The vacuum glass and the auxiliary apparatus are supported by a 
copper cover N',,, with its rim tinned to protect it from the action 
of the india-rubber ring ’,, and which, like the cryostat of §1, has 
been coated with polished nickel-paper. To this cover are fastened the 
exit tube of the gas 7,, and the safety tube Y,,, the connection 
X', with the oil manometer (for details see plate I) and a copper 
tube .V',,, into which the india rubber stopper is placed holding the 
apparatus to be immersed in the bath (in our case the piezometer 
for the critical phenomena K,, and the correction thermometer §), 
with its leads $,, (comp. § 1) while the thermo-element @ may be 
considered as forming an inherent part of the cryostat). There is 
also a tube through which the capillary a, admitting the liquefied 
gas is led and where it is supported by a piece of cork a’,;. It is 
closed by means of an india-rubber tube a’,, drawn over the tube 
and a thin cap soldered on to a,. 

Between the cover and the rim of the vacuum glass a wooden 
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cylindrical jacket \', is placed resting against the latter by means 
of an india-rubber ring N’',. Two cylinders N',, VN’, of nickel-paper 
serve to diminish ‘radiation, especially in the direction of the delivery 
tube: ; 

As mentioned the frame which keeps the protecting cylinder in its 
place is fastened to the cover. For a complete explanation of the 
letters and parts of both this and the stirrer reference may be made 
to § 4. Further we may note that §, is fastened with silk cords 
to §', and this again with silk cords to the cover N’,,, while &', is 
supported by the glass tube §, fitting onto the pins §,. 

The three threads y, on which the stirrer hangs are led directly 
through the three india-rubber tubes y',,, connected hermetically to tubes 
soldered onto the cover and fitting hermetically onto the threads at 
X'sx, to the brass disc y',, and rod ',, which is connected by a 
small chain ',, passing over a pulley x',, to the motor by means 
of a steelwire. The arm of the motor may be adjusted to. different 
throws, while velocity of rotation can be regulated by means of a 
rheostat. 

The mounting of the apparatus is very simple. The stopper with 
the measuring apparatus is placed into the tube ’,, of the cover, 
to which all the auxiliary apparatus has been connected, then the 
vacuum glass is slid into the india-rubber ring which is also connected 
to the cover and is fastened there by means of tightening bands. In 
order to secure an airtight fit the india-rubber on the metal and on 
the glass has been coated beforehand with a solution of indiarubber 
in benzine. 

With a view to the description given in III the Operations for 
the adjustments at given temperature require amplification only ina 
few points. In the case considered here, the evaporated gas was led 
back through the exit tube to the gasholder or to the large exhausted 
reservoir of the ethylene circulation in the cryogenic laboratory 
(Comm. 14, Dec. ’94) whence the ethylene was further condensed 
into the condenser immersed in methyl chloride. As described in 
Comm. 14 the circulations of the cryogenic laboratory have been so 
arranged that they may be used at any time. Besides the reservoirs 
that have to be exhausted, a permanent part of the circulation consists 
in branched tubes with cocks as shown on plates I and IV. The 
cryostat had only to be connected to the circulation in order to be 
easily brought to the required pressure. In the case considered here the 
experiments were not made in the cryogenic laboratory but in. an 
other room and the length of the lead a’,, was 10 m. Although 
the liquid ethylene had to be conducted over such a distance, yet 
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the adjustment of the bath to the required temperature (say at — 120°) 
was obtained within one hour after the pumps in the cryogenic 
laboratory had been set working. 

Instead of a resistance thermometer, to regulate the temperature, 
we used the thermoelement 0, the protected junction being placed 
at the side of the piezometer (comp. comm. 27 June "96) ; it is visible 
through the window V', (in plate IV). The electro-motive power of 
the thermoelement is compared by means of the zero method with 
that of a thermoelectric control element or a Wuston-element. 

For the same difference of temperature the deflections on the scale 
of the sensitive galvanometer were almost as large as in the measure- 
ments made with the resistance thermometer (comp. § 5). An example 


of the determination of the temperature is not necessary in addition 
to Plate III. 


IV. A permanent bath of liquid nitrogen at ordinary or reduced 
pressure. In Comm. 14 (Dec. ’94) a short description was given of the 
temperature steps obtained by means of circulations of methylchloride, 
ethylene and oxygen. In connection with that description I mentioned 
my intention of adding more circulations to those already existing 
and said that I hoped to repiace more and more parts of the existing 
circulations by greater and to insert such technical apparatus as 
should be found advisable so that the existing apparatus could be 
used in the new circulations with pure or costly gases. An example 
of this is the circulation of nitrogen added to the existing temperature 
cascade, of which a description is now required by the completion 
of some of the measurements rendered possible by it. For measure- 
ments at temperature between — 195° C. and — 210° C. a nitrogen 
is much to be preferred to an oxygen-circulation as the tension at 
which the oxygen boils at — 195° is so small that accurate regulation 
at constant temperature becomes very difficult. As the preparation of 
pure nitrogen in such large quantities as a circulation requires 
presents many difficulties, the compressor and the vacuum pump 
must be suitable and efficient. These conditions are fulfilled by the 
mercury and the auxiliary compressors which are generally used for 
the compression of pure gas and which in the originally tempera- 
ture cascade served for the oxygen circulation. However when the 
BRoTHERHOODCompressor (comp. Comm. 14 Dec. ’94 and 51 Sept. ’99) 
could be used for the oxygen circulation in the cascade they could 
be used for the nitrogen circulation. 

The nitrogen is prepared from sodium nitrite. Besides being passed 
through ferrous sulphate and sulphuric acid it is led over hot cop- 
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per and then again through ferrous sulphate and sodium hydroxide, 
because otherwise traces of nitric oxide might be left and this blocks 
the cocks (this gas is recognised at once by a strong smell of higher 
oxides of nitrogen when it mixes with the air). In order to remove 
traces of this oxide, I have sometimes added to the gas a quantity of 
oxygen as nearly as possible equivalent to the NO contained therein 
and have then passed it through sodium hydroxide. The gas is col- 
lected and provisionally kept in galvanised iron vessels holding 1 M?’. 
From these it is driven out later by water heated by a steam jet 
and after passing through sodium hydroxide and sulphuric acid it is 
forced into a small gasholder floating on oil and holding 500 L. 
By means of the auxiliary compressor AC lubricated with glycerine 
(see Pl. VI and for details Comm. 54 Sept. ’99) and the mercury 
compressor HyC (see Pl. VI and for details Comm. 54) the gas is 
forced over into a metal cylinder of 18 liters capacity after passing 
through the drying tubes D,, D, filled with caustic soda in the form 
of sticks. 

Plate VI shows the scheme of the entire circulation with the 
cryostat Cr, into which the liquid nitrogen is admitted at a and where 
it evaporates under ordinary or reduced pressure at the desired tem- 
perature. The whole arrangement has been used in the comparison 
of the platinum resistance thermometer with the hydrogen thermo- 
meter, which has been mentioned in III. The apparatus themselves 
are drawn diagrammatically but in their true proportions, while the con- 
nections are entirely schematic. A detailed representation of the cryostat 
with the auxiliary apparatus appertaining to it for uniform and constant 
temperatures will be found on plate I where the same letters have 
been used. On the other hand plate VI may be considered as a sup- 
plement to plate I. Nothing is wanting for a complete representation 
of the circulation except the gasholder and the vacuum vessel of 
5 M*. (comp. § 5 for its use) which are too large to be repre- 
sented on the same drawing as the parts given. There is an 
insignificant difference in the coupling of the leads between plate I 
and plate VI, for on plate VI Hvh. 1' indicates the connection of the 
compression side of a BurckHarpDT—WEIss vacuumpump Bu Vac., 
described below into which the exhaust Hvh. 2 terminates, to an 
exhaustpump (which may also be AC of the circulation). Moreover 
next to the lead from Y, to Y,, we have drawn what must be sub- 
stituted for it in comparison with the arrangement on plate IV. 

RN is the cylinder where the nitrogen has been compressed by 
means of AC and HgC through the drying tubes D, and D,, while 
Gaz indicates the 500 liter gas holder floating on oil. The nitrogen may 
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be admitted at the required pressure into the condensation spiral C'S 
from the cylinder RN through a final drying tube D, containing phos- 
phoric anhydride, as well as directly from the compressor. The spiral is 
placed in a vacuumglass B with a protecting cylinder A. Liquid oxygen 
is admitted into B through Ox.liq from the oxygen circulation of the 
cryogenic laboratory, viz. from the condensation spiral which is cooled 
in the ethythene boiling flask (Comm. 14, Dec. ’94). The oxygen escapes 
through Ox.vap, a wide safety tube S being connected in the ordinary 
way, and is compressed into the spiral by a BrotHERHOoD-compressor 
which is lubricated with glycerine and arranged as described in 
Comm. 51. It may be remarked that, with a view to the possibility 
of an explosion of a glycerine mist mixed with oxygen, the pressure 
in this operation is not raised above 80 atmospheres. (Comp. the 
explosion described in the Zeitsch. f. Kohlensdéure Industrie 1903). 

The nitrogen condenser itself has been drawn in detail on plate 
VII. In so far as the parts correspond — either with plate V for 
the cover, or with plate I of Comm. 51 for the regulation cock 
described there — the same letters have been used, but as some of 
the parts differ a little the letters have an additional accent. As in 
the case of the small cryostat plate V, the cover is coated internally 
with nickel-paper, while the upper turns of CS are protected again 
by a ring of paste board and nickel-paper. The condensation spiral 
consists in the condenser proper CS, and the regenerator CS,; here 
the same principle has been applied which has been followed in the 
cryogenic laboratory from the first (Comp. Comm. 14 Dec. ’94); the 
vapour of the oxygen is forced by the cylinder B", which is closed 
at the bottom with the stopper B",, to pass along the regenerator spiral. 
As in the ethylene boilingflask (see comm. 14 Dec. ’94) the level 
of the liquid oxygen in the glass tube W is indicated by a cork 
float dr, with a steel capillary dr, to which a thin reed d, is 
fastened; the steel capillary passes through a glass tube B’,,. 

Liquid nitrogen flows out through the fine regulatingcock hh, of 
the same kind as that through which the liquid gas is admitted into 
the cryostat. For the description of this cock compare Comm. 51 
and 54. 

It may be added that G'az’ shows the connection with the auxiliary 
apparatus described in Comm. 54 for operations where HyC is used, 
which connection make it possible for the gas to stream back to the 
gasholder Gaz. 


V. Arrangement of a BurckHarpt-Weiss vacuumpomp to be used 
with a circulation for low temperature. The well-known excellent 
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vacuumpump patented by BurckHarpTt and Weiss has been first used, 
I think by Oxszewski, for removing the large volumes of gas which 
rise from a bath of liquefied gas at a reduced pressure. We shall 
now speak of some modifications and auxiliary.apparatus by means 
of which the perfect purity of a gas is secured in a high vacuum. 
A pump arranged in this way may also be introduced into circula- 
tions of costly gases. In our laboratory it has been worked very 
satisfactorily for many years. A diagrammatic figure of the entire 
BurcKHARDT-pump has been given on plate VI Bu. Vac., the pump 
cylinder with its slide valve box, the beginning of the suction- and 
the delivery tubes with the auxiliary apparatus belonging to them 
are shown. on plate VIII, where fig. 1 gives the side elevation, fig. 2 
the top elevation and fig. 3 the section. The well-known working 
of the piston and the valve, the successive communication of the 
valve ports 5 and 5’, each individually by means of the slide hole 
2 with the suction valve port 1 or with the delivery valve port 4 
and together by means of the ringshaped opening 3 may be seen 
without further comment from the section. The pump displaces 
360 M*® an hour, hence, when exhausting at a pressure of 2 c.m., 
about 10 M*® gas, measured normally can circulate. At Leiden it is 
used almost exclusively with an additional vacuumpump exhausting 
at the compression side. It exhausts then till 2 m.M. 

As a lubricant and for the airtight fittings to be described in the 
following pages, only bone-oil is used which after having been tested 
at the exhaustpump has proved to have no perceptible vapour pressure. 

For the technical work ordinary ring packings are quite sufficient, 
I have, however, replaced them by folded packings as described in 
Comm. 54 Jan. ’00 for the compressor and the auxiliary compressor. 
The leather ring of the packing is supported there as in Plate IV 
b,, by the india rubber ring 6,, (for an exhausting packing comp. 
i, Pl. VII fig. 3 Comm. 54). The packing cylinders have been made 
long enough to contain two folded packings (one for exhausting and 
one for compression) and a bronze tightening piece, but as a rule 
they only hold the packing for exhaust. 

New additions are the vessels O, and QO, see also plate II filled 
with oil (or with glycerine for those gases which cannot be used 
with oil); they serve to protect the packing cases of the cylinder 
and the slide valve box entirely from the atmosphere and also to cool 
the piston rod. The covers O,, and Q,, protect the lubricant against 
dust or moisture. 

For the oil holders S,S, we have chosen the construction explained 
in detail in fig 7. S,, is an ordinary oilpot for visible cylinder lubri- 


cation in vacuo. The cover S,,, has been tightly screwed on the 
hollow rod §,,,, and presses the glass S,,, hermetically on to the 
packings. By means of the winged nut S,,, the point is adjusted 
so that the oil drops regularly through the openings S,,,, into the 
space S,,, which communicates with S,,, through S,,, and which 
may be watched through the glass windows in S,,,. For our purpose 
the oil holder S,, is placed on a stout tube S,, onto which by 
means of india rubber rings and tightening bands the glass eylinder 
S,, is fixed on a copper bottom, soldered to S,,. The glass cylinder 
is filled with oil and covered with a lid S,,. By means of S,,, new 
oil can be admitted from the reserve vessel into the lubrication 
vessel. In this way the air is sufficiently prevented from entering 
the lubrication apparatus. 

Lastly, between the exhaust tube z and the compression tube p 
a safety valve has been placed, which prevents the pressure on the 
compression side from rising above a certain height (usually */, atmos- 
phere). Hence it is possible to let the pump work on and to open 
and shut the cocks as the work requires. The noise of the safety 
valve gives warning that the cocks have not been properly used. 
In any case no difficulty is to be feared if the possible output of the 
pump might diminish in any way in relation to the intake. Fig. 4 
shows a diagram of this connection, some of the parts being drawn 
to proportion ; fig. 6 shows a section of the safety valve case itself; 

The side tube p, is connected by a joint AK with the tube 2, 
which opens into the space below the safety valve. The space above 
the safety valve communicates with the exhaust tube through the side 
tube z,. The broad valve v, is coated at the bottom with an india 
rubber sheet which presses against the narrow rim v,. The spring 
v, is stretched with the key v, while the plate v, with the nut v,, 
and packing is tightly screwed on to the rim 2v,,. The packing 
cylinder v,,, like the packing just mentioned is kept under oil; a 
cover v,, above it protects it from dust. 

The connection A between the tubes p, arid v, could not be brought 
about with flanges or with screw joints without causing tension in 
the tubes. Therefore it was made in the following manner as shown 
by fig. 5. A widened piece 4, is soldered on p,, v, fitting into 
this piece. The india rubber connection £, is kept in oil; for this 
purpose a rim &, was used which was soldered on to p, and a 
rim &, which was soldered on to z,. Over these rims a wide piece 
of tubing /, is drawn which is fastened to 4, and &, by means of 
india rubber rings &, 4, and tightening bands, and forms together 
with these an oilreservoir. 
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Besides being connected through the safety valve case and the 
above mentioned connection, the compression tube and the exhaust 
tube are also connected (comp. again the diagrammatic fig. 4, as an 
explanation of figs. 1, 2, 3) by the cocks 7,,7,,7,,7, and may be 
connected with an airpump J/, an indicator 7 and a vacuummano- 
meter m. The use made of this auxiliary apparatus in regular working 
or in preparing, mounting, testing, drying and exhausting the pump, 
requires no further explanation. As a matter of course, the pump 
is not introduced into a circulation unless it has worked for a long 
time with the exhaust- and compression sides closed and no change 
has been found in the vacuum. 

I further remark that the principle of an oilconnection as illustrated 
by fig. 5 may be profitably applied when wide tubes have to be 
connected, which have neither flanges nor nuts and joints or in cases 
where it is not advisable to make these contrivances. The method then 
to be followed is illustrated by fig. 8 where K’,, K’, and K’, are 
loose pieces slid on the tubes 6, and 6,. which we want to connect 
A good fit is obtained by means of the india rubber rings X’,,, 
K’,;, K’,, K’,, K’,, under brass tightening ‘bands: K’,, and A”, 
serve to admit and to run out the oil. In this way one always suc- 
ceeds in making within a short time an airtight fit. For the connec- 
tion of the pump tubes to the conduit at /, and 7, (comp fig, 1) 
this method has been used in a manner which will be clear from 
the figure. 


Physics. — Communication n°. 84 from the Physical Laboratory at 
Leiden “Lsotherms of diatomic gases and their binary mixtures. 
V. An accurate volumenometer and mixing apparatus.” (By 
H. Kameruincu Onnes and H. H. F. Hynpman). 


§ 19. A compression tube of larger dimensions. In § 6 of Comm. 
n’. 69 March ’01 we have explained that the apparatus described in 
§§ 3 and 4 hardly gave the accuracy required in the determinations of 
density, if the total quantity of compressed gas was smaller than 
5 cc. Since, however, at most 600 cc. of gas under normal condi- 
tions is available in this apparatus it is not suitable for densities 
of more than 120 times the normal. 

On Pl. I a compression tube is shown which has about three 
liters capacity and hence which is suitable for measurements up to 
densities of some 500 times the normal and with at least the same 
accuracy as the above. The drawing is, as usual, schematic in 
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the connections but the individual parts are drawn to scale, it can 
be compared with Pl. I of Comm. n°. 69. For those parts which 
correspond the same letters are retained, where an alteration has 
been made the letters are accented, while new parts are characte- 
rised by new letters. A detailed description is hence unnecessary, 
but it may be noted that the screw head a, is changed, that a 
closed nut screwed on at c,,, has been added by which the pressure 
can be suddenly released if necessary, and that a cock c,, has been 
introduced, to enable the level glass to be shut off if required. 

The compression tube A’, is designed for use in the first place 
with piezometers of the kind described in § 2 but of larger dimen- 
sions. The use of this tube A’, is then the same as the original 
A, (comp. §§ 3 and 4) and it may be introduced directly in place of 
this into the system shown on Pl. I of Comm. n°. 69. 

In the second place this compression tube serves to hold glass 
tubes with a stem 6,—4#, (cf. Pl. Il fig. 2 Comm. n°. 69) onto which. 
other apparatus can be screwed in place of the simple nut and 
capillary shown there. In Pl. I fig. 2 is shown a three way cock 
with two steel capillaries g,’ and g,’’ which is employed as follows. 

One of the capillaries g,’ is connected directly with the small 
measuring piezometer of the type of / fig. 2 Pl. I] Comm. N°. 69 
the other g,’’ with a volumenometer, so that when 4,,, is shut and 
k,;, and k,,, are open a known quantity of gas can be brought 
into the compression cylinder from the volumenometer. On the other 
hand when &,,, is open and &,,, shut this gas can be compressed 
into the piezometer where the temperature and pressure are measured 
as before. The large glass tube with stem and the piezometerreservoir, 
form in this way a piezometer of variable volume (constant quantity) 
and the difference with the former method consists in the measure- 
ment of the normal volume in a volumenometer instead of in the 
piezometer itself. The volume of the large glass tube in this 
method is not required to any high accuracy and the small w tube 
at the bottom may be omitted (g, Comm. n°’. 50 Pl. I fig. 4 June ’99 
and 6, Comm. n°. 69 Pl. I March ’01). The accuracy is now 
really that obtainable with the volumenometer (cf. § 20) in so far 
as the determination of the normal volume is concerned. The spaces 
Keovr Kiso> Kiso Of the small three way steel cock must be also 
accurately calibrated. Care is taken also that the pins really shut 
properly into the sockets which makes the whole absolutely trust- 
worthy up to at 100 At. 

Although we wish to confine ourselves to the method of variable 
volume (constant mass) a second measurement with the volumeno- 
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meter is required, in the same manner as would be necessary if we 
employed the method of constant volume. For, we have already 
mentioned in § 4. that this compression apparatus is suitable for this 
method. The measurement is made by shutting /,,, under known 
pressure and allowing the compressed gas to expand through the 
capillaries g,’’ and y,’ into the volumenometer and reading as before. 
This second volumetric measurement, with its necessary corrections, 
gives the determination of the normal volume after the measurements 
at high pressure and compares with the second normal volume 
determination of the original method. 


§ 20. An accurate volumenometer. The volumenometer mentioned 
above in § 19 was designed to give isothermal measurements of an 


L 
accuracy of SOnGeL to 60 Ats pressure. Hence the same accuracy 


000 
was desired as with the standard piezometers of Comm. n° 50 June ’99, 
while at the same time the determination of the deviations from 
Boyte’s law at ordinary pressures was kept in view. The most 
analogous apparatus is that employed by Lepuc; that of Wirkowskt, 
who has used a form more closely analogous with ours, does not 
appear to have been designed for high accuracy. 

The measuring vessel /, (Pl. II fig. 1 and more in detail fig. 2) 
where the gas is shut off by mercury entering through /, consists 
principally of 5 bulbs #;, such of 250 ec. and a smaller bulb &, 
of 25 cc. capacity. These are separated by short really cylindrical 
portions y,.... 4),, on each of which there is a mark, near to 
which the mercury meniscus is brought for the measurements. 

At the lower end of the measuring vessel is a contrivance after 
the scheme of Comm. n°. 27, for catching any dust or stray gas which 
may perchance come from the rubber tube at C7, Pl. II fig. 2. At the 
upper end the vessel terminates in a capillary tube £,,, which is 
divided almost immediately into two /,,, and £%,,. One of them is 
terminated near the apparatus by a cock r,. The other ends in a 
glass or steel capillary terminated also by a cock. On Pl. II fig. 2 
e. g. the volumenometer is connected to the mixing apparatus F’ by a 
capillary tube soldered on to it after it has been mounted in EH, by 
the cock r,. At &,, (Pl. II fig. 1) eg. r, the steel capillary g,’’ 
proceeding from the three way cock mentioned in § 19 may be 
connected. The small bulb Ay, is calibrated by mercury at the same 
time as the larger and serves to determine the small volumes above E;,,. 

To keep the temperature of the gas constant and uniform the 
measuring vessel is firmly fixed to the bottom of the copper case E,,, 
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through which water at constant temperature flows from the thermo- 
stat described in Comm. n’. 70 III May 01 (see Z,, on Pl. IL. fig. 1). 
Uniformity of temperature is also assisted by the movement of the 
stirrer on to which the thermometer 7% is fixed. 

The ring £,, together with the bottom plate is soldered to the case 
,, and is large enough for the measuring vessel to be put through 
it. The closing plate H, is made fast to the measuring vessel and is 
so arranged, that it can easily be made watertight and that it can 
bear the weight of the whole mass of mercury when the tube is 
full without any danger to the glass as long at least as it is not 
displaced from its vertical position. The closing plate with flange and 
packing is pressed against the ring Z,, at the bottom of Ay by 
the screw 4,,. The different parts will be seen by an inspection 
of Pi. II fig. 1. 2, the ring and packing, made large enough to 
be brought over the measuring vessel, /,, and /,., round copper 
plates provided with a thread and cut out at i, and L,, enough 
to pass over the tube /;,, so that they can be put on from the side 
and made fast together by the screws /,,; together they form the 
closing plate which is screwed into L.,; Hy, and Ly, the halves from 
a round vulcanite plate which rest on the ring /, with bottom L., 
and support the enlargement /,,,. Hy, and Hy, the two halves of a 
rubber plate which are united by rubber solution and pressed into 
the ring £., to make the whole watertight. 

When the closing plate has been made fast perpendicularly to 
the measuring glass and has been screwed against the lower rim of 
Ea, the two parts of the conical top £, are brought together into 
place and the measuring glass centered and held fast by the cork Ly. 
The whole waterbath is then brought into as vertical a position 
as possible. 

There are windows in the case #, which enable the tube to be 
lighted and read. These are formed by thin pieces of plate glass held 
between stout brass frames /,, and Hy, one of which is soldered 
to the wall of #, . The screws L), enable the plate to be equally pressed 
against the rubber packing /,, and the glass. It is quite necessary to 
have the case completely tight, which was here obtained, to prevent 
the felt in which Z, is packed from becoming wet, and hence from 
an irregular loss of temperature. 

In spite of the verticality of the entire case the glasses require to 
be tested with a contact spirit level, in order that the necessary 
correction to the cathetometer reading may be made. 

To determine the volume of an enclosed quantity of gas the position 
of the meniscus is not read with reference to the marks on the glass 
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tubes, but on finer lines etched on to small glass plates /,,—4#,,, 
provided with connections H,, and screws £,, to fix them to the 
cylindricals portions of the measuring vessel. By a proper arrange- 
ment of these the meniscus and the lines can be sharply seen over 
the whole length of the case. 

The measuring vessel is calibrated by temporarily blowing on, at 
the lower end, a small glass cock with a fine point (cf. Comm. N°. 70. 
IV. May ’OL). The mercury is introduced through this in the care- 
fully exhausted apparatus and the menisci are then read in the 
manner described above for the measurements and with the same 
precautions as to lighting and temperature. The mercury drawn off 
at the cock is weighed. As before the readings are made on the glass 
plates but in order that the calibration shall not be lost if these have 
to be removed, they are also compared with the lines on the cylin- 
drical tubes. This would be necessary if the tube had to be removed 
cleaned and dried after the method of Comm. N°. 27, but usually 
it is sufficient to suck up the various liquids and to dry by repeated 
evacuation admission of dry air through 7, and r, of Pl, IL fig. 2. 

The measuring vessel can be completely shut off from the mer- 
cury reservoir, see Pl. II fig. 2 or the manometer by the clamp C7,. 
All these connections are carefully cleaned good thickwalled black 
rubber tubes, which are strengthened by wrapping them spirally in 
strong tape. The mercury meniscus (ef Comm. N°. 67 Dec. ’00 for 
what is here implied) remains quite clean after a series of measure- 
ments, if only dry gas is admitted to the volumenometer (this is 
only true when the gas has no action on the fat of the cocks and 
joints). The small changes in the position of the meniscus to bring 
it to the required position are made by manipulating the clamp Cl, 
and the resevoir. During the measurements this clamp is always closed. 

The pressure of the gas in the volumenometer is given by the 
height of the mercury in the manometer tube when C7, is quite 
open. This is itself connected to a barometer and a resevoir at con- 
stant temperature by airtight connections in the manner of Comm. 
N°. 60 June ’00 and the same precautions are taken to ensure 
accuracy in the temperature determinations of these two mercury 
columns. The volumenometer meniscus and etched lines, manometer, 
barometer and standardscale (cf Comm. N°. 60) are so placed that 
they can be read without altering the telescopes of the cathetometer. 

The menisci of the barometer and manometer are read as described 
before, that of the volumenometer by the help of a brass plate with 
a 2 mm. slit in it, which is brought with a glow lamp to the same 
level as a meniscus and gives good definition. 
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In order that the required accuracy may be obtained it is neces- 
sary that the pressure shall not fall below 0,5 Atm. 

To determine the theoretical normal volume measurements are 
made at two or if possible at three positions with the same quan- 
tity of gas. Whenever the third virial coefficient C (ef Comm. N°. 71 
June ’01 and N°. 74)’) does not come into account at the pressures 
considered and to the accuracy required, the same value of the coef- 
ficient £ must be found by a combination of any two of the three 
measurements. This gives directly the deviations from the law of 
Boye and hence the theoretical normal volume. 


§ 21. The mixing apparatus. On Pl. I fig. 2 thé volumenometer 
described in § 20 is shown connected with other apparatus for the 
preparation of accurate mixtures of gases and for the investigation of 
their compressibility. 

The drawings do not require much explanation. The mixing vessel 
F and the reservoir G have about 2 liters capacity. G is provided 
with a three way cock and is particularly useful when a number of 
mixtures are required with a small proportion of one component 
which can be contained therein. 

The connecting tubes between 7,, 7,, 7, and from /£ to r, are nar- 
row so that the uncertainty of their temperature may have no influence 
on the accuracy of the measurements, the other tubes are large enough 
to allow free connection between the various parts and the pump 
and to help rapid exhaustion. 

When a mixture of given composition is required, and the mercury 
stands above the closed clamps C7/,, Cl,, Cl,, Cl,, the whole apparatus 
is pumped out through 7, and is filled through r,, while 7, is shut, 
from say the gas apparatus connected to r,, after being washed out 
with this gas. 

Then r, is shut and 7, so turned that the gas is shut up in @ 
while F’ is brought into connection with the pump through r,. The 
cocks 7,, 7, and 7, are then opened and # and F and the connec- 
tions pumped out again. By raising Ay and opening C/, widely and 
Cl, (to prevent air entering from J/) only partially the mercury 
is caused to enter LH and to fill first 4,, without enclosing any 
eas, then 2, up to the required position, when C7, is shut. The 
space between 7,, 7,, 73 11 is repeatedly washed out by a small 
quantity of gas from G through the cock 1, from here also gas 1s 


1) Livre jubilaire dédié & J. Bosscua; Archives Néerlandaises, Ser. II. T. VI. 
p. 874—888. 1901. 
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brought into # and the whole pumped to a good vacuum. The 
required quantity of gas can then be brought into # through 7, and 
r,. The volume temperature and pressure of the gas in ZZ, shut off 
by r, and r, are then accurately measured and when 7, is opened 
nearly the whole of this can be brought over into F. The remaining 
portion in /,, and /,, is then measured by expanding to F;,, or 
i,, and Cl, is again closed so that H can be again evacuated. The 
second gas is then brought directly into the volumenometer from 
r, and the volume measured in the same manner. 

When this is finished 7, is again opened and the second compo- 
nent in # mixed with the first in # where it stands for some 
time. The admixture of the total quantity is completed by 
drawing the combined gases several times backwards and forwards 
between the two vessels. The mixture is then preserved in /'and as 
much as may be necessary is driven into /, or through 7, into 
other apparatus for measurements on the compressibility. 


(April 24, 1903). 
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C. A. Losey pr Bruyn and C. L. Juneius: “Dissociation in and crystallisation from a solid 
solution”, p. 643. 

E. H. Biicuyer: “The transformation of diphenyliodonium iodide and chloride and its velocity”. 
(Communicated by Prof. C. A. Lopry pr Bruyn), p. 646. 

J. J, Buanxsma: “Nitration of symmetrical dinitroanisol”. (Communicated by Prof. C. A. 
Logpry DE Bruyn), p, 650. 

J. H. Bornema: “Two new mid-cambrian erratie-blocks from the Dutch diluvium”. (Com- 
municated by Prof. J. W. Motz), p. 652. 

J. C. Kruyver: “An analytical expression for the greatest common divisor of two integers”, 
p. 658. 

W. H. Juivs: “On maxima and minima of intensity sometimes observed within the shading 
of strongly widened spectral lines”, p. 662. 

H. A. Lorentz: “On the emission and absorption by metals of rays of heat of great waye- 
lengths”. p. 666. 

G. van Irerson Jr: “The decomposition of cellulose by aérobic micro-organisms”. (Com- 
municated by Prof. M. W. Briserinck), p. 685, (with one plate). 


The following papers were read: 


Chemistry. — “Dissociation in and crystallisation from a solid 
solution”. By Prof. C. A. Lopry pg Bruyn and Mr. C. L. Junetus. 


(Communicated in the meeting of March 28, 1903). 


It is no longer necessary to be reminded of the analogy between 
liquid and solid solutions but it is still a matter of importance to 
trace and investigate new instances of the similarity of the two 
solutions. For this reason attention may be called to the following 
phenomena and observations. 

The new phenomena relate to the interesting intramolecular rear- 
rangement discovered by Ciamician and SinBer') in which solid or 


1) Ber, 34. 2040 (1901). 
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dissolved o-nitrobenzaldehyde is converted, under the influence of the 
blue rays of sunlight’) into o-nitrosobenzoic acid: 


/\NO; / \NO 

< Lb \ voi 
and where consequently an oxygen atom of the nitrogroup migrates 
to the neighbouring aldehyde group and oxidises the same to carboxyl. 
Ciamician and Sinper have investigated this reaction more closely, 
principally with solutions in different liquids; as regards the trans- 
formation taking place in the solid condition, in which we happen 
to be particularly interested, they merely say: dass die Krystalle 
nach und nach ihre lichtgelbe Farbe verlieren, undurcbsichtig, griin- 
lich und schlesslich weiss werden’. 

The said changes in colour, the occurrence of the green coloration 
and the subsequent turning white render the phenomenon precisely signi- 
ficant for the knowledge of the properties of solid solutions. This 
will become evident when we think of the general and very interesting 
property of the organic nitrosoderivatives to suffer polymerisation and 
become colourless when in a solid condition; in solution, however, 
they are unimolecular and coloured (generally blue or green). This 
behaviour is quite comparable to that of nitric peroxide. Ina certain 
number of cases the depolymerisation has been traced by cryoscopic 
means, as it often takes place very slowly: the lowering of the 
freezing point then gradually becomes greater while the colour becomes 
more and more intense. In this way it has been ascertained that in 
the colourless solid nitroso-compound two molecules have become 
united showing that an intense colour must be attributed to the single 
molecules. The same happens with NO, (the nitroso-compound of 
oxygen) which has an intense colour, whilst its polymerisation product 
N,O, is colourless. 

After these remarks it is not difficult to see in what manner the 
transformation of solid o-nitrobenzaldehyde into solid o-nitrosobenzoie 
acid must be conceived. The displacement commences as soon as 
the crystal is exposed to sunlight; after about 15 minutes a faint 
green tinge is perceptible which gradually deepens ; the nitrosobenzoic 
acid, which is formed from and in the solvent, first remains in solid 
solution and, to judge from the green colour, in the unimolecular 
condition. On continuing the exposure to sunlight the colour becomes 
more intense, until finally the saturation point is reached; the outer 


1) We have ascertained that an elevation of temperature does not cause the 
displacement. 
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layers of the crystal then become dull and a lighter green, the 
nitrosobenzoic acid, which crystallises out, is now however white 
and consequently bimoleculair *); finally the surface of the erystal 
becomes quite white and opaque. The process then apparently comes 
to a standstill because the sunlight cannot any longer penetrate the 
interior of the crystal or only in an insufficient degree. In this case 
the interior of a sufficiently big crystal still contains a green trans- 
parent nucleus. 

The titration of five different specimens has given the following 
result : 


After 2'/, day about 3 °/, of nitrosobenzoie acid, 


" 6, on y oO 7 i 
y» 10 i Wods oy 7] 
y 1d 7 Hegde Oey i 
y 384 " y 2k 7 


The surfaces of the last crystals had turned quite white. 

Conclusions as to the velocity of transformation cannot of course 
be drawn from these figures, as on the one hand the source of light 
varied too much in intensity, whilst on the other hand the crystals 
were of a different thickness. 

It was considered of importance to try and determine the maximum 
solubility of o-nitrosobenzoic acid in o-nitrobenzaldehyde. From the 
surface of those green crystals, which commenced to deposit the 
white acid, the latter was therefore as far as possible removed by 
mechanical means. By titration 2.6°/, of nitrosobenzoic acid was 
then found; if now we may assume that the concentration of the 
acid inside the crystal is not smaller than that at the surface the 
saturated solid solution contains about 2.6 mols. of acid per 100 mols. 

Another conclusion may still be drawn from the above, namely 
that o-nitrosobenzaldehyde is capable of forming mixed crystals with 
2.6 mols. of o-nitrosobenzoic acid; whether these two substances 
are isomorphous is not known as the system of crystallisation of 
nitrosobenzoic acid has not been determined. Very probably they 
are not isomorphous as otherwise the power to form mixed crystals 
would occur over a larger interval or even for all proportions. 


1) It has not been possible to ascertain, by the ordinary means at disposal, not 
even by the highest possible enlargement, that the o-nitrosobenzoic acid formed 
is crystallme. This cannot be a matter of surprise if we consider that the separa- 
tion of the acid proceeds very rapidly and that the diffusion in solid solution is 
particularly slow. Still we may speak here of crystallisation as the separated 
substance, in contrast to amorphous compounds, exhibits definite physical constants 
(fixed melting point, solubility etc.). 


44% 
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By determining the meltingpoint line of the system of the two 
substances (the aldehyde melts at 45°, the acid is decomposed at 
about 200°) the point up to which they are still capable of forming 
mixed crystals may perhaps be determined more accurately. It 1s 
not improbable that in the intramolecular rearrangements of other 
solid substances solid solutions may also be formed; if possible this 
will be further investigated. 


Chemistry. — “Zhe transformation. of diphenyliodoniun wodide and 
chloride and its velocity”. By Mr. E. H. Bicuner. (Communicated 
by Prof. C. A. Losry pr Bruyn). 


(Communicated in the meeting of March 28 1903). 


It is about 10 years ago that Vicror Mbyrr and HarTMann *) 
announced the important discovery of a new class of iodine deriva- 
tives, the iodonium bases, substances with a trivalent iodine atom, 
having about the same basic power as the ordinary alkalis and capable 
of forming salts. The simplest representative of this interesting 
class of substances is diphenylodonium-hydroxide: (C,H,), JOH; 
the salts, such as the chloride or the nitrate, when dissolved in water, 
appeared to possess a conductive power corresponding with that of 
the alkali salts ’). 

The behaviour of the halogen salts of the base, when heated, is 
peculiar; Vicror Munyrr and Hartmann noticed that on fusing these 
salts at 175° a decomposition sets in, which spontaneously leads to 
a complete conversion into halogen-benzene (C,H,), = J—J = 2C,H,J 
with strong evolution of heat. 

This transformation now deserved a closer study. It may be con- 
sidered as a depolymerisation but is distinguished however from 
many other similar reactions, not only by the great difference in 
character between the decomposing substance and the products of 
decomposition but also by the fact that the transformation is not 
reversible. At all events, up to the present no process is known 
which leads straight from iodobenzene to diphenyliodoniumiodide. 
In this latter respect the above mentioned reaction is distinguished 
from the transformation with which it has been compared namely 
that which tetramethylammonium iodide suffers on heating; the latter 
substance is readily prepared from its products of decomposition at 
the ardinary temperature. 


1) Ber. 27. 502, 1594. (1894). 
*) Sutuvan Z. ph. Ch, 28, 523. The salts are, therefore, not dissociated hydrolytically. 
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It was to be expected that the decomposition of the diphenyliodonium- 
salt would take place at temperatures considerably below the melting- 
point, and this is actually the case. 


1. Beforehand, however, it was deemed desirable to study the 
behaviour of the iodide towards light as in the study of the velocity 
of transformation account had to be taken of a possibly existing 
sensitiveness to light ’). 

I have found that in the case of the iodide the transformation 
is caused by exposure to light *); whilst it remains quite intact when 
kept in the dark for 2'/, months. It was to be expected that the 
source of the light would affect the transformation. The following 
results were obtained : 


Electric Are-Light: after 1 hour titre: 26.6°/, J, converted about 14.5°/, 


" Wy " 1 he " I 24.9 " Th " 20 I 
Sunlight : y 74 i wn . 80:0.» i" Y 32 Gy 
Ti Ti 30 i Ui 1 3 C 0 " " I 60 " 
Auer Light: n 170 Pea Oe. Fy i i 6.4 1 
Diffuse Daylight: a. , 10 weeks: ye aS eer It i POO 47 
" b aan (J u 2 0. 3 Wi u u 3 5 " 


The decomposition of the iodide is therefore most rapidly effected 
by the are-light. 


2. If now the solid iodide was exposed to temperatures consider- 
ably below its mellingpoint a more or less slow conversion seemed 
to take place. Whereas 1°/,; at most was decomposed at 90° after 
3 hours, about 36°/, had disappeared at 100° after 13 hours, whilst 
after heating at 123° for 3'/, hours only 5°/, was left undecomposed. 
This shows that the decomposition of the solid substance already 
takes place even at temperatures considerably below the meltingpoint. 
This also applies to the solid chloride which however is more 
stable than the iodide. 

Several series of experiments were now made with the solid iodide 


1) The quantitative estimation of iodonium haloid and halogen-benzene in the 
presence of each other is simply done by titration with AgNO; the first when 
introduced into water yields one of the halogen atoms as ion whilst iodo- or 
chlorobenzene does not react with AgNOs. 

For diphenyliodonium-iodide was found: according to Garis 62.1 and 62.19/, J, 
calculated 62.2°/,; by titration 31.0 and 31.1%) J. The chloride gave on tilration 
11.15° 9 Cl, calculated 11.2°/. 

2) VY. Meyer states that it turns yellow on exposure to light. 
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at temperatures of 105—110°; the results obtained will be commu- 
nicated on a future occasion. 


3. It was obvious that I should try to make a closer study of 
the velocity of transformation of the iodide in solution. Its great 
insolubility, however, rendered the operation impossible; of the many 
solvents which were tried, pyridine proved to be the best; the 
solubility of the iodide was however still too small, namely only 
aboutsda 21. 

The more soluble diphenyliodonium-chloride was better suited for 
the purpose; the solubility in water, although not large, proved suffi- 
cient at the temperature at which the operation took place (98—99°). 

The results obtained in fifteen velocity determinations were at 
first very unsatisfactory and pointed to the existence of many inter- 
fering influences. The coefficients obtained on applying the formulae 
for unimolecular and bimolecular reactions were anything but constant 
and often pointed to a very irregular course. In one experiment 
coefficients were obtained which were many times greater than those 
got in another apparently quite analogous ease. Sometimes the coeffi- 
cients diminished equally, sometimes the reaction after proceeding 
for a while, suddenly ceased. After many similar negative results. it 
at last appeared that the conversion of diphenyliodonium-chloride into 
chloro- and iodobenzene is influenced to an extraordinary degree by 
the presence of very small quantities of impurities. Very small 
quantities of acid retard the reaction to a remarkable extent or bring 
if to a standstill: the presence of traces of iodine canses a regular 
fall in the reaction coefficient; a little of the free base (diphenyl- 
iodonium-hydroxide) accelerates, on the other hand, the dlecomposi- 
tion in a strong degree. The halogenbenzenes formed during the 
reaction appeared however to be inert. 

On now using a very pure preparation free from acidity and of 
a pure while colour and applying the formula for reactions of the 
second order, coefficients were obtained which could be considered 
as constants. (see table p. 649). 

On adding 6 ce. of "/,, HCl, the coefficient (which, moreover, was 
not constant) fell to about half the value obtained in experiment I 
while the presence of 8 ce. of "/,, (C,H,), JOH increased the coefficient 
about 4 or 5 times’), 


1) The following experiment also may show how sensitive the transformation is 
to very trifling quantities of foreign substances. To a solution of the chloride 
(Co = Yao.2, T= 99.0), which after 31/; hours had fallen from 30.67 AgNO, to 
23.71, was added 39.3 milligr. of a well crystallised chloride which was coloured 


; 


IL T=99°.4 G=1,..)) 


2.909 gr. in 250 cm’, ee ER er 


hent |eem. AgNo,| Kj | K, t AgNo, | K, K, 
RCTS UT ae aa PSE Si Ch ha Cot 
0 22.96 0 piel 
48 | 12.95 | 0.0152 | 1.39 1%, | 33.92 | 0.0073 | 4.14 
20 44.87 443 | 1,97 Al. o7.85 | 995 | 4.99 
22 14.19 143 | 4.31 9 92.72 | 936 | 41.19 
% | 410.87 135 | 4.96 9/, 22.95 -— 999 | 1.16 
2 | 10.50 436 | 4.99 oe 
8 | 9.94 130 | 1.97 
30) 9.42 1429 | 4.30 
jE a a _ W. T=914 =, 7 
trace of iodine added. a: Pe 
t AgNO, K, t | AgNO, 
0 97.75 0 97.50 
4p h 25.37 1.43 2h. 27.50 
3!/, 23..00 1.23 4 27.12 
5, 99.00 | 4.40 29 26.64 
411/, sNteleeai 4.00 neutral. with NaOl 
231, 15.77 0 88 26 21.32 
——_ 98 17.87 
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Tf, by means of the vay ’r Horr formula’), we calculate the 
order of the reaction from the communicated experiments and also from 
a few which are not yet communicated, we find n = 2.1,1.9 and 2.1. 
Krom this, and also from the fact that in experiment I the K,’s are 
constants, it follows that the transformation 


somewhat yellow, but gave on analysis the theoretical number for chlorine. By 
this addition the titre naturally increased and came to 26.10; 21/, hours later the 
solution did not appear to have changed (found 26.08). The somewhat coloured 
chloride was found to have a faint actl reaction and to give blue colour with 
starch solution a‘ter some time. 

1) K, is calculated according to the formula for reactions of the first, Ky according 
to that for reactions of the second order, 

2) Vorlesungen, |. 193. 
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(C,H), J Gi=C, BH Cl_- Cans 
is a bimolecular one. 

Since the chloride is comparable with a salt such as KCl, it may 
be concluded that the transformation does not occur in the non- 
dissociated molecules but between the ions. This idea would agree 
with that propounded by Wanker and Hamsxy’) for the transformation 
of ammonium isocyanate in aqueous or alcoholic solution into urea, 
a reaction which also appeared to be a bimolecular one. WALKER 
and Hamp.y were enabled to support their view by showing that 
either ammonium- or isocyanic acid ions cause a retarding influence 
on the reaction investigated by them as both diminish the dissociation 
of ammonium isocyanate. In our case a similar behaviour of chlorine 
and iodonium atoms does not present itself. Hydrochloric acid has 
certainly a retarding influence but this is too large to be explained 
by a diminution of the ionisation. Then again, iodonium’ hydroxide 
has a strong accelerating power. We must, therefore, think here of 
a special catalyzing influence of hydrogen- and hydroxyl ions: 
apparently the first acts here as a retarding catalyzer, an influence 
of which up to the present but few instances are known. Then, if 
the acid is neutralised (compare expint. IV), the transformation proceeds 
in a regular manner whilst the chlorine ion is still present in about 
the same concentration. 

The most probable view of the mechanism of the transformation 
of the iodonium haloids is therefore that the reaction takes place 
between two molecules. 

A trace of iodine retards the transformation in an increasing degree. 

This investigation will be continued later on. 


Organic. chem. Laboratory, University of Amsterdam. 


Chemistry. — “Nitration of symmetrical dinitroanisol.” By Dr. J. J. 
BnanxsmMA. (Communicated by Prof. C. A. Losry pr Bruyn). 


(Communicated in the meeting of March 28, 1903). 


In a previous communication’) it has been stated that pentanitro- 
phenol is readily formed by the action of nitric acid on symmetrical 
dinitrophenol whilst symmetrical dinitroanisol is attacked with difficulty 
by nitric acid. It seemed, however, not impossible that symmetrical 
dinitroanisol nught still be further nifrated and this indeed appeared 

1) J. Ch. Soc. 67. 746 (1895). 

”) Proc. Royal Acad. 25 Jan. 1902. 
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to be the case. If symmetrical dinitroanisol is treated for two hours 
on the waterbath with a mixture of HNO, (density 1.44) and sulphuric 
acid, trinitroanisol is formed m. p. 104°. The nitrogroup introduced 
into this substance is mobile and easily replaced by OH, OCH,, NH,, 
NHCH, ete. If the NO, group is replaced by OH dinitroguaiacol is 
formed m.p. 121°. By treatment with alcoholic methylamine, methyl- 
amido-dinitroanisol is formed m.p. 168°, which is converted by nitri¢ 
acid of 1.52 sp.gr. into oxymethyl-dinitrophenyl-methylnitramine m.p. 
118° already obtained by Grimavx and Lerbvrn’) by nitration of 
dimethyl-orthoanisidine. This goes to prove that the nitrogroup in 
regard to the OCH,-gronp has been introduced into the ortho place 
and that, therefore, the constitution of trinitroanisol is represented by 
Cy OCH ENO D2 81752: ano. 

If trinitroanisol is treated with a solution of Na OCH, in methyl] 
alcohol the NO, group 2 is replaced by OCH, and the dimethylether 
of dinitropyrocatechine is formed, m.p. 101°. Treatment with alcoholic 
ammonia yields dinitroanisidine C, H, (OCH,) NH, (NO,), 1. 2. 3. 5, 
m.p. 174; with aniline and aethylamine are formed compounds 
melting respectively at 155° and 128°. 

If trinitroanisol is nitrated with a mixture of nitrie acid of 1,52 
sp. gr. and sulphuric acid a tetranitroanisol is formed m.p. 154°. On 
treatment with 2 mols. of Na OCH,, this substance is converted into 
erystals which melt at 165° and assume a purple-brown color when 
exposed to light. 

Analysis shows that two NO, groups are replaced by OCH,. Lorine 
JACKSON’) by treating symmetrical tribromodinitrobenzene with 3 mols. 
of Na OCH, has prepared a compound with the same properties as 
the above mentioned; he however considered that he had obtained 
the dimethylether of dinitroresorcinol. The latter substance melts 
however, according to Fruyss*) and Menpo.a *) at 154°, whilst Murrum 
Trrwoet*) and I have found 157°. It is therefore very probable 
that Loring Jackson has been dealing with the trimethylether of 
dinitrophloroglucinol as, on treating symmetrical tribromodinitrobenzene 
with Na OC,H,, all three Br-atoms may be replaced by OC,H, °). 

That the compound obtained from tetranitroanisol and NaOCH,, is 
really identical with that from symmetrical tribromodinitrobenzene 


1) Compt. Rend. 112. 727. 

2) Amer. Chem. Journ. 18. 180. 
3) Centr. Blatt. 1901. J. 739. 

4) Proc. Chem. Soc. 17. 131. 

5) Rec. 21. 288. 

8) Amer. Chem, Journ. 21, 512, 
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was shown by taking the meltingpoint of a mixture of the two 
substances; no lowering of the meltingpoint was noticed. It: as 
therefore proved that from tetranitroanisol and NaOCH, the trimethyl- 
ether of dinitrophloroglucinol is obtained and consequently the con- 
stitution of the tetranitroanisol is: ; 


COOH (NOD) AP O63 5s: 
OCH, OCU; 


NOW \NO, NO, \NO; 


sO No m cIH\, pooh 

If symmetrical tribromodinitrobenzene is treated in alcoholic solution 
with six mols. of methylamine, the three bromine atoms are readily 
replaced by NHCH, and we obtain fine orange-red needles m.p. 220° 
(with decomposition’. When this symmetrical C,H(NO,), (NHCH,), 
is dissolved in nitric acid of 1.52 sp. gr. and then diluted with water 
a fine white crystalline powder is obtained which, when dissolved in 
glacial acetic acid, deposits small beautiful white needles, which explode 
between 200° and 203°, sometimes causing a flame. From the analysis 
it appears that this is the symmetrical trinitrophenyltrimethyItrinitramine. 


NHCH NCH, 
Sia Dye NOON: 
=> | 
CHIN NICH; Noon ne 
aa poe 


Geology. — “Two New Mid-Cambrian Erratic-Blocks from the 
Dutch Diluvium’?. By J. H. Boxnema at Leeuwarden. (Com- 
municated by Prof. J. W. Mott). 


I. When I had been appointed assistant at the Geological-Mineralogie 
Institute at Groningen, I was charged with the task of determining 
the fossils that are found in the collection of Groningen sedimentary 
erratic-blocks. If we sueceed in this with a fossil, we can as a rule 
more or less accurately, for the erratic-block in which it oceurs, fix 
the age of the layer of which it formerly formed part; at the same 
time it may be found out whether suchlike stone is still known as 
firm rock, — and whether the same kinds of erratic-blocks have 
been met with in any other places. 

With many picces I succeeded, but with a not inconsiderable 
number I failed, owing to various causes. To the latter division 
belonged i.a. two small pieces of lime-stone, the largest dimensions 
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of which are about 4 centimetres. They originally made part of one 
erratic-block, which was found when the ramparts near one of the 
former Groningen gates (Boteringepoort) were dug off. One of the 
pieces still shows a part of the original surface possessing distinct 
glacierscratches. 

From the pieces preserved it may be concluded that. this erratic- 
block consisted of green-grey, rather compact, marly lime-stone, in 
which with a magnifying glass many little grey grains and here and 
there little dark-green lustrous Glauconite-erains may be distinguished. 
I observed one single Pyrite-erystal. At the surface it had, to a depth 
of about 1 centimetre, become more or less yellow, under the influence 
of corrosion. 

The part preserved also shows that through this erratie-block ran 
a layer that was rich in Trilobites-remains. For the greater part the 
transverse sections of them are visible. In one piece, however, some 
remains are partly or entirely exposed to view. A mid-shell is the 
most important of them. 

This mid-shell, across which run various flaws, and- which conse- 
quently is not likely to have entirely retained its original shape, is 
lengthwise rather strongly vaulted and has a length of 12 millimetres, 
its breadth amounting to about 14 millimetres. It is almost every- 
where the same, the lines that connect the beginning and the termi- 
nation of the facial suture, running almost parallel to the longitudinal 
axis. The front-edge is regularly curved. The occipital-furrow is 
shallow, especially on the glabella. The length of the rather broad 
glabella is about */, of that of the mid-shell. It is tongue-shaped and 
bounded by shallow dorsal furrows. The latter first run nearly parallel 
to each other and then turn to the centre, where they meet. Lateral 
furrows are not to be distinguished on the glabella. That part of the 
mid-shell which lies in front of the elabella, slants down rather 
quickly. The parts on either side slant down more slowly. 

As to the sculpture, along the front-edge of the mid-shell, parallel 
to it, run fine stripes. The shell moreover shows all over, very near 
each other, fine pricked points. The colour of the shell is partly black, 
partly yellow-grey (cream-coloured). 

In spite of repeated efforts I had never before sueceeded in dis- 
covering what species of Trilobites this mid-shell came from. This 
summer, however, I was more fortunate. On my journey to Oecland 
it chanced that near the hospital at Borgholm a pit was being dug 
and that, while doing this, people had penetrated as far as the layer 
with Paradoxides Oelandicus Sjogren. The stone that had been produced 
from the pit, was still present. It consisted of greenish marl-slate, 
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which had entirely fallen asunder, and of rather large lime-concretions. 
This clashes with Linnarsson’s ') opinion, that at Borgholm this layer 
should consist of marl-slate only, which opinion was afterward made 
use of by Romer *) and Remeni *). 

In the said lime-concretions I found, besides some remains of 
Paradoxides Oelandicus Sjégren and a couple of nearly complete spe- 
cimens of Ellipsocephalus Polytomus Liynarsson, countless mid-shells 
of the latter species of Trilobites. 

Here was confirmed the opinion of Linnarsson ‘) that the absence 
of stripes on the front-edge of the mid-shells,and that of the pricked 
points, on the scale of the Ellipsocephalus-species occurring at 
Borgholm, by which this species was said especially to differ from 
the Stora Fré-species, must be attributed to the circumstance that 
his Borgholm material came from marl-slate, and that of Stora Fré 
from lime-stone. The stripes and the pricked points are remarkably 
distinct in the mid-shells I gathered from the lime-coneretions at 
Borgholm. Consequently there is no reason any more for not ranging 
the Ellipsocephalus-remains of Stora Fré under the head: Ellipsoce- 
phalus Polytomus Linnarsson, the difference in size only not sufficing 
to maintain the contrary. 

One of the lime-concretions contained a layer that was peculiarly 
rich in mid-shells of Ellipsocephalus Polytomus. While breaking this 
concretion to pieces, I was immediately reminded of my Groningen 
erratic-block; and now that I have compared the latter with the 
pieces I brought from Borgholm, I know that they are exactly alike. 
In both the stone is the same, except that the Groningen piece has 
a yellow tint, which must be attributed to the influence of corrosion. 
The mid-shells of Ellipsocephalus Polytomus, occurring in both, also 
resemble each other, in colour as well as in their numerous flaws. 

Consequently it may with perfect certainty be declared that the 
erratic-block mentioned above has the same age as the layer with 
Paradoxides Oelandicus Sjégren (the oldest of the Mid-Cambrian), and 
that a corresponding kind of stone is still found at Borgholm in 
Oeland. It is probably also met with at Stora Fré in the same 
island. I cannot say so for certain, however, as I did not go there 
and so do not possess any limestone from that place, which might 
be used for comparison. 


1) Linnarsson. Om Iaunan i lagren med Paradoxides Oclandicus. Geol. Férenin- 
gens 1 Stockholm Férhandlingar, Bd. 3. pag. 354. 

*) Roemer. Lethaea erratica. pag. 87. 

5) Remect. Zeitschr. d. deutsch. geol. Gesellschaft. Bd. 33. 1881, pag. 183, 701. 

4) Linnarsson. Loe, cit. pag. 364. 
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This is the first time that mention. is made of such an erratic- 
block from the Dutch diluvinm. Many of the kind, with remains 
of Ellipsocephalus Polytomus or of other fossils, occurring in Oeland 
in the layer with Paradoxides Oelandicus, have already been found 
in the German diluvium. The first of them was mentioned by Dams?) 
and comes from Rixdorf near Berlin. A few years after, RemE i *) 
described two such erratic-blocks from the neighbourhood of Ebers- 
walde. Later on, Roxmur*) made mention of two erratic-blocks of 
the same age. One of them comes from Rostock and bears much 
resemblance, according to the description, to the Groningen piece. 
This cannot with so much certainty be said of the second block, 
which was found at Bromberg and does not seem to be greenish. 
In Sleswick-Holstein, too, corresponding erratic-blocks seem to have 
been found, as Sronien*) writes about ygriinliche Kalkgeschiebe der 
Oelandicus-Zone”’. 

This erratic-block also confirms my supposition formerly *) men- 
tioned, that in the Hondsrug occur more sedimentary erratic-blocks 
with a West-Baltic character, than was formerly generally supposed. 


II. For some time already I have had in my collection several 
pieces of an erratic-block consisting of limestone that has been tinted 
dark-grey, even almost black, by bitumen. It was found in the loam- 
pit near Hemelum. Its calcium-carbonate having for the greater part 
crystallized, this limestone approaches antraconite. Some nests of little 
pytite-crystals and a small phosphorite-nodule are found in the stone. 

For a long time the only fossil that was exposed to sight was 
(with the exception of a few unimportant remains, probably of a 
Paradoxides) what I supposed to be the internal cast of the inside of 
a piece of Trilobite-shell. Its largest dimension amounts to 9 milli- 
metres. This internal cast is almost oval, and strongly vaulted. The 
top-part finishes in a bow. On the convex side of this bow it is 
steeper than on the concave one. In front, on the least steep part, 
is a frame in relief, soon turning round the most elevated point and 
then continuing on the steepest part, where it becomes tinier and 
tinier. Towards either side springs from this frame a net-work of 


1) Dames, Zeitschr. d. deutsch. geol. Gesellschaft. Bd. 31. 1879. pag. 795. 

*) Reme.é, Zeitschr. d. deutsch. geol. Gesellschaft. Bd. 33, 1881. pag. 181, 700. 

5) Roemer, Lethaea erratica, pag. 26. 

*) Srottey, Die Cambrischen und Silurischen Geschiebe Schleswig-Holsteins und 
der benachbarten Gebiete, 1895. Bd. I, Heft 1, pag. 40. 

5) Bonnema. “Cambrian erratic-blocs at Hemenum in the South-west of lrisia.” 
These Proc. 1902, p. 142. 
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suchlike ones. This net-work is very distinct on the less steep part, 
not so distinct on the other, where it is scarcely to be seen with a 
magnifying glass. Moreover there are on this internal cast round 
elevations. i 

It being quite impossible for me to find what species of Trilobites 
this off-print came from, the exact age of this erratic-block could not 
be fixed. The nature of the stone made it likely to be Cambrian, 
and that, too, Mid-Cambrian, because of the suppositional Paradoxides- 
remains. 

When, however, a few weeks ago, my friend dr. Gronwaui from 
Copenhagen, the author of “Bornholms Paradoxideslag og deres Fauna”’ 
(Danmarks geologiske Underségelse I] Raekke No. 13.) took a view 
of my collection of erratic-blocks, he recognized in the said off-print 
that of a right cheek of Conocoryphe Exsulans Linrs.*) Herewith 
the age of this erratic-block was already exactly determined, for the 
occurrence of these Trilobites-remains is characteristic of the lower 
part of the layers with Paradoxides Tessini Brongn. 

This division consists, in Schonen, in Bornholm and (according to 
an oral communication of prof. Mosrre) to the South of Morbylinga 
in Oeland, of limestone, which after this Trilobite is at present 
mostly called Exsulans-limestone, whilst it ceased to be called Coro- 
natus-limestone. 

GRONWALL’s opinion was brilliantly confirmed, when, on his breaking 
the stone further to pieces, remains of the Trilobites Conocoryphe 
Impressa Linrs,?) Liostracus Aculeatus Ang.*) and Solenopleura Parva 
linrs.*) were exposed to view by him. Moreover a remnant of 
Acroteta Socialis v. Seebach was found, which, however, also occurs 
in older and in younger layers, which is not the case with the 
Trilobites mentioned just now. 

The only remnant that has been well preserved, is a mid-shell of 
Conocoryphe Impressa Linrs. It is for the greater part exposed to 
view. Only on the sides it is still covered by the stone; so the 
facial sutures are invisible. It must have belonged to a young indi- 
vidual, its length being only 6 millimetres. It is slightly vaulted, the 
glabella a little more than the other part. In front it is bounded by 
a flat border along the edge, which border is broadest in the middle, 


1) Linyansson, Om. Faunan i Kalken med Conocoryphe exsulans (Coronatus- 
Kalken). Sveriges geologiska Undersékning. 1879. Ser. C. No. 35. pag. 15. tafl. IL, 
figa 215.92: 

*) Linnarsson. loc. cit. pag. 20. tafl. IL fig. 29, 30. 

8) Linnarsson, loc. cit. pag. J1. tafl. 1. fig. 12Q—15. 

*) Linnarsson. loc. cit. pag. 14. tafl. [. fig. 16—19, 20? 
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The occipital furrow is shallow, especially on the glabella. The neck- 
ring broadens towards the centre and bears a little tubercle there. 
The breadth of the glabella is at the back equal to its length, which 
is half the breadth of the mid-shell. The glabella becomes gradually 
narrower towards the front; in front it is rounded. On either side 
there are three very indistinct lateral furrows. The dorsal furrows 
are little developed. In front of the glabella the cheeks run almost 
imperceptibly into each other. On either side an oblong elevation is 
visible on the firm cheek, just behind the place where the dorsal 
furrow turns down towards the centre. It is scarcely to be observed 
that starting from this elevation a line-shaped one runs in the direction of 
the corners of the cephalon, as Lixnarsson tells us. This must certainly 
be attributed to the circumstance, that this mid-shell belonged to a 
young individual. The scale possesses no other sculpture than countless 
very fine impressed points, placed very close to each other. 

From the properties mentioned above one may easily convince 
oneself that the mid-shell described comes from Conocory phe impressa 
Linrs., and that consequently this erratic-block is a piece of Exsulans- 
limestone. 

The other Trilobites-remains, all of them pieces of mid-shells, are 
too incomplete to be described in such a manner, that the species of 
Trilobites which they come from might be recognized from the 
description. Moreover, such a description would be more or less 
superfluous, as the age of this erratic-block has already been suffi- 
ciently indicated. So I think I’d_ better leave it and refer to the 
authority of Dr. GronwaLn with regard to the remains of the other 
Trilobites mentioned. As he was so kind as to send me some mid- 
shells of these Trilobites for comparison, 1 could convince myself of 
the correctness of his determinations. 

As was mentioned above, Exsulans-lime is found as firm rock in 
Bornholm, in Schonen, and southward of Mérbylanga in Oeland. 
Morbylanga does not seem to have been mentioned yet in literature 
in this connection; but Prof. Mosere told me of it. In Schonen, 
Exsulans-lime is without any doubt met with as firm rock near 
Andrarum, Gisl6f and Kwiks Esperéd. Most probably it is also found 
as such, according to Linnarsson, near lagelsing in the neighbourhood 
of Lund. 

GRONWALL tells me that my erratic-block does not, petrographically, 
correspond with the Bornholm Exsulans-lime, more with that in 
South-East Schonen. I cannot decide whether it also resembles that 
which is found at Mérbylénga in Ocland. 

In the Dutch diluvium an erratic-block of this kind was never 
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before found. They also seem to be very rare in the German diluvium. 
As far as I have been able to find out, they are made mention of 
by Srouiuy ’) only. 


Mathematics. — “An analytical expression for the yreatest common 
divisor of two integers.” By Prof. J. C. Kiuyvur. 


In this paper we propose to construct certain functions z of two 
real variables 2 and y which for positive and integer values of these 
variables become equal to the greatest common divisor of w and y. 

A very simple solution of this problem is obtained as follows. 
Denote by [w] the integer part of the number w and consider the 
arithmetical discontinuous function 


1 
P (wu) =u— ——. 
(ayia [w] 5 
For any integer n we have 
1 1 
P(u + n) = P (wu), P(i+0=—s, P(e Oy ee ee 


We will take 
. 1 
P (un) = P(n — 0) = + = 
and consequently 
[rn] = [xn — 0] =n — 1. 
Integer values of w excepted the wellknown relation 
Pea) os sin 2 anu 
nal 2a0n 
holds and from it we deduce the identical equation 
po=a7—) Ll p=a—l 
Pay (n+) Soest aes pak («+ %) sat (a u), 
p=0 a i) a 


where « and 8 are relative prime integers. That the identity is 
still valid for integer values of w may be easily verified. 


By the equation 
all 
pads P(E 


fi 0) v 


a discontinuous function of the variables « and y is defined. We 
Inay regard it as a first solution of the proposed problem. For if 


1) Srotuey. loc. cit. p. 41. 
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xv and y become integers, say we=aD, y=BD, wher 
prime to each other, we have 


P=AD ay —— ae | u 
=—2 > v(t =2) = r(£) 22D) PO) aD, 
a 


v==0 a pe ——=() 


e «@ and 8 are 


® 


In a somewhat different form this result is found in a paper by 
Srern'). A whole sect of funétions of the required kind may be 
deduced in quite the same way. We only have to notice that the 
function 


Ree COS ONCTAT UIE 
£0) SS e 2 isp> 1) 


n=l ns 


satisfies the fundamental relation 

vy ——| aaa | 
7 | » f uu ; %~ | ups m 
sll tel lia pee Bal ae eat) Se lees I (em), 
— a =) a 


Where again « and 8 are prime to each other, 
Hence if we put 


pfx] 
F,(0) 28 = as-l S w(t) es eee eMC LL) 


=v 


wenger tory — oD), y= 57) 


L=oD=| 3 p=sz—l 3 
Pe rei pt Ss # (©) Ee #,( 8) D, F,(0), 


a) a 
that is 


ps 


: , > {YY ; : 
In the funetional relation (Il) the term r(“) is not easily 


v 
evaluated; hence the series /, (7) may be suitably replaced by the 
latter of the two series 


(u) 2 ( 1) a, sin 2 anu 
PiU) = 2 (1h 2 ee 
J a as (2 xn)? jos ’ 


U2) Coe 2) 5t-N Us 
gar(a) =2(—e1 S es 
n=1 (2 U n)2k 
Indeed, if we denote the Bernoullian polynomial of order im 
yn+l 1 ym B, yin—l B, yn—s 
Beg ae ees ET eA 2 SD 
(m+1)! 2 m' 2! (m—1)! 4! (m—3)! 
by fn (uw) the series g,,(w) is identical with Jn (wv) for all values of 
w between zero and unity. Therefore, whatever may be w, the series 
Ym (tt) may be regarded as a polynomial of the mth degree in 


') “Zur Theorie der Function £(«).” Jounal f. Math., 102, p. 9. 
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u—([w] so that, if in the equation (II) we replace F; (wu) by gor (2), 


Bp ir Al 1 
(—1)* =i gk — yrk-l SS Jak ms Fae bine etry ACh het (IIT) 
4 2k! Dea) Ay 
the thus defined function z is algebraically expressed in wv and ¥. 
But as well as in the equations (I) and (IJ) < is still discontinuous 
for integer values of « in equation (II). By a slight alteration it 
is possible to make these discontinuities disappear. Without altering 
the value of 2 for integer values of and y we may write instead 


of (ID) 


2 
(—1)'-1 Os aye 


2k! 


pls] MI 1 
Sh (“) + > ne (0) + poe (y) (oC) 


and the function z has become continuous everywhere. The same 
however is not true for the partial derivatives of z with respect to 
wv or y; besides there is as in equations (1) and (UH) a lack of symmetry. 
By interchanging w and y the value of 2 alters. To some extent 
these disadvantages may be eliminated. The process of integration is 
apt to level finite discontinuities, moreover symmetry may be intro- 
duced by it. And indeed a suitable expression of z in the form of 
a definite integral can be given. 
We consider the function z defined by 
1 


By : 
a gtk — ak mf de (2a):0; Wide Fe eee) 
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Now < depends symmetrically bn «w and y and is continuous 
throughout. The function has continuous derivatives; we may different- 
iate z a munber of 4—1 times with respect to @ and also 4—1 
times with respect to y, either separately or subsequently, before 
the derivatives lose their continuity, so that by making / larger 
and larger the behaviour of z tends more and more to that of an 
analytical function of two real variables. 

We now again substitute: in (V), ¢—@D, = 5D and acwilie 
{rigonometrical series gg (vu) and gz (yw) ave absolutely convergent 
(under the supposition £>> 1) we may multiply termwise and 
integrate the partial products. 

But after integration a nonvanishing amount is furnished only by 
those partial products on, 

sue, sin 
22haDu 2mlpDu, 
cos COs 
in which we have 


hence we find 


and as before 

Had we integrated the product gn (wv) gu (yw, where mn is 
even, instead of gn (tt) Ym (yu) the result would have been similar, 
only symmetry would have been lost. 

We may remark that the 2 in equation (V) is still an algebraical 
function. For remembering that 


d 


rk (uv) =9¢—1 (4), 
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we deduce by repeated partial integration 
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or finally 
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From this equation we infer that the product 24cy is a rational 
integral function of wv and y of degree 4% + 2, and generally speaking 
the equation represents an algebraical surface S of that degree. But 
it should be noticed that this surface S in reality is composed of an 
infinite number of partial surfaces, having contact more or less close 
along a system of plane curves C. And in fact the larger the integer 
k be chosen the closer will be the contact of the partial surfaces. 
Equation (VI) contains the equations of all the partial surfaces, but 
each of them has a distinct equation the coefficients of which are 
made up from the integers 


[wv], [y] and Ei BOON (i ae le eee CANE 


Hence we pass from one partial surface to an adjacent one in 
all places, where one at least of these integers increases by unity. 
45% 
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Thus the projections on the wy-plane of the curves C are of two 
distinct categories. To the first belong the straight lines w=n, y=n, 
regularly dividing the #y-plane in equal squares of side unity. The 
second category is formed by straight lines issuing from the vertices 
of these squares and which, if produced, would pass through the 
origin. The number of these lines, which have their points of issue 
inside the square, bounded by the w-axis, the y-axis and by the lines 
BN, =n. 1S "seer 10706 2g(n)*), that is on an average equal to 


6 é oe ’ 
~ 2, Therefore the partial surfaces remote from the origin ultimately 
ra 


take the form of infinitely narrow strips, the length of which varies 
from 1 to V2. 
In order to lower as far as possible the degree of the surface 5S, 
we should take —=1 and we have from (VY) and (VI) 
1 
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A comparison with (LV) makes it evident that for integer values 
of « and y the quantity z still becomes equal to the greatest common 
divisor. The surface S is of the 6% degree, the partial surfaces still 
hang together everywhere but in this case they have no contact along 
the curves C. 


Physics. — “On marina and minima of intensity sometimes obser- 
ved within the shading of strongly widened spectral lines.” *) 
By Prof. W. H. Junius. 


While examining a series of photographs of the solar speetrum, 
made by Rownanp in 1888 and 1889, Jewens discovered one plate 
on which the shading of Hand A was broken up into a system 
of faint, nebulous lines, symmetrically arranged about the central 
absorption lines*). The distances apart of the component lines of 
the series increased as the distance from the central line increased. 
On some other photographs of the solar spectrum, taken by Row Lanp 
and by himself, he only found feeble indications of these series; but 


1) y(n) denotes the number of integers less than » and prime to x. 

2) Part of the contents of this communication has already been shortly mentioned 
in a foot-note which was added to the English translation of a former paper 
(Proe. Roy. Acad. Amst. IV, p. 601) but did not occur in the Dutch original of 
the same. 


*) L, i. Jewett, Astrophysical Journal, Hl. p. 108, 1896, and VIII, p. 51—53, 1898. 
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in the shading of some of the strongest lines of iron and a few 
other elements a similar structure was observed, the component lines 
being faint, nebulous, and close together. 

The plate which showed the structure of H and A most plainly, 
displayed an additional peculiarity, as on it the general shading of 
those lines was unusually weak. 

In Hatn’s abnormal speetrum?), which was characterized by the 
extreme weakness of the shaded background of many absorption lines, 
maxima and minima of intensity were also distinguishable under a 
microscope, though they did not appear so clear nor so regularly 
arranged as in the case described by Jmwent.. 


If we suppose the principal cause of the shading of the Fraunhofer 
lines not to be the absorption, but rather the anomalous dispersion 
of the waves, which in the spectrum are situated on either side the 
central absorption line *), we can easily account for the phenomenon, 
before mentioned, as well as for the fact, that in very rare cases 
only it shows distinctly. 

Let us consider a narrow beam of light of an exactly defined 
wave-length, belonging to the shaded background of a Fraunhofer 
line. This beam has emerged from the deeper layers of the Sun 
with a certain divergence; we suppose it to proceed in the approxi- 
mate direction of the structure lines of the corona (lL. ¢. p 597). Let 
its wave-length be somewhat greater than that of the absorption 
line; for this kind of light, the medium will then possess a positive 
refraction constant, and the separate rays of the beam will curve 
about the denser parts of the “tubular” structure. If we had supposed 
the wave-length to be a little less than that of the absorption line, 
the refraction constant would have been neertive and = the rays 
would have curved about the rarer parts of the coronal structure. 
In either case the divergence of our monochromatic beam will alter- 
nately diminish and increase, and this particular kind of light wall 
reach the Earth with an intensity, determined by the degree of 
divergence (convergence perhaps) with which the beam left the 
ultimate traces of the corona. 

With respect to a beam of other light, the wave-length of which 
differs only slightly less from that of the absorption line, the medium 
will have a considerably greater refraction constant, so that the rays 
of this particular beam may have made a bend, or part of a bend, 
more than those, belonging to the former beam, on their way through 


WG, E. Hate, Astrophysical Journal, XVI, p. 282, 1902. 
2) W. H. duns, Proc. Roy, Acad, Amst, IV, p. 589—602, 
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the corona. This beam may, accordingly, arrive with a quite different, 
say a greater, divergence and consequently display a smaller intensity 
in the spectrum, than the neighbouring beam, first considered. 

Approaching still nearer to the absorption-line we shall come across 
waves that reach the Earth in beams whose divergence is smaller 
again, showing increased intensity, etc. It is plain that in this way 
periodical alternations of light and dark on either side the central 
absorption line must arise. The waves, corresponding to the middle 
of one of these fringes, will have achieved exactly one whole bend 
‘i.e. the distance between two consecutive points of inflexion of the 
path) more, or less, than those corresponding to the middle of the 
adjacent fringes. 

From the familiar type of the dispersion curve it follows directly, 
that, in moving away from the absorption line, to equal differences 
in refraction constant inereasing differences in wavelength will 
answer. The distance between the fringes will accordingly increase 
from the centre to either side, as has in fact been observed. 

Our explanation requires besides, that this system of faint lines 
should be visible only when sunlight reaches us exactly along a 
coronal streamer of sufficient length. In my last paper (L.c.) I showed 
that, in case this condition is fulfilled, the average shading of the 
Fraunhofer lines must be abnormally weak. It is therefore not to he 
wondered at, that on the plate, plainly displaying the peculiar strueture 
of H and A, the shading really was unusually faint. But the 
formation of a well defined line-system demands a further condition 
to be fulfilled, viz. that the configuration of that part of the (rotating) 
corona we are just looking through, offers all but the same aspect 
as long as the photographic plate is exposed. This, of course, requiring 
very special circumstances, we see why even in cases, in which the 
shading of the Fraunhofer lines is weak, the fringes may be missing 
all the same. 


In a few eases has a like structure been observed with some 
strongly widened emission lines of the are-spectrum. Kayser came 
across this phenomenon in a line of the lead-spectrum '); Rownanp 
too seems to have observed it once; and after many vain endeavours 
JnWELT succeeded in obtaining a photograph of the are spectrum of 
calcium, in which at /7 and A’ the series appeared rather distinetly. 
This plate was obtained by using an extremely powerful direct current 
and exposing for three or four seconds only. Under these conditions 


1) H. Kayser, Handbuch der Spectroscopie, I, p. 353. 
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the heated calcium vapour formed a much more extended atmosphere 
around the poles than with a weaker current. 

Kayser ') asserts, though, that it has hitherto remained unknown, 
what are the exaet conditions upon which the phenomenon depends. 

In connection with the preceding considerations, 1 hold it possible 
that in those experiments the metallic vapour has, during the (short) 
exposures, formed a kind of flame of tubular structure, which happened to 
be in the exact direction of the spectroscope. This view seems reasonable 
if we bear in mind the well-known “blowing”? which is of frequent 
occurrence in a powerful are loaded with much vapour. The radiations, 
proceeding from the core of the arc, which caused the wide emission 
band, underwent anomalous dispersion in the enveloping vapour and 
traversed the flame-shaped streamer, following sinuous paths. 


A simple experiment convinced me that the peculiar light-distribution 
observed in all strongly widened Fraunhofer lines’), may be strikingly 
imitated in the absorption-spectrum of sodium vapour. The only 
thing necessary was to force the absorbing vapour into a more or 
less tubular structure, such as we presumed it to exist in the corona. 

A slightly converging beam of electric light was thrown on to 
the slit of a grating-spectroscope. At a distance of rather more than 
100 ¢.m. from the slit, and about 1,5 ¢@m. below the axis of 
the beam was the opening of a specially constructed bunsen-burner, 
from which a sodium-flame emerged. This opening was slit-shaped 
(30 ¢.m. long, 0,2. ¢.m. wide) and adjusted in a position exactly 
parallel with the axis of the incident beam. The pressure of the 
gas was somewhat variable, and a good regulator unfortunately not 
at hand. In order to supply the long flame with sodium, the con- 
siruction of the burner included a kind of narrow gutter on either 
side, into which had been poured a solution of a sodium-salt. This 
ascended into the flame by strips of asbestos paper. When viewing 
this tlame lengthwise, it was as if one were looking through a com- 
pressed tube, the sides of which consisted of sodium-vapour. The 
density of the vapour diminished gradually towards the centre as well 
as towards the outside. 

The sodium-lines were observed in the spectrum of the third order. 
In spite of the great length of the flame the real absorption lines 
were narrow; they stood out from a pretty dark softly shaded 
background, the width of which amounted to several AnGsTROM 
units. The distribution of the light entirely corresponded to JewrLu’s 


Le p. 854, | 
®) Jewett, Astroph. Journ. Ill, p. 101; Hare, Astroph. Journ. Ill, p. 156—161. 
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description of the strongly shaded Fraunhofer lines. Close to the 
central absorption line there was also an unmistakable increase of 
luminosity (resembling the supposed emission lines in the solar spec- 
trum); but this increase ought, without doubt, to be attributed to 
the most strongly curved rays being kept together by the tubular 
structure of the flame, and not to direct radiation from the flame. 
For, the electric light being intercepted, the emission-lines were 
scarcely visible in the dark field. And besides, as soon as the flame 
was disturbed by blowing upon it, or when it was partially covered 
by a diaphragm, the bright band, as welt as the shading, became 
unsymmetrical with respect to the absorption line. Neither DoppiEr’s 
principle, nor the influence of pressure on wave-length can here 
have played an appreciable part. 

I moreover observed fringe-like maxima and minima in the shadings, 
but they showed irregular and so unsteady, that I could not think 
of measuring their distances. Nor can there be any question 
of photographing this peculiarity before means have been devised 
io keep a structure of sodium vapour, as described above, steady 
for a reasonable time. Such means are however being prepared. 

Imperfect as our present experiment must be, if still serves to 
bear ont the assertion, that numerous peculiarities of the solar spectrum 
may be explained from anomalous dispersion. 


Physics. — “On the emission and absorption by metals of rays of 
heat of great wave-lengths.” By H. A. Lorentz. 


§ 1. Hacer and Rvpens have recently shown by their measure- 
ments of the reflecting power of metals’) that the behaviour of these 
bodies towards rays of great wave-lengths (larger than 8 w) may be 
accounted for, if one applies to the propagation of electric vibrations 
the equations that hold for slowly varying currents, and which con- 
tain no other physical constant of the metal but its conductivity. It 
follows from this result that a theory which can give an adequate idea 
of the mechanism of a current of conduction will also suflice for the 
explanation of the absorption of the rays that have been used by these 
experimenters. A theory of this kind has been developed by RincKr ”) 
and Dreprn®*). According to their views a metal contains an immense 
miumber of free electrons moving to and fro in much the same way 
as the molecules of a gas or as the ions in an electrolytic solution, 


1) Hagen and Ruseys, Berliner Silzungsberichte, 1903, p. 269; Berichte d. deut- 
schen phys. Gesellsch., 1903, p. 145. 

*) Rreckr, Wied, Arm., Bd. 66, p. 353, 1898, 

’) Drupe, Drude’s Ann., Bd, 1, p. 566, 1900. 


the velocity of agitation increasing with the femperature. If is to be 
assumed that, in this ‘“heat-motion”, every electron travels along a 
straight line, until it strikes against a particle of the metal; the path 
will therefore be an irregular zigzag-line and, so long as there is 
no cause driving the electrons in a definite direction, an element 
of surface will be traversed by equal numbers of electrons, travelling 
to opposite sides. Things will be different if the metal is exposed 
fo an electric force. The motion of the electrons will still be an 
regular agitation; yet, motions in a definite direction will predo- 
minate, and this will show itself in our observations as an “electric 
current.” 

Now we may infer from the relation between absorption and 
emission that is required by Kircurorr’s law, that the mechanism by 
wiich the emission of a body is produced is the same as that to 
which it owes its absorbing power. It is therefore natural to expect 
that, if we confine ourselves to the case of great wave-lengths, we 
shall be able to explain the emission of a metal by means of ihe 
heal-motion of its free electrons, without recurring to the hypothesis 
of “vibrators” of some kind, producing waves of definite periods. 

In the following pages this idea has been worked out. After having 
calculated the emissive power we shall find that its ratio to the 
absorbing power does not depend on the value of those quantities 
by which one metal differs from another. According to the law of 
Kircnnorr, the result may he considered as representing the ratio 
between the emission and the absorption for an arbitrarily chosen 
body, or as the emissive power of a perfectly black substance; if 
will be found to contain a certain constant quantity, whose physical 
ineaning will appear from the theory. 


§ 2. The ratio of which I have just spoken is intimately connected 
with another important physical quantity, viz. the density of the enerey 
of radiation in a space enclosed by perfectly black walls, which are 
kept at a uniform absolute temperature 7”. If the electromagnetic 
motions of which the aether in such a space is the seat, are decom- 
posed into rays travelling in all directions, and each of which has 
a definite wave-length, the energy per unit volume, in so far as 
if belongs fo rays with wave-lengths between 2 and 2+ a, may 
be represented by 

F (a, T) da, 
I’ being a function which many physicists have tried to determine. 
30LTZMANN and Wien have shown by thermodynamical reasoning 
that the above expression may be written 
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where /(2 7’) is _a function of the product 47. Afterwards PLANCK *) 
has found for (1) the form 


ae cate Bicdoud-ci- epee) 
igi Fae 
Here ¢ is the velocity of light in acther and /, and & are univer- 
sal constants. . 


In the theory of Pranck every ponderable body is supposed to 
contain a great many electromagnetic vibrators, or, as PLaNnck calls 
them, “resonators”, each of which has its own period of free vibra- 
tion, and which exchange energy with the aether as well as with 
the molecules or atoms of ponderable matter. The conditions of 
statistical equilibrium between the resonators and the aether may be 
thoroughly investigated by means of the equations of the electro- 
magnetic field. As to the partition of energy between the vibrations 
of the resonators and the molecular motions in the body, PLANcK has 
not endeavoured to give an idea of the processes by which it takes 
place. He has used other modes of reasoning, of which I shall only 
mention one, which is to be found in his later papers on the subject and 
Which consists in the determination of that distribution of energy that 
is to be considered as the most probable. I shall not here discuss the way 
in Which the notion of probability is introduced in PLanck’s theory 
and which is not the only one that may be chosen. It will su'fice 
to mention an assumption that is made about the quantities of energy 
that may be gained or lost by the resonators. These quantities are 
supposed to be made up of a certain number of finite portions, 
whose amount is fixed for every resonator; according to PLANck, the 
energy that is stored up in a resonator cannot increase or diminish 
by gradual changes, but only by whole “units of energy”, as we may 
call the portions we have just spoken of. Besides, PLanck has found 
it necessary to ascribe to these units a magnitude depending on the 
frequency m of the free vibrations of the resonator, the magnitude 

hn 


being represented by —. 
an 


; 3 
As to the constant /:, it has a very simple physical meaning; — 4&7 
; 2 


is the mean kinetic energy of the molecule of a gas at the tempe- 
rature 77; 


1) Pranck, Drude’s Ann., Bd. 1, p. 69, 1900; Bd. 4, p.p. 553 and 564, 1901, 
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It appears from the above remarks that the hypothesis regarding 
the finite “units of energy”, which has led to the introduction of the 
constant /, is an essential part of the theory ; also that the question 
as to the mechanism by which the heat of a body produces electro- 
magnetic vibrations in the aether is still left open. Nevertheless, the 
results of PLANCK are most remarkable. His formula represents very 
exactly the energy of the radiations for all values of the wave-lengihs, 
whereas the following considerations are from the outset confined to 
long waves. We may at best expect to deduce from them the 
form which the function in (4) takes for this extreme case. 


§ 3. Since, if we trust to Kircnuorr’s law, the ratio between the 
emission and the absorption must be regarded as independent of the 
dimensions and the position of the body considered, we may sunplify 
the problem by an appropriate choice of circumstances, I shall 
therefore consider a plate with parallel plane surfaces and I shall 
suppose its thickness A to be so small that the absorption may be 
reckoned proportional to it and that the energy emitted by the pos- 
terior layers may be supposed to pass through the plate without any 
sensible absorption. IT shall also confine myself to the absorption of 
perpendicularly incident rays and to the emission in directions making 
infinitely small angles with the normal. 

Let o be the conductivity of the metal, i.e. the constant ratio 
between the electric current and the electric force, these latter quan- 
tities being expressed in the modified electrostatic units I have lately 
introduced. *) Then the absorbing power of the plate, the coefficient 
by which we must multiply the energy of normal incident rays, mm 
order to get the absorbed energy, is given by *) 

Ae eee ie ge (5) 
C 

Here we shall substitute for o the value furnished by Drupr’s 
theory. Let the metal contain different kinds of free electrons, which 
we may distinguish as the 1s, the 2"4, the 3'¢ kind, ete., and let 
us suppose that all electrons of one and the same kind have equal 
charges, equal velocities of heat-motion, or, as we may say, “molecular” 
velocities, and travel over paths of equal mean length between two 
successive encounters with particles of the metal. 

We shall write e,, e,, .... for the charges of the different kinds 
of electrons, w,, w#,,... for the mean molecular velocities, Tee Ses 


') Lorentz, Proceedings Acad. of Science, Amsterdam, Vol. 11, p. 608, 1903, 
*) See § 12 below. In electromagnetic units the formula becomes 


A = 4mrcoA, 
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for the mean lengths of the free paths, .V,, N,,... for the number 

of electrons of the several kinds, contained in unit of volume. We 

shall finally suppose, as Deep has done, that for every kind of 

electrons, the mean kinetic energy of one of these particles is equal 

io that of a molecule of a gas at the same temperature; we may 

represent it by « 7, if 7 is the absolute temperature, and @ a constant. 
In these notations Drupr’s value is *) 


(0,7N, da ue epP Nal aay oth) Baan (4) 
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so that (8) becomes 
Sie (ee NE Ee IN a ns) Liem) 
It is to be remarked that the formula (4) has been obtained in the 
supposition that the electric force remains constant, or at least that 
it keeps its direction and magnitude during an interval of time in 
which an electron has undergone a large number of collisions against 
particles of the metal. The results of Hage and Repens are therefore 
favorable to the view that even the period of vibration of the rays 
is very large in comparison with the time between two succeeding 
impacts. Part of the following calculations are based on this assumption. 


§ 4. We have now to examine the emission by the plate. It 
follows from the fundamental equations of the theory of electrons, that 
every change, whether in direction or in magnitude, of the velocity 
of an electron produces an electromagnetic disturbance — travelling 
outwards in the surrounding aether. Hence, it will be at the stants 
of the collisions that the eleetrons become centres of radiation. We 
shall calculate the amount of energy, radiated in this way, in so far 
as it is emitted across a definite part w of the front surface of the 
plate; this part of the emission is due to the electrons contained in 
a volume wf of the metal. 

Let (@ be a point within the area w, OP the normal in this point, 
drawn towards the side of the aether, and P? a point on this line, 
at a distance 7 from Q, which is very large in comparison with the 
dimensions of @. In this point ? we place an element of surface a’, 
perpendicular to OP; our problem will be to caleulate the energy 
radiated across this element. IT choose O as origin of coordinates and 
OP as the axis of ¢. The components of the velocity of an electron 
will be denoted by w,, ay, te. 


1) Drupe, l¢., p. 576, This formula does not change by the introduction of our 
new units. 


Now, if an electron with charge e, is in O at the time #, and has 
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at that instant the accelerations -", —”, — it will produce at the 
dto* (dts Wk 
. . Ue . . . 
point 7, at the time ¢ + —, a dielectric displacement, whose com- 
(o 
ponents are ') 
e dit, e duty 
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On account of the great length of OP, these expressions may also 
be applied to an electron situated, not in O but in any other point 
of the part of the plate corresponding to the area w. The whole 
dielectric displacement in Pin the direction of . (it is only this 
component that will be considered in the next paragraphs) at the 


‘i 
time ¢ + — will therefore be 
br 


pe eee RUS henley sats (7) 
Aner dt 
if the sum is extended to all electrons present in the volume wL. 
at the time ¢. 


There will also be a magnetic force of the same numerical value, 


and by Poyyrine’s theorem a flow of energy across the element w’, 
in the direction from the plate towards ?. The amount of this flow 
per unit of time is given by 

Det (Dee Swinney Cf tae” Ge |. (8) 


§ 5. It will be necessary for our purpose to decompose the whole 
emission into rays of different wave-leneths and to examine the part 
of (8) corresponding to the rays that have their wave-lengths within 
certain limits. This may be done by means of Fourmr’s series. 

Let us consider a rery long time, extending from ¢—=0 to t= ®. 
During this interval the value of >, at the point 2? will continually 
change in a very irregular way ; it may however in every case be 


expanded in the series 
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whose coefficients are given by 


2 fa mat : 
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1) The proof of this will be found in one of the next parts of my “Contribu- 


lions to the theory of electrons.” 
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Now, if the plate is kept at a constant temperature, the radiation 
will also be stationary and »,? may be replaced by its mean value 


3 
= ip 
= =f dt 
od 
0 


during the time ®. Substituting the value (9), we get integrals of 
two different kinds, some containing the square of a sine, and others 
the product of two sines. The integrals of the second kind will 
disappear, and 


v 
mrt at 
sin? SD, 
foes 
0 
so that 
Lm=o@ 
War = 2 Thine . . . . . . . (11) 
m= 1 


As to the frequency of the terms in (9), it is given by 
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od 
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it will therefore increase by equal differences re if we give to m its 
rV 


successive values. 
By choosing for ® a value sufficiently large, we may make this 


uv : : 
step sa small as we like, so that ultimately, even between two values 


of the frequency mu and x -- dn, which are in a physical sense 
infinitely near each other, there will be a certain number of values 
of (12) and of corresponding terms in the series (11). The number 


’ o bo! 
of these terms will be — dw, hence, if we suppose an, or 
fig 


2 w& 


2 


Op > St ad eee lo 
9 ( 


0 
to have the same value for each term of this group, the corresponding 
part of (11) will be 


2 
— yy? dn. 
2m 


Substituting this for »,? in (8), we get for the radiation across 
w’, due to the rays with frequencies between » and 2+ dn, 
gy ww! a,,2 dn 14 
De m Gn, Fe aE. BO Lea ae) 5 ( +) 


§ 6. We have now to ealculate the coefficient a, by means of 
(13). After having substituted in the integral the value (7), we may 
still take for its limits 0 and %, provided we reckon the time from 


. . . de + . . 
an instant, preceding by the interval — the moment from which it 
C 


has been reckoned till now. Thus: 


$ 
1 i } du. 
Oy = DB Yt Sin nt. — dt |, 
220 Or dt 
0 


or, after integration by parts, since sin nt vanishes at the limits, 


— 
vy 


n 
= > j rm 
bm = ———— 2 | efcosnt.u,dt|. . . . . (1d 
m 2 nr od pr ; a fi | ( ) 
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The sum in these expressions relates to all the electrons in the 
part wm of the plate and it is by reason of the immense number 
of these particles that a definite value may be assigned to an. 

We shall begin by determining a’, and the amount of the radiation 
in the supposition that there are only free electrons of one kind (§ 3). 
We shall write ¢= NwA for their number, e for the charge of 
each of them, and we shall further simplify the problem by supposing 
that the molecular velocity uw, the same for all the electrons, is not 
altered by the collisions and that all the paths between two successive 
impacts have exactly the same length /. Then, the time 


l 
4 y= 
U 
will also have a definite length. 
§ 7. Let ¢,,¢,,¢,,... be a series of instants, between 0 and #, at 


intervals + from each other. Then it is clear that, if we fix our 
attention on the positions of a single electron at these instants, we 
shall have one point on each of the sides of the zigzag-line described 
by this particle. 

Now we may in the first place determine the integral in (15) for 
the lapse of time during which an electron travels over the side of 
the zigzag-line on which it is found at the time ¢. As the length 


ee ack : 
t of this interval is much shorter than the period — of the factor 
n 


cos nt, we may write for the integral 
COSTE Ugt Ae ieee os sus 416) 
It is clear that we shall obtain the sum in (15), for the g electrons, 
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if, after having multiplied (16) by e, we perform the two summations, 
indicated in the formula 
net 


bis = S [eos S 
ere aS - [cos nth = ter] oY gh OTe eee 


We have in the first place to take the sum of all the values 
of uw, for the system of electrons, at a particular instant ¢;, and 
then to add together all the results obtained in this way for the 
instants 7,,¢,, ete. 


§ 8. If we wish to find Sw, for a given time, we must keep 
in mind that the velocities « of the electrons have at that instant 
very different directions. We may represent all these velocities by 
vectors drawn from a fixed point C. The ends JD of all these vectors 
will lie on a sphere with radius w, and if we let fall from each of 
these points a perpendicular DD! on the diameter of this sphere 
that is parallel to ON, the distances of the projections from C' will 
give the values of w,. The sum of all these values may therefore 
be represented by 

= eg 196, 
if § is the positive or negative distance at which the centre of gravity 
of the points D’, considered as equal to each other, is situated from 
the centre C. 

Of course, on account of the large number of the points, this 
distance will be very much smaller than the radius uw, and, if we 
repeat the construction of the diagram of velocities for each of the 
instants ¢,, ¢,..., the small value that is found for § will be positive 
in one case and negative in another. It is to be remarked in this 
respect that there is no connexion at all between the values of &, 
which we shall find for two succeeding instants in the series ¢,,t,... 
Indeed, between any two such instants, every electron will have 
undergone a collision, and it may safely be assumed that, whatever 
be the direction of motion of an electron before the impact, all 
directions will be equally probable after the impact *). 

Now, in order to determine a?,, we have to take the square of 


the sum denoted by _ in the formula (17). This square consists of 


terms of two kinds, some having the form 
OS.20 G, alba tL) | eee ne Oee : 
cos’ n mae ae q° cos? nt, 5. ook Siyrica howe, mec 
1) This is easily shown, as has heen done by Maxwett in his first paper on the 


kinetic theory of gases, if both the electrons and the particles ot the metal are sup- 
posed to be perfectly elastic spheres. 


and others the form 
2 cos nt, cos nt = 20" ¢ te 
1, C08 nt, ee uae E> ale, 2 qg° cos n t, cos nt, 5. S) (19) 
As has already been said, the time 9 contains a very large number 
Sr ire ks eae 
of periods —. A certain value of cos nt, once occurring in the series 
n 


cosnt,, cosnt,, cosnt,,... may therefore be supposed to repeat itself 
many times. Also, one and the same value of the product cos nt, cos n ty 
may be said to occur for many different values of / and #’. 
Such a product will therefore bave to be multiplied by very different 
expressions of the form §; &, and, since the different values of § are 
mutually independent, the number of cases in which § and §, have 
opposite signs will be equal to that in which they have the same 
sign. It appears in this way that the terms (19) will cancel each 
other in the sum. It is only the terms of the form (18) that remain, 
and we shall have 


202? 2 
5) vet gd 


AT RE i ara BN eres il) 

§ 9. Here we may begin by taking together those terms in which 
cosnt, has one and the same value. Let the number of these be 
Q. Then, we have to repeat Q times the construction of the diagram 
of velocities, and it may be asked in how many of these Q cases 
§ will lie between given limits § and §+d6&, or, what amounts to 
the same thing, what is the probability for § falling between these limits. 

This question may be reduced to a simpler problem. A series of 
planes, perpendicular to O X and at equal distances from one another, 
will divide the spherical surface into equal parts. Therefore, instead 
of distributing the points D on the surface in an irregular, arbitrarily 
chosen manner, we may as well immediately distribute the points 
D' at random over the diameter, without giving any preference 
to one part of the line over another. The probability in question is 
thus found to be *) 


—  — § 
1 3 2u? 
fe ae q i, 
ioe spa. Giga ee ae (1) 


Hence, among the Q terms in the sum, occurring in (20), for 
which the factor cos’ nt, has equal values, there will be QPdé 
terms, which may be said to have the same &. Together, they will 
contribute to the sum the amount 


1) See §§ 138—15. 
46 
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cos? nt,. QP§'d§ 
and the total sum of all the Q terms is got from this by an inte- 
eration which we may extend from §=—o to §=-+o. Conse- 
quently, the sum of those Q terms will not be altered, if, in each of 
them, we replace §7; by 


+a 
P= [Peas Para ee, Soe 2) 


This expression being the same whatever be the particular value 
of cos? nt,, the sum in (20) at once becomes 


EATS) cos? nid) a. ee een ee] 
k 


Again, since the instants ¢,, ¢,,.... are uniformly distributed at 
,, 2% : 
distances that are very small parts of the period —, the sum will 
n 
remain the same, if in every term we write 4 instead of cos? ntg. 


o 
The number of terms being —, we find for (23) 
T 


and for (20) 
Mm BCT ; 


We have by (21) and (22) 


l 
hence, replacing t by —, we find 
U 


n7e? glu Ts nie? NluA 


2 machi Niel plete i, TRG 
non Odaon 


Ce 
and for the emission (14), in so far as it is due ‘to the one kind of 
electrons that has been considered 
n?e? NluA 

48 n° ¢*r? 

This value must still be multiplied by 2 because we may apply 
to the second of the components (6) the same reasoning as to the 
first component, and the total radiation from the plate may obviously 
be considered as the sum of all the values corresponding to the 


wow’ dn. 


Cae 


different kinds of electrons. The final result is therefore ') 
2 


Lar (e? Nil,u, +e? N,lu,+...)A@wo'dn . (24) 
ey 


n 


§ 10. If now we divide (24) by (5), all quantities Ne, and J, 
by which one metal differs from another, disappear. This is what 
might be expected according to Kircunorr’s law and the result 

an? T 

Crier wa dn 

may be taken to express the emission by a perfectly black body 
under the circumstances we have supposed. It represents the amount 
of energy which, in the case of such a body, is transmitted per unit 
of time across an element w’', in the rays whose frequency lies 
between » and n+ dn and whose directions deviate infinitely little 
from the normal to the element, being contained within a solid angle 
4ar? 
wm 


; we are led to the following expression for 
(60) 


Z Multiplying by 
A 


¢ 

the density of energy of which I have spoken in § 2: 

2an?T 

BE dale 

Taking for the group of rays those whose wave-lengths are included 

between 4 and 2+ da, we get for the corresponding energy per 
unit volume 


CE ae i a a2) 


16 xaT 
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1) It is easy to free ourselves from the hypothesis that for all electrons of one 
kind there is a single length of path / and a single molecular velocity «. Indeed, 
the motion of an electron along one of the small straight lines 7, which it describes 
between the instants O and 3, will furnish for the sum in (15) a quantity 


€ COS Nt. Uy T, 


if w is the velocity for the particular line 7 we wish to consider, and 7+ the time 
required for the motion along it. 

Now, among all these rectilinear motions between two successive encounters, of 
one kind of electrons, we may select those for which wand/ have certain definite 
values and we may begin by calculating the coefficient @» and the emission, in so 
far as they depend on the part of (15) which corresponds to these particular motions; 
in doing so, we may use the method shown in §§ 7—9. ‘The total emission 
may be regarded as the sum of all the partial values (with different /’s and dif- 
ferent w’s) thus obtained, and a‘ter all the expression (24) will still hold, provided 
we understand by J), J)... certain mear lengths 0° path and by 2, ew... certain 
mean molecular velocities. We need not however enter into these details, because 
the conductivity and the coefficient of absorption have not been calculated with 
a corresponding degree of accuracy. 


4G% 
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2c 
This is found from (25) by using the relation n = =. 


6 Lie. Lhe result of the preceding calculations not only conforms 
to the law of Kircnnorr; it has also a form agreeing with those of 
BoutzMaNn and Wien. Indeed, the expression (26) follows from (1), 
if we put 


16 
fQL) == ma. AT. 


Our last task will be to evaiuate the constant a by applying the 
formula (26) to experimental determinations of the radiation of black 
bodies, and to compare the result with what has been inferred about 
the same constant from other classes of phenomena. Combining the 
measurements of Lummer and PrinesHEmM '), who have gone far into 
the infra-red, with the absolute amount of the radiation as determined 
by Kurusaum ’), I find 

a=1,6.10-16 2 
degree 

On the other hand, we get, starting from VAN DER WAALS’ evalua- 
tion of the mass of an atom of hydrogen, 

Ameya er ethd WN eee 1 

A comparison of my formula with that of PLANCK is also interesting. 

For very large values of the product a7, the denominator in 


SxkT 


(2) becomes and the expression itself 


ch 
——, da. This agr 
ie ie This agrees with 
3 
(26), <afte =f. 
2 
Now the mean kinetic energy of a molecule of a gas would be 
og according to PLanck and has been represented in what pre- 


cedes by a7. There appears therefore to be a full agreement between 
the two theories in the case of long waves, certainly a remarkable 
conclusion, as the fundamental assumptions are widely different. 


On the absorption by a thin metallic plate. 


§ 12. Take the origin of coordinates in the front surface, the 
axis of z towards the metal, and let there be free aether on both sides. 
Writing € for the electric force, 3 for the current of conduction, 


1) Lummer and Prinesnem, Verhandl. d. deutschen phys. Gesellsch., 1900, p. 163. 
2) Kurupaum, Wied. Ann., Bd. 65, p. 754, 1898. 
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for the magnetic force and putting the magnetic permeability — 1, 
we have for the metal 


aoe Teak. id bS 
fea clare oa rot © = — — fy, Riess Oe 
¢ 


It is found by these equations that in electromagnetic waves travel- 
ling in the direction of the positive z, © and § can have the direc- 
tions of OX and O Y, and values equal to the real parts of the 
complex quantities 


Cae TNT)? Dy = nad 20 T)? eas (27) 


a being the amplitude of the electric force, and the constants «and 
* being given by 


ee eae 


Similarly, waves travelling in the opposite direction may be repre- 
sented by 


CE aaa Goa a patel yt) 2 cles 38) 


Dy = — xa 
For the aether the corresponding formulae are somewhat simpler ; 
in the first case 


Cp eee al ae Ny = ae co Peep rent (20) 


and in the second 
int + i» int +7 ue 
eed 1H, ae $y =—ae ‘ Ree mabe Seen (201) 


Now, if rays fall perpendicularly on the front surface of the plate, 
we may unite all the systems of waves arising from the repeated 
reflexions into the following parts: 1st. a reflected system in the 
aether, 24. transmitted waves in the aether behind the plate, 3". waves 
in the plate, travelling towards the back surface and 4. rays in the 
metal, going in the opposite direction. Representing the incident rays 
and the motions mentioned under these four heads by the equations 
(29), (30), (29), (27), (28), with the values a,, a,, a;, @,, a; of the 
amplitude, we have, in virtue of the conditions at the two surfaces 
(continuity of €, and $,) 

a,+a,=a,+a,, 


ad, — a, = *(a, — a,), 


. 
. aches at ply 
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In these formulae, A is the thickness of the plate, and 
alti A=: Jha een o) 
The solution; in so far as it is necessary to our purpose, 1s 
(x?—1) (e-* — ets) 
Oa etd ets— (wrens 


4x Fes 

2 Gly oft ol Glee 
In these expressions A and consequently s are now to be supposed 
infinitely small. Replacing e~* and ets by 1—s and 1-++s, one finds 


a 


1 ey cje tee 
ie ae ae Jane a, 


The first of these equations shows that the amplitude of the rays 
reflected by the thin plate is infinitely small, so that we may neglect 
their energy as a quantity of the second order. 

As to the transmitted rays, the amount of energy propagated in 
them will be equal to the product of the incident energy by the 
square of the modulus of the complex expression 


ees 


Oy 
iheesirey xe 
C 


This square is 


whence we deduce for the coefficient of absorption 


py 
¢ 


On the probability with which one may expect that the centre of 
gravity of a large number of points distributed at random 
on a linuted straight line will lie within given limits. 


§ 13. Divide the line into a large number p of equal parts, and 
call these, beginning at the end A of the line, the ist, the 2°4, the 
3d part, etc. Denote by g the number of points and let q be very 
much larger than p. 

We shall imagine the points to be placed on the line one after 
another, in such a way that, whatever be the position of the points 
already distributed, a new point may as well fall on one part of 
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the line as on the other. The result will be a certain distribution 
of the whole number, entirely determined by chance. Let us conceive 
this operation to be very often repeated, say Q times, and let us 
calculate in how many of these Q cases, a desired distribution of 
the points over the p parts will occur. Dividing by Q we shall have 
the probability of the distribution. 

The probability that there will be a,6,... m points on the 1st, 
2 ap part or the line (¢ 5 -— . <, + m= q), is given by 


(CaN CG hen tay 
Opt Ot eam 


In the case of a very large value 2 this probability becomes 
x 


extremely small, as soon as one of the numbers a, b,...m 1s far 
d , Bot 

below —. Neglecting these small probabilities, we shall confine our- 
Pp 


selves to those cases, in which each of the numbers a, Oe aeons 
very large. Then, by the well known formula of Sriruine, 


— a\@ 
al =//2ax (=) , etc. 
e 


and, if we put 


a 
q q 
we shall find 
log P = — } (p—1) log (29) — gq log p — 
— [(@'9 + 3) log a! |... -- (mig 4)logm']. . . . (82) 


It is to be remarked that the numbers a, b, ...m can only increase 


/ 


or diminish by whole units. The numbers a',b'... m’ can change 
1 

by steps equal to —; this may be made so small that they may be 
q 


considered as continuously variable. 


§ 14. We shall in the first place determine the values of a’, b', .. . m' 
for which the probability P becomes a maximum. We have 


i 1 
dlog P= — | (« a Bai + q log a )aa'+ he +(4 + Sn a. glean! Jan |, 


with the condition 


da +...+ dm'= 9), 
which is a consequence of 


ae eee ee ee as a (88) 


The maximum will therefore be reached if 
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P 
so that the uniform distribution will be the most probable. 
We shall next consider the probability for a distribution differing 
a little from the most probable one. Let us put 


i 1) 1 
Uasebie 0S eR ge = ee es} 
ig 4 P , 
and ‘let us suppose the numbers a, 6.... u, to be so small in com- 
1 : eae 
parison with —, that in the expansion of the quantities in (32) in 
P 


ascending powers of a,(@....u, we may neglect all powers surpassing 
the second. We have for instance 


el if aal 1 1 oe 
CO gro aE Re pte OPP AN IA SP ICG P| BT a Palas 


1 
where, in the last term, we may omit the term p, because it is 
much smaller than g. If we put 
1 it 
ig Pd) Og (2m) op tog Boy Eg 


and keep in mind that, in virtue of (83), 


ace Bi a ee tek eo 


the equation (32) becomes 
a 
Ce Reed Mestre MACH adth el Oe at.) 


Baer SPO (B EB pee ba). 


It is seen from this that P, is the maximum of the probability, 


with, whieh: we <shall have, to, do, 1,¢=—=3 ==) = ee 
equation shows also that, conformly to what has been said above, 
the probability will only be comparable to P,, so long asa,B....u 


1 
are far below —. Indeed, if one of these numbers had this last value, 
Wu 
Pn would be multiplied by 
€ 2p’ 
which, by our assumptions, is extremely small. 
§ 15. Let 2a be the length of the line, « the distance along the 


° U 
line, reckoned from the end A, and let us take — for the value ot 
P 
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this coordinate for all points situated on the first part of the line, Bes 


for all points of the second part, and soon. Then, in the distribution 
that is characterized by a’, 6',....m', the coordinate of the centre of 
gravity of the g points will be 
t ! ad ! ! a 
[fe +30'+ 5¢ sca ill CA ea Suan 
P 
or, by (84), 


: u 
wtla+sp+5y+.. .4+Qp Bl oss 
The positive or negative value of 
x i u 
eee eae aes dak og . -. (86) 


is thus seen to represent the distance between the middle point of 
the line and the centre of gravity. We have to calculate the proba- 
bility for this distance lying between § and § + dé. 

The problem is easily solved by means of a change of variables. 
Instead of the quantities @, B,....u, which serve to define a mode 
of distribution, we shall introduce new ones a’, p',....u', the substi- 
tution being linear and orthogonal. 

Let us take for the first of the new variables 

Wasi ha 1 
Oo ee Pete te mo ly oe (BT) 
Vp Vp 


Vp 
p—l p—3 
a 


and for the second 
aes 
pai ve 


lon =e 

rae ” a % 
Where the numerators form an arithmetical progression, whereas x 
means the positive square root of the sum of the squares of the nume- 
rators. These expressions (37) and (38) may really be adopted, because 
the peculiar conditions for an orthogonal substitution are satisfied : 
in both expressions the sum of the squares of the coefficients is 1, 
and we get 0 if we add together the coefficients of (37) after having 
multiplied them by the corresponding coefficients in (38). As to the 
coeflicients in the expressions for y',...u', we may choose them as 
we like, provided the whole substitution remain orthogonal. 

The reason for the above choice of a and # will be clear; the 


condition (35) simplifies to 


il 
UNM wes) 


Gees ea SA AA hs Rich ase eaeests: TARY) 
and, in virtue of (35), the value (386) will be equal to 
xu 
aerana. (40) 
P 


in all cases with which we are concerned. 
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Now, the modes of distribution for which the value of § lies 
between € and §+d6 are those for which #' lies between #' and 


a+ dB’, if 


\ 


dg ge ere 


KU 

Since a’ —0, every mode of distribution may be defined by the 
values of 6'...u', these quantities being, like a, B,..., capable of 
very small variations. 

We can therefore select, among all the modes of distribution, those 
for which #'...u' lie between @’ and 6’ + dp’, y' and y' + dy’, ete. 
The number of these may be represented by 

ae ccd we a ee ee en 


where / is a coefficient whose value need not be specified. It suffices 
to know that it is independent of the values chosen for p’...w’. 
This is a consequence of the linear form of the relations between 
these variables and a, 6,...m. 

As the just mentioned modes of distribution, whose number is 
given by (42), differ infinitely little from one another, the probability 
P may be taken to be the same for each of them. Hence, the proba- 
bility for the occurrence of one of these modes, no matter which, 
must be 


Pap Sc, dp aay ee 
From this we may pass to the probability for 6’ lying between 
6’ and 6’ + d;3', whatever be the values of y'...u'; we have only 


to integrate with respect to these last variables. Now using the funda- 
mental property of an orthogonal substitution 


a4 Bt... tpt a4 ptt. 4 pl, 
and attending to (89), we write for (43) 
1 
mere gegen etc! 25) 
dB Oe: dae 
If we integrate this expression from —o to + 0, as may be done 


for obvious reasons, denoting by k a coefficient that does not depend 
on §', we find for the probability in question 


Ve ga 


1 
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On account of (40) and (41) this is equal to 
Se 
Er aia TREN Eek ME oD Hells 
k' being a new constant. 
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It remains to introduce the value of x. According to the defini- 


’ : beilaben® whisk : 
tion of this quantity, it is = P(p*—A), instead of which we may take 


st 
3? because p is a very large number. In this way (44) changes into 


oh a zB 
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We may finally determine the coefficient i! by remarking that 
(45), integrated from —o to +o, must necessarily give 1. This 
requires that 
k =— ES a 
u an 


Microbiology. — “The decomposition of cellulose by aérobie micro- 
organisms.” By G. van Irarson Jr. (Communicated by Prof. 
M. W. Bererinck). 


(Communicated at the meeting March 28, 1903). 


When we introduce into the soil or into natural waters substances 
consisting of cellulose, such as linen, cotton or paper, it will be 
seen, that the greater part comparatively soon disappears, whilst 
the cellulose derived from the continually falling dead leaves and 
other parts of plants is also soon destroyed under natural conditions 
either totally or partly. It is also a known fact that the layer of 
humus in the primeval forests has a limited thickness, the decrease 
being just compensated by the increase caused by the falling of 
the leaves. Investigation shows that the cellulose, although chemi- 
cally so stable, is decomposed by micro-organisms. The observations 
by Mrrscueruicu '), Poporr’), van TimeHem *), Tappriner ‘), VAN 
3y Ueber die Zusammensetzung der Wand der Pflanzenzelle, Monatsber. d. Berl. 
Akad., 1850, p. 102. 

2) Ueber Sumpfgasgahrung, Archiv. f. ges. Physiol., 1875, Bd. 10, S. 113. 

3) Sur le bacillus amylobacter et son réle dans la putréfaction des tissus végétaux, 
CG. R. t. 88, 1879, p. 88. — Identité du bacillus amylobacter et du vibrion buty- 
rique de M. Pasteur, C. R. t. 89, 1879, p. 5. 

“) Ueber Celluloseverdauung, Ber. d. d. ch. G. Bd. 15, 1882, S. 999. — Ueber 
Cellulosegihrungen, Ber. d. d. ch. G. Bd. 16, 1883, 5. 1734. — Ueber die Sumpf- 
gasgihrung im Schlamme der Teiche, Stimpfe u. Kloaken, Ber. d. d. ch. G. Bd. 
16, 1883, 8. 1740. 
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Srnus') and particularly those of Hopps SxyLer*) and of OMELIANSKI’) 
proved, that cellulose may be broken up by anaérobic bacteria, with 
production of methane and carbon dioxide, or hydrogen and carbon 
dioxide and simultaneous formation of acetic and butyric acids. In 
this communication it will be shown that cellulose may also be 
rendered soluble by aérobic bacteria. In the first place it was proved, 
that this substance may serve as a source of carbon for denitrifying 
bacteria and may, therefore, be made to disappear with great rapidity 
in the presence of nitrates. But it could also be shown that cellulose 
is fit as a carbonfood for common aérobic bacteria and although the 
solution then takes place slowly, there can be no doubt about the 
decomposition. The products derived from the cellulose play an 
important role in the nutrition of other microbes particularly the 
spirillae, so that an elegant accumulation experiment may be based 
on the use of cellulose as a source of carbon. 

Although the destruction of cellulose by anaérobic or aérobic 
bacteria requires a faintly alkaline medium, it may, with sufficient 
aération, also be acted on in a faintly acid surrounding by various 
moulds and mycelia of higher fungi. This was first demonstrated in 
1886 by pe Bary for the genus Peziza and the same was shown 
by later observers for other moulds, whilst the destruction always 
appeared to be due to the action of an enzyme. Here we will prove 
that the power possessed by moulds to attack cellulose is not confined to 
certain species only, as one might imagine from the existing literature, 
but that a great number of the species of this group share that property. 

Finally, I wish to observe that I will occupy myself exclusively 
with the destruction of pure cellulose and not with that of lignified 
and corky cell-walls, where in the first place higher fungi are at 
work, as is shown by the researches of R. Harrie ‘). 


1. The decomposition of cellulose by denitrifying bacteria. 
Meuse. *) states in 1871 that in the presence of cellulose bacteria 


1) Bydrage tot de kennis der cellulosegisting. Dissertation, Leonards, at Leiden, 
1890, (this contains a very complete literary review). 

*) Ueber die Gaihrung der Cellulose mit Bildung von Methan u. Kohlensiure, 
Zeitschr. f. Phys. Ch. Bd. 10, 1886, S. 401. 

3) Sur la fermentation de la cellulose, C. R. t. 121, 1895, p. 653. — Sur un 
ferment de la cellulose, C. R. t. 125, 1897, p. 970. — Sur la fermentation cellu- 
losique, C. R. t. 125, 1897, p. 1131. — Ueber die Gahrung der Cellulose, Gentrbl. 
f. Bakt. Abt. Il, Bd. 8, 1902, S. 193. 

*) Die Zersetzungserscheinungen des Holzes, Berlin 1878. 

5) De la putréfaction produite par les bactéries en présence des nitrates alcalins 
C. R. t. 81, 1876, p. 533. Nitritbildung durch Bacterien, Ber. d. d. cb. G. Bd. 8, 1875, S. 
1214, 


( 687 ) 


reduce nitrates to nitrites; he has, therefore, proved denitrification, in 
the largest sense of the word, as being possible with cellulose, but from 
his short notes we do not understand his modus operandi or the nature 
of the cellulose used in the experiments. Denérarn?) positively states in 
1897 that he has not been able to observe denitrification with flax 
fibres and the attention of Ommrianskt (1.c.) has also not been attracted 
to this process when engaged in the study of the fermentations of 
cellulose. This investigator induces the methane or hydrogen fermen- 
tation by means of a nitrogenous food composed of ammonium sul- 
phate or phosphate and sometimes he also adds asparagine, peptone, 
extract of meat or of manure. Strange to say, he has not worked 
with nitrates; had he done so, he would have noticed that the nature 
of the process is completely modified, for instead of the methane or 
hydrogen fermentation denitrification sets in which is characterised 
by the production of free nitrogen and carbon dioxide. 

In a previous research *) on accumulation experiments with deni- 
triftying bacteria, I have shown that these aérobic organisms can 
oxidise many different organic substances out of contact with air 
with the aid of nitrates or nitrites, according to the formulae: 

5C+4KNO,+2H,O=4K HOO, +2N, +00, 
3C+4K NO, + H,0 =2K HCO, + K, CO, + 2N,. 

Denitrification was noticed with lactates, tartrates, citrates, malates, 
acetates, glucose, starch, asparagine, gelatin, broth, methyl and 
ethyl alcohol and it was, therefore, thought worth while to try 
whether cellulose might also be used as a source of carbon supply 
in the denitrificationprocess, which indeed proved to be the ease. 

Before describing my experiments in detail, I will first make some 
remarks as to the nature of the cellulose employed. As arule Swedish 
filterpaper was taken. Although this paper gives a faint blue colour 
with a dilute solution of iodine it was found to be very difficult to 
remove the impurity with boiling water; the so-called starch-free 
paper from ScuHueicHpr and Scuitiiy, which has been purified with 
hydrofluoric acid, showed the same reaction. Sometimes linen tissues 
and cottonwool were used, from which the first also gives a blue 
coloration with dilute solutions of iodine, whilst the latter does not 
show this reaction. The little impurities, present in the cellulose 
employed, were however, of no moment in my experiments, as 
the effect on the cell walls was judged by the changes observed 
by a microscopical investigation. 


1) Recherches sur Ja réduction des nitrates, Ann. agron. t. 23, 1897. 
2) Van Iverson, Accumulation experiments with denitrifying bacteria. Proc. Acad. of 
Science, Amsterdam July 1902. 
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I obtained the best results with a paper pulp prepared by triturating 
Swedish filterpaper in water, care being taken that this pulp contained 
2°/, of cellulose. 

In order to obtain a thorough denitrification with cellulose, a 
bottle holding about 200 ce. is filled with the following mixture: 


Tapwater *) 100, paper 2, KNO, 0,25, K,HPO, 0,05, 


and the mixture is then inoculated with a few cc. of mud (from a ditch). 

The bottle is then quite filled up in the manner described in 
my former communication (l.¢.), to prevent access of air, and the 
cultivation takes place at 35°. 

After the lapse of about 8 days the action is perceptible, but only 
after 12 days a brisk fermentation sets in. The cellulose is carried 
to the top by the generated gasbubbles and a quantity of liquid is 
forced out of the bottle by the slimy froth, while the paper-pulp is kept 
back by the stopper. In the beginning of the process a strong formation 
of nitrite may be observed, but the nitrates and nitrites soon decrease 
and after the lapse of about 15 days, these compounds have disappeared. 
The liquid is now carefully decanted from the pulp, which may be 
done without appreciable loss of paper fibres, as these readily agglo- 
merate. The bottle is then refilled with the following liquid: 


Tapwater 100, KNO, 0,25, K,HPO, 0,05. 


The process now starts much quicker than in the first cultivation, 
the nitrate disappears in 4 or 5 days and by repeating the operation 
a few times more, cultures may be obtained of an increasingly active 
denitrifying power, with which it is possible to completely reduce in 
one or two days 0.5 gram of KNO, dissolved in 200 ec. of water. 
This method of working is preferable to adding a fresh quantity of 
KNO, to the original culture, as it is then not possible to reduce 
on the whole more than about */,°/, of KNO, (calculated in regard 
to the quantity of the liquid used, or 25 °/, in regard to tlie cellulose) 
because the process then comes to a standstill by the alkaline potas- 
sium carbonate formed from the nitrate. 

If now a sterilised liquid is inoculated with the strongly denitrifying 
rough culture and the cultivation allowed to take place under the same 
circumstances as described above, the action commences much more 
rapidly than in the first preliminary experiment, whilst the same 
phenomena occur. Even after repeating the inoculation ten times, 
no change in the intensity of the process could be observed. 

Not only paper, but raw flax fibres, cottonwool and linen appeared 


1) From the Downs at Loosduinen. 
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capable of inducing denitrification, the cottonwool, however, being 
attacked with great difficulty. No denitrification could be observed 
with sawdust or turf, whilst Van Srnus (l.c. pg. 104) has also been 
unable to observe decomposition of wood-cellulose by real anaerobic 
bacteria. This extraordinary difficult decomposition of wood-cellulose 
out of contact with the air, is, according to this investigator, perhaps 
the key to the explanation of the formation of humine substances, 
peat, brownecoal and coal. 

The distribution of the microbes, engaged in the denitrification of 
cellulose, in the mud from canals, seems to be a very general one, 
as each sample employed contained these germs. Although they 
are also very generally distributed in the earth, their number per 
cc. appears therein to be less, for, on using earth as infecting material, 
the action was delayed. Even in sea water, taken from the port of 
den Helder, were always microbes found, which in the presence ot 
cellulose could induce denitrification ; in how far these forms are similar 
to the terrestrial ones has not yet been ascertained, but I wish to 
call particular attention to the fact, that, at least near the shore, 
cellulose may disappear by denitrification. 

The changes, which cellulose undergoes during this process, 
are visible to some extent with the naked eye: the white fibres 
soon turn orange and the pulp acquires a_ viscous consistency. 
Microscopically, it appears, that already very soon after inoculation 
some of the fibres are inclosed in a bacterial mucus and after 
a prolonged culture this is the case with nearly all the fibres. 
At first, the whole of the fibre is still very plainly visible within 
this mucus, but gradually, on account of the decomposition, it 
completely disintegrates into loose fibrillae and at last we only 
find a few particles of cellulose left, or the fibre disappears altogether 
(fig. 1). This destruction of the cellulose becomes very pronounced, 
when instead of paper-pulp strips of filterpaper are used. By 
repeatedly adding fresh nitrate we then finally obtain bacteria-mem- 
branes, which still have the exact shape of the strips of paper but 
in which we only meet isolated fibres disintegrated into fibrillae 
or even still more decomposed. As is already stated, the woody 
substance is not attacked by denitrifying bacteria, the few annulated, 
spiral and pitted vessels, which are contained as impurities in the 
filterpaper, are found unaltered in this mucus. Fig. 2 shows the 
form of two very strongly dissolved paperfibres (a) and some 
non-attacked woody elements (8, y and gd), which are still found in 
such preparations. 

The gases, liberated during the denitrification of cellulose and of 
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which some litres were collected, consist exclusively of free nitrogen 
and carbon dioxide; no trace of hydrogen, methane or nitrons 
oxide (N,O) was, found. 

As regards the micro-organisms which take part in this process, 
a microscopical examination of the said bacterial mucus, which consists 
of a finely granulated substance, shows the presence of very small 
rod-like bacteria (fig. 1) and further there are found in the cultures 
infusoria, amoebae, monads, spirillae, other small bacteria and vibrionae; 
larger rod-bacteria or spore-forming organisms were not detected. 
That the bacteria, involved in the process, are no spore forming 
organisms, was also shown by the fact, that no pasteurised material 
of whatever origin (mud from a ditch or from the soil) can cause 
denitrification in the presence of cellulose. 

Many experiments have been made with the object of isolating 
the bacteria taking part in the denitrification, but always with a 
negative result. By inoculation on meat-gelatin and cultivating at 
24°, I several times obtained pure cultures of Bacillus stutzeri Nuun. 
and LrexuM., which bacterium was also found in large numbers in 
those cases where other denitrifying bacteria were present, so that 
denitrification with cellulose is a new accumulation experiment for this 
important species, which, however, does not attack the cellulose itself. 

On using meat-agar or one of the following culture liquids: 


Tapwater 100, agar 2, sodium lactate 2, KNO, 0,05, KPO 0.05, 
Tapwater 100, agar 2, glucose 2, KNO, 0,05, K,HPO, 0,05, 


and cultivating at 35°, other bacteria besides B. stutzeri were found 
and these were nearly always denitrifying ones. Very often a mucous 
colony of a motionless, non-spore forming denitrifying bacterium 
became conspicuous, while in other cases a small, slightly denitrifying 
spirillum may be isolated. No permanent denitrification with paper 
could, however, be obtained with any of these forms or with any 
combination thereof, even the crude mixture as it is formed on the 
plates was not capable to do this. The fact, that these bacteria may 
cause a temporary faint evolution of gas (which, at first, made me 
suspect, that the destruction of cellulose could be accomplished by 
ordinary denitrifying bacteria) must be attributed to the presence of 
small quantities of impurities in the cellulose. Still, I think we may 
take it for granted, that we are dealing here not with an anaérobiec 
but with an aérobic bacterium, first of all, because all known denitri- 
fying bacteria are aérobic and only behave anaérobically in the presence 
of saltpetre, secondly because methylene-blue is not reduced, when 
added to a medium in which cellulose is denitrifying, whilst in 
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cultures of the know anaérobie bacteria this compound is always 
decolorised. We therefore come to the conclusion, that the bacterium, 
Which causes the denitrification of cellulose, does not erow on the 
used nutrient media, or else, growing there, loses immediately its 
denitrifving properties. 

If now we compare the hydrogen and methane fermentations with 
the denitrifying process we find the following points of difference. 


1. In the hydrogen or methane fermentation the liberated gaseous 
products are carbon dioxide and hydrogen, or carbon dioxide and 
methane. 


24. To those fermentations chalk must be added to neutralise 
the formed butyric and acetic acids, whilst in owr case the saltpetre 
yields potassium carbonate and no volatile acids can be detected. 


3'¢, Those processes take place in a medium wherein sulphates can 
be reduced to H,S and therefore methylene-blue is decolorised. In my 
experiments such a reduction of sulphates is quite out of the question 
as long as traces of nitrates and nitrites are still present. 

4th. The methane and hydrogen fermentation are caused by 
comparatively large, well characterised spore forming organisms, our 
denitrification by very small bacteria, forming no spores. 

The velocity with which cellulose disappears during the denitri- 
fication is about the same as in the methane or hydrogen fermenta- 
tion of this substance. In a volume of 500 ¢.c., I succeeded in 
completely dissolving 8 grams of cellulose all but a few fibres, by 
means of 36 grams of KNO,, in a month’s time. The quantity of 
KNO, theoretically required amounts to only 24 grams, but in my 
experiments a portion of the nitrate was lost in the expelled liquid 
and, therefore, more nitrate was required. By means of the hydrogen 
fermentation, OMmLIANsKI sticceeded in dissolving 41.6 grams of cellulose 
contained in a volume of 3 litres in 3'/, months, and about 12 grams 
in a volume of 1 litre in 5 months, which velocities agree with the 
values found by me for the denitrification. 

Notwithstanding the possibility of denitrification of saltpetre under 
the influence of cellulose, in the presence of this substance nitrification 
of ammonium salts and nitrites can proceed without interruption. 
This has already been shown by OmELIANski’), who cultivated the 
nitrite ferment on paper. We also observed nitrification of ammonium 
salts and nitrites, when a very small quantity of cellulose (about 


1) Kleinere Mitteilungen tiber Nitrifikationsmikroben [, Centrbl. f. Bakt. Abt. II, 
Bd. 8, 1902, 5. 785. 
47 
Proceedings Royal Acad. Amsterdam. Vol V. 
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0,05 °/,) was introduced into a thin layer of one of the following 
culture liquids, which were inoculated with earth: 

Tapwater 100, NH,Cl 0,05, K,HPO, 0,05, 
i iy yp KNOD (0,05; W 0,05, 

In my previous communication | have already pointed out, that 
nitrification and denitrification may take place together in garden 
soil and that the aération decides, which of these processes will be 
the predominant one; the same conclusion may, therefore, now be 
drawn for cellulose as a nutrient material. A closer examination 
however shows, that the two processes cannot occur simulta- 
neously in the same particle, but that a localisation must take place, 
in this way, that strong aération is necessary in the particles where 
entation sets in, whilst the exclusion of air is necessary for the 
denitrification process. 

As has already been previously observed formation of nitrite 
takes place in the first stage of the denitrification process in the 
presence of cellulose and as this substance by no means prevents the 
oxidation of the nitrite to nitrate, these two processes, occurring simul- 
taneously, may cause the steady disappearance of cellulose. 

We therefore see, that these same processes may cause the (lisap- 
pearance of cellulose in soil and in waters, which plainly shows their 
great importance in the ‘‘self-purification”, as also in the biological 
purification of sewage. 


2. The aerobic decomposition of cellulose by bacteria. 


In order to demonstrate denitrification in the presence of cellulose 
in the manner described above, a very small quantity of this sub- 
stance (about 0,05°/,) only must be present, for on using more 
say, 2°/, the nature of the process is completely changed. This must 
be attributed to a strong decomposition of the cellulose by aérobic 
bacteria, which then takes place and which produces a large quantity 
of soluble organic matter, rendering the nitrification impossible. This 
last phenomenon may be best observed when use is made of the 
following culture medium: 

Tapwater 100, paper 2, NE CLOOL K,HPO, 0,05, chalk 2. 

Instead of NH,Cl we may also add KNO, (0,1), KNO, (0,1) 
(0,1) or an unlimited quantity of MgNH,PO,. The cultivation takes 
place at 28—35° in Ernenmnuer flasks in a layer from 0,5—1 em, 
in thickness, thus, und 


, peptone 


er very aérobic conditions, so that on using 
KNO, or KNO,, no denitrification can be expected, at least not at 
the commencement, 
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If mud from a ditch is used as infecting material a decided growth 
is already noticed after 5 or 6 days, the cellulose turns to an orange 
colour and may even disintegrate to a thin paste after 3 or 4 weeks. 
Microscopically, we see, that we obtain besides the cellulose-dissol- 
ving bacteria a very rich accumulation of spirillae, which however 
do not themselves attack cellulose. I have often repeated these 
experiments and always with the same result: the cultures become 
extremely rich in spirillae and these consist of many varieties. 
As a rule different species were found in a same culture, large 
spirillae with several windings in company with small, very mobile 
ones, but sometimes it also happened, that it looked under the 
microscope, as if we were dealing with pure cultures of special 
spirillae. These different results being no doubt connected with the 
nature of the germs in the infecting materials employed. Often 
however, we meet besides the spirillae, infusoria, monads, amoebae 
and small forms of bacteria, sometimes also rod bacteria and spore 
forming organisms, but the spirillae are always in the majority. 

If such cultures are transported into the same sterile medium, 
the. chief character remains the same, but the growth takes place 
more rapidly and as a rule the number of species of spirillae is much 
reduced, so that frequently but a single one remains. Here it is perhaps 
the proper place to state, that an accumulation of spirillae may also 
be obtained in using a nutrient liquid composed as follows: 


Tapwater 100, calcium lactate 2, peptone 0,05, K,HPO, 0,05, 


which is infected with a small quantity of ditch-mud. 

At temperatures from 28—37° exceedingly rich spirillae cultures 
are formed in this liquid. It would, however, be too rash thence to 
conclude, that lactate is formed as a transient decomposition product 
of the cellulose. 

The destruction of the cellulose is not only apparent from the strong 
growth of microbes, but also from a microscopical examination of the 
fibres. As in the case of the denitrification process, these are here also 
found to be enveloped with a bacterial mucus in which is always found 
a very small rod-bacterium, and occasionally a large micrococcus, which 
itself does not attack cellulose, but much accelerates its dissolution by 
the small bacterium. The destruction is no doubt caused by the latter, 
for sometimes, we have obtained cultures, which exclusively contained 
this species only. 

That the decomposition is here an aérobic one, is shown by the 
fact, that it commences at the surface of the culture and also takes 


place equally well when we cultivate in a very thin layer. 
4i(* 
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Owing to the dissolution of the cellulose the absorption of oxygen 
in the cultures may become so strong, particularly when working 
with thick layers of cellulose paste, that anaérobic processes become 
possible. If, now, nitrates or nitrites ave still present in the culture 
denitrification will set in, but if these compounds are already decom- 
posed, or if originally another source of nitrogen had been added, 
methane or hydrogen fermentation becomes possible. In the last case 
we microscopically observe the very characteristic rods with spores, 
accumulating on the fibres. In this anaérobic stadium the spirillae 
are for the greater part expelled but the destruction is now much 
more intense than when it took place exclusively under aérobic 
conditions so that in a short time the paper pulp gets for the greater 
part dissolved and leaves behind a bacterial mucus. 

When using as infecting material soil, instead of mud from a 
ditch, we observe on the whole the same phenomena, only we 
do not find then that variety in species of spirillae noticed with 
ditch-water. As a rule a short, thick, granulated spirillum with one 
half winding is then conspicuous and I have succeeded in preparing 
pure cultures of this species, already observed previously °*). 

An experiment with sea water showed, that this also causes the 
aerobic decomposition of cellulose and an accumulation of different 
species of spirillae was obtained at the same time. In this case the decom- 
position in the anaérobic stadium may also be caused by an anaérobic 
spore forming organism, which much resembles the bacteria of the 
methane and hydrogen fermentations but still presents a different shape. 

I have tried to isolate the bacteria connected with the aérobic 
destruction but was not more successful than in the denitrification 
experiment. On sowing on broth-gelatin or broth-agar a number of 
bacteria species were found: fluorescents, B. coli commune, B. sub- 
tilix, BB. mesentericus and several others unknown to me, but none 
of these species or none combination thereof was capable of attacking 
cellulose. 

Our result that cellulose may be attacked by aérobic bacteria 
widely occurring in nature, is confirmed in a particularly convincing 
manner by the following experiment : 

In a glass box are placed two discs of Swedish filterpaper between 
which has been sprinkled a little quantity of powdered MeNH,PO, ; the 
paper is imbibed with a solution of 0.05 gram of K,HPO, in 100 ce. of 
tapwater. If now we introduce upon the plate thus prepared a little 


‘) Bevertwex. Ueber oligonitrophile Microben. Centrbl. f. Bakt. Abt. II, 1901 
Bd. 7, 5. 574, 
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quantity of water containing in suspension humus, garden soil or, still 
better, ditch-mud, and if we cultivate at 24—28", the paper gets covered 
after 4 or 5 days with yellowish-brown spots which, microscopically, 
we found to consist of bacteria. These spots spread with great rapidity, 
and it is highly interesting to observe how in a short time the white 
filterpaper is covered with the rusty culture. This is aecompanied by 
x decided decomposition of the paper fibre, which is shown in the 
first place by the fact that the paper becomes quite soft and pulpy 
just on the spots exposed to the action of the brown bacterium, losing 
there all coherence and sinking down along the edges of the phos- 
phate. The phenomenon becomes still more pronounced, when instead 
of filterpaper, linen or cotton is used; after about 10 days, the affec- 
ted spots of the originally strong material have lost all power of 
resistance and after 16 days large holes will be formed when care- 
fully pouring water on them. 

Microscopically, it appears that a powerful destruction of the fibre 
is taking place (fig. 3) due to the action of a brown, very mobile, 
little rod bacterium (Bacillus ferrugineus fig. 4). The fibre is again 
enveloped by a mucus in which is found, in many cases, the 
same micrococcus as mentioned above (fig. 5 and 6). Owing to the 
combined action of these two bacteria the fibre may disappear com- 
pletely and leave behind a mucus containing only micrococci ; we then 
obtain an image as shown in fig. 7. In addition to amoebae and 
monads other small bacteria are found, but there is no question of 
the presence of anaérobics, which occur in the hydrogen or methane 
fermentations, the action being a purely aérobic one and taking 
place very well in filterpaper both sides of which are exposed to 
the air. 

On transferring the brown spots to previously sterilised paper dises, 
between which MgNH,PO, has been sprinkled and which have been 
saturated with a sterile 0,05°/, solution of K,HPO,, the phenomenon 
remains constant. On inocculating them into the above described cel- 
lulose pulp a culture is obtained resembling that which arises by 
the direct action of diteh-mud or earth, but no spirallae are found 
this time, for these being microaerophilous cannot grow in the 
aérobic culture on the paper discs. On the other hand the cultures 
from paper pulp were occasionally capable of producing brown spots 
on paper discs, showing that in both cases the destruction of the 
cellulose may be caused by the same microbe. I also noticed a few 
times that the dises were covered with colorless spots caused by a 
larger mucus-secreting rod, and as moreover the paper pulp cultures 
often are only little colored, it must be assumed, that the aérobic 
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decomposition of cellulose may be caused by two microbes at least, but 
among these the brown pigment bacterium is the most conspicuous. 

On using sea. water as infecting material, similar brown spots were 
observed. When these were transferred to paper without addition 
of 3°/, NaCl they caused no destruction, which shows that we are 
dealing here with a sperific sea bacterium. 

I have made several experiments with various culture materials 
in order to isolate this very interesting cellulose-destroying brown 
pigment bacterium, which I was particularly anxious to accomplish 
after having observed, that the crude bacteria-mixture as grown on 
different culture media often again produces spots when spread 
over paper, which shows that on these media the said bacterium had 
kept alive. But I was again unsuccessful in isolating a species which 
either alone or in combination with other bacteria was capable of 
causing the brown spots on paper. Though I succeeded in isolating 
from these spots a brown and a yellow bacterium, which as a rule, 
were present in large numbers, yet, as in the case of the denitrifica- 
tion process, no destruction of cellulose could be induced by their pure 
cultures. The explanation of this circumstance has not yet been found. 

The aérobic destruction of pure cellulose and also the more 
difficult destruction of the lignified cell walls, ") on which we cannot 
enter in this investigation, must, like the denitrification (which is only 
possible with non lignified cellulose and takes place out of contact 
with air) play an important part in the disappearance of vegetable 
substances in nature. The well known fact that wooden piles, when 
partly immersed in water are attacked exactly at the place of contact 
between the water and the air, the breaking of ropes, when suspended 
in water, exactly at its surface and also the aérobic decay of wood 
must be attributed mainly to the action of aérobic destroyers. VAN 
Srxus (1. ¢. 103) who was acquainted with these facts, did not deny 
the possibility of a decomposition by aérobie bacteria but thought 
it very unlikely “as no phenomenon ever pointed to such a fact.” 

That the above-described yellowish-brown pigment bacterium plays 
indeed an important part in the disappearance of the cellulose, is 
shown by the following experiment. 

On October 14, 1902 were buried in the garden of the bacteriolo- 
gical laboratory at about 15 ¢.m. below the surface a linen cloth 
with a red colored border, st in two other places four sheets of 
filterpaper, all in a boron position. Left in the soil untouched 
during the recent winter and on exhuming them March 22, 1903 


") The great stability of wood-cellulose towards microbie life is directly opposed 
to the ready decomposition of wood paper under chemicsl influences, 
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not a trace could be found of the filterpaper, whilst the linen cloth 
had become soft and pulpy, had lost all coherence and could only 
be removed from the soil in pieces; the red border, however, had 
retained its original structure. The originally white tissue had 
assumed the same yellowish-brown colour so familiar to me from 
the cultures on the paper dises, while on microscopical investi- 
gation the fibres appeared to be much decomposed and_ disinte- 
grated into fibrillae and besides moulds and amoebae only small bae- 
teria were observed. On putting some of the well-cleaned fibres 
on the paper dises prepared as described above, I obtained after three 
days the rapidly spreading, yellowish-brown spots of the destructive, 
small, rod-shaped pigment bacterium. A cellulose-destroying mould, 
Mycogone puceinioides, also could be isolated from the linen, but the fact 
that the yellowish-brown pigment bacterium was here predominant, 
could not be doubted. 


3. The decomposition of cellulose by moulds. 


The fact that cellulose may be attacked by certain fungi has been 
first stated by pe Bary') for Peziza selerotium, and the same was 
found by Kissting *) and by MarsHatt Warp *) for a kind of Botrytis, 
by Brurens*) for Pseudodematophora, Botrytis vulgaris, Cladosporium 
herbarum and Aspergillus glaucus. This last investigator did not notice 
any decomposition by Maucor stolonifer, Penicillium glaucum and 
Penicillium luteum. Kounstamn *) prepared a cellulose-destroying enzyme 
from Merulis lacrymans the common wood fungus. Went *) has 
shown, that Moniha sitophila, the “ontjom” mould from Java, is eapa- 
ble of «digesting cellulose and Konina7) has found that one of the 

1) Ueber einige Sklerotien u. Sklerotienkrankheiten, Bot. Zeit. 1886, S. 377. 

2) Zur Biologie der Botrytis cinerea, Diss. Dresden, 1889. 

3) A lily disease, Annals of Botany, Vol. IL, 1888/89, p. 346. 

') Trockene u. nasse Fiiule des Tabaks. Der ,Dachbrand”’, Zeitschr. f. Planzenkr. 
Bd. If, 1893, p. 84. — Untersuch. fiber den Wiirzelschiminel der Reben, Centv.bI. 
f. Bakt., Abt. Uf, Bd. 3, 1897, 5. 584. — Beitrage zur Kenntniss der Obstfiiulnis, 
Centrbl. f. Bakt. Abt. Il, Bd. 4, 1898, S. 514. — Unters. iiber die Gewinn. dev 
Hanffaser durch nattirl. Réstmethoden, Centrbl. f. Bakt. Abt. Hl, Bd. 8, 1902. S. 114. 

5) Amylolytiscke, glucosidspaltende, proteolytische u. cellulose lésende lermente 
in holzbewohnenden Pilzen. Beihefle z. Bot. Centrbl. Bd. 10, Heft 2, 1901., S. 90. 

6) The influence of feeding on the secretion of enzymae by Monilia sitophila. 
Proc. Jan. 1901. — Ueber den Einflus der Nahrung auf die Enzymbildung durch 
Monilia sitophila (Monr) Sacc Jahrb. f. wiss. Bot. Bd. 36, Heft 4, 5. 643, 

7) Genoolschap ter Bey. vy. Natuur- en Heelkunde Amsterdam, 2 series, dl. TY, 
Afd. 5, Zitting 7 Dec. 1901, 
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most common humus-inhabitants from the forest of Spanderswoude, 
Trichoderma koningit, possesses the same property. 

We have succeeded in finding an experiment by means of which 
the cellulose-destroying moulds may be isolated from nature in 
a direct and certain manner. Two sterile discs of Swedish filterpaper 
are placed in a glass box and moistened with the following liquid: 


Tapwater 100, NH,NO, 0,05, KH,PO, 0,05. 


As infecting material earth or humus may be used, but the best 
results are obtained by simply exposing the. opened box for about 12 
hours to the open air. If then we cultivate at 24° and take care to keep 
the paper moist, colonies of moulds already become visible after 5 or 
6 days, but it is only after 14 days or three weeks, that we notice 
the enormous richness of these cultures, and then we are surprised 
at the great number of mould species, which make their appearance. 
Many kinds which we seldom or never notice on malt-gelatin are 
found in large numbers on these paper discs. These species certainly 
ae also capable of growing on malt-gelatin, but their germs, as 
they occur in nature, apparently find thereon an unfavorable soil. 
Another advantage of the cultivation on paper is that it is particu- 
larly favorable to the formation of perithecia and pienidia, which 
do not readily develop on rich soils *). 

From these culture experiments it appears that a continuous rain 
of spores from cellulose-destroying moulds falls in the garden as well 
as in the rooms of the bacteriological laboratory. For instance on 
March 11, when the weather was dry whilst the earth was moist, 152 
cellulose-destroying moulds were collected on a plate of 275 ¢.m. square, 
after this had been exposed for 12 hours to the open air, and among these 
moulds about 35 species were recognised. As these germs must con- 
tinually drop on the soil, it might be expected that the latter would 
be remarkably vich in living moulds and it appeared from experi- 
ments, that this is really the case at the surface of the garden soil, 
but in a much less degree than might have been expected, while 
lower down in the soil the number of moulds seems to be still less. 
From this it follows that most of the spores, which fall on the earth 
rapidly die off. 

In order to prepare a pure culture of the fungi isokated by the 
“paper-experiment” some material from the raw cultures was trans: 
ferred to malt-gelatin, where it appeared that the moulds were 
generally much contaminated with bacteria, from which however, 


1) Compare Mouttarpv, Role des bactévies dans la 


) production des péritheces des 
Ascobolus, CG. R. t. 136, 1903, p. 899, 
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they could be freed by another inoculation. These bacteria are sapro- 
phytes which do not attack cellulose but grow at the expense of the 
products generated by the action of the moulds on cellulose. This 
result was not unexpected for, as stated in the preceding paragraph, 
the cellulose-destroying bacteria live in a faintly alkaline medium, 
whilst in the case of moulds the reaction is acid, owing to the presence 
of KH, PO,. In order to be perfectly certain of the pureness of the 
moulds, cultures from the spores were finally made on imalt-gelatin. 

The following species, which were detected in these cultures, have 
been submitted to a closer examination : 


1. Sordaria humicola Ovn. 

2. Pyronema confluens Tru. 

3. Chaetomium kaunzeanum Zorr. 

4. Pyrenochaeta humicola Ovn. 

5. Chaetomella horrida Ovp. 

6. Trichocladium asperum Harz. 

7. Stachybotrys alternans Ovn. 

8. Sporotrichum bombycinum (Corps) Rabu. 
o: roseolum Ovup. en Brier. 
10. i griseolum Ouvn. 


11. Botrytis vulgaris Fr. 

12. Mycogone puccinivides (Preuss) Sacc. 

13. Stemphyliim macrosporoidenm (B. en Br.) Sace, 

14. Cladosporium herbarum (Purs.) Link. 

15. Apicoccum purpurascens. EHRENB. 

In the determination of these species, of which Nes. 9°) and 4, 
are new, we have been kindly assisted by Prof. Dr. C. A. J. A. 
OuprMans, to whom we have to express our thanks. 

In order to form an opinion on the destruction of cellulose by the 
isolated species, and also to study their fructification, pure cultures 
were inoculated on paper discs, which after sterilisation, were drenched 
with the above-named solution. Instead of merely placing the spores 
on the paper, it was found desirable to push them in it by means of 
a platinum wire and then to reduce the spots there to pulp. The culti- 
vation is made at 24°, care being taken to keep the paper moist, for 
Which it was found advantageous not to use water only but the said 
liquid, as the nitrogen in particular is rapidly used up. The above-named 
moulds all grow over the paper dises, form their fructification-organs 
in avery characteristic manner and often produce intensively colored, 
brown, black and ved pigments, which are absorbed by the paper 


1) Neder]. Kruidkundig Archief, Jannari, 1903. 
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fibve. Interesting are the cultures obtained in this way of Chaetomium 
kunzeanun, Which sometimes produces a carmine-red pigment and 
Which forms dark red peritheciae, the asci of which contain eight grey 
spores; those of Chaetomella horrida, which forms delicate black hairy 
pyenidiae, and particularly those of Pyrenochaeta humicola, which 
produces an intense black pigment, stable towards acids and alkalis, 
and which communicates a dark colour to the fibres, quite resembling 
the humus coloring matters. This latter species however, grew more 
readily on an alkaline medium, so that we prefered in this case the 
suid drenched paper discs, between which Mg NH, PO, had been sprin- 
kled. An interesting culture is also that of Sordaria humicola, as 
this ascomycete is only then capable of forming perithecia on paper 
dises, when these give no longer any reaction on ammonia or mitrates. 
Besides the above-named species, a luxurious growth was obtained 
of Trichocladium asperum, Mycogone puceinioides and Stemphylium 
macrosporoideum, which three species exhibit great similarity both 
in their morphological and physiological properties. Kpicoceum pur- 
purascens also grew strongly on the paper and formed a purple- 
ved pigment. This species I met several times in the air and also 
(in company with Cladosporium herbarum) on half decayed leaves 
of Populus balsimifera. 

Cultures of these moulds were not only made on paper dises, but 
also on cellulose in Erienmryrr flasks, into which was introduced a 
thin layer of the following culture liquid : 


Tapwater 100, paper-pulp 2, NH, NO, 0,05, KH, PO, 0,05. 


In this case a repeated addition of NH, NO, proved very advant- 
wgeous. On the pulp the cellulose-destroyers grow still better than 
on the paper discs and in 3 or 4 days the cellulose is converted 
by the mycelium into a coherent mass. Afterwards, the fructification 
organs appear, and with Botrytis vulgaris even formation of sclerotia 
was observed. 

The destruction of the cellulose may be regarded as certain when 
strong growth on the paper dises and on the paper pulp are being 
observed. The impurities contained .in the paper may also cause 
a slight growth of moulds which do not. attack cellulose, but 
these soon cease to develop. The decomposition may be seen 
very clearly by a microscopic examination of the cultures on filter- 
paper, when these have stood a long time. It will then strike us 
how a large number of fibres have suffered a process of dissolution ; 
sometimes pores are formed perpendicularly to the direction of the 
fibre, sometimes the fibres have disintegrated into fibrillae. Bigweg 
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of our illustration shows the image of the destruction | by Mycogone 
puccimmoides, in which the structure of the fibrillae and the said pores 
are visible. 

The degree of destruction also may be ascertained by direct weighing. 
A culture with Mycogone puccinioides was made on a double disc 
of filterpaper, two equally heavy filters serving as control. After 
a culture, lasting 40 days, the dises, from which the strongly 
developed mycelium was not removed, weighed 1.00 eram, whilst 
the controlling dises weighed 1.16 gram, showing that about 14°/, of 
the cellulose had disappeared. A similar experiment with Tpicho- 
cladium asperum gave a loss of 9°/,. These great losses only can 
be explained by the oxidation of the products derived from the 
cellulose under the influence of the respiration process. The oxidation 
of cellulose also was studied with filterpaper pulp, namely by 
weighing the amount of carbon dioxide, liberated during a culture 
of Chaetomium kunzeanum. In this experiment an oxidation of 
about 4°/, of the cellulose could be noticed after a 28 days culture, 
a quantity large enough to remove all doubt about the destruction 
of the cellulose. 

No, growth or only a very small one, was observed when culti- 
vating the moulds on: 


Tapwater 100, agar 2, NH,NO, 0,05, KH,PO, 0,05, 


but as soon as cellulose was added a strong development set in, 
showing in a surprising manner, that agar is a less nutrient food for 
these moulds than cellulose. The cellulose used in these experiments 
must be very finely divided and was prepared by treating cottonwool 
with concentrated hydrochlori¢ acid, which causes the cotton fibres 
to break up into very small fragments. A preparation, which appeared 
to be still more suitable was prepared as follows: Paper which has 
been converted into soda-cellulose by the action of strong soda-lye, 
is readily soluble in sodium xanthogenate to a light yellow liquid: 
the ‘‘viscose” of Cross and Bryan’), which is purified by precipitation 
with alcohol; on adding hydrochloric acid to its aqueous solution 
cellulose is precipitated in a very pure condition. I have to thank 
Mr. pre JONGH Scurrrer, for a specimen of this preparation, which 
he prepared in the chemical laboratory of the Polytechnic School 
at Delft. 

I found that, when cultivating on this agarcellulose, the growth 
entirely depends on the quantity of the cellulose added: with much 
cellulose a strong growth was observed. 


1) Cross and Bevan, Cellulose, 1895, p. 25. London, Longman Green and Co, 
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As in the case of the moulds investigated by the above-named 
observers, also the species employed by me showed the presence of 
an enzyme, which dissolves cellulose and to which the name of 
“cellulase” may be given’). If cultures on cellulose pulp were treated 
with chloroform, the liquid, after being freed from chloroform by 
evaporation, appeared capable of reducing FErALine’s copper solution. 
If the culture had been boiled before being treated with chloroform, 
no reduction took place. From these last experiments, which were 
conducted similarly to those of Brurens (I.c.), it appears that the 
moulds only produce the quantity of reducing matter necessary for 
their growth and no more. That the quantity or the nature of the 
enzyme secreted by the moulds differs considerably, is shown by the 
great difference in destructive power, as may be readily observed 
from the growth on the paper discs and from the dissolution of the 
cellulose in the paper-pulp cultures. To the powerful destroyers belong: 
Lrichocladium asperum, Mycogone puceinioides, Stemphylium macro- 
sporoideum, Chaetomella horrida, Botrytis vulgaris, Epicoceum pur- 
perascens. To the moderately strong ones: Chaetomium kunzeanum, 
Stachybotrys alternans, Cladosporium herbarum, Pyrenochaeta humi- 
cola, Pyronema confluens. To the weak ones: Sordaria humicola, 
Sporotrichum bombycinum, Sp. roseolum, Sp. griseolum and Aspergillus 
niger. No destruction was noticed with Mocor stolonifer, Mucor 
mucedo, Dematiun pululans and Rizopus oryzea. 


Summary of results. 


1. Cellulose may be made to dissolve by the action of denitrifying, 
non-sporeforming aérobic bacteria provided there be an Linited supply 
of air, 


2. Although nitrification cannot take place in the presence of a 
somewhat large quantity of soluble organic matter, cellulose does not 
fect this process in case of sufficient aération. 


‘ ry . . ’ . “a . . A . 

3. The combined action of nitrification and denitrification must play 
a unportant part in the disappearance of cellulose in nature, for 
instance in the self purification of waters and of the soil, as also in the 
biological purification of sewage. 

1 A hic > op] 7 i 7 
) This name, already used by Konstam (l.¢.) is preferable to the name cytase 
which has been used bij Brown and Morris (Journal of Chem. Soe. 57, 1890 

-O : . ers . . . . ; i ie 
p. 458) for the cellulose-dissolving enzyme in germinating seeds and should aceord- 
ing to Merscanikore (Ann. Inst. Pasteur, 1899, t. 12, 


: CHNI p. 737) he given to an 
alexin occurring in normal serum. 
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4. Cellulose may also be attacked, when there is a full supply of 
air by widely distributed, aérobic, nou-sporeforming bacteria, among 
which a brown pigment bacterium (2. ferrugincus) is predominant. 
The destruction is particularly strong in symbiosis with a yellow 
micrococeus, which itself is inert. 

5. Extraordinarily rich spirillae cultures are formed in nutrient 
liquids in which cellulose is being attacked by aérobic, bacteria after 
infection with ditch-mud or garden soil. Probably the distribution of 
the spirillae in nature is mainly governed by cellulose. 


6. The property of moulds to attack cellulose is a very common 
one. The dissolution is due to a specific enzyme to which the name 
of “cellulase” may be given. 


7. One of the causes of the origin of humus coloring matters is 
the formation of pigments from cellulose by bacteria and moulds. 

This investigation has been made in the bacteriological laboratory 
of the Polytechnic School under the guidance of Prof. Brterinck. 


Delft, March 1903. 


: EXPLANATION OF THE FIGURES, 

Fig. 1. Fibre of filterpaper with denitrifying bacteria, disiitegrated into fibrillae, 
enclosed in mucus. Enlargement 990. 

Vig. 2. Debris of filterpaper at the end of the denitrification process, most of 
the fibres are dissolved. z the last debris of cellulose fibres, B, y and 3 nonattacked 
elements of ‘woodcellulose’”’. Enl. 100. 

Fig. 3. Fibre of filterpaper with aérobic bacteria disintegrated into fibrillae, 
enclosed in mucus. Enl. 550. 

Vig. 4. Vacterium from the preceding figure more strongly enlarged; arrows 
represent motion. Enl. 1500. 

Fig. 5. Fibre of filterpaper attacked by an aérobic bacterium with saprophytic 
micrococcus, commencing to disintegrate into fibrillae. Enl. 550. 

lig. 6. Two fibrillae of the preceding fibre more strongly enlarged, with z aérobic 
destructive bacteria and 8 saprophytic micrococcus. En]. 1500. 

Fig. 7. End of the destruction in fig. 5 the fibrillae having become invisible; 
micrococci only visible. Enl. 550. 

Fig. 8. Fibre attacked by aévobic bacteria, disintegrating into fibrillae and enclosed 
in a thin mucous layer as medium for a spirillae culture in which 3 species are 
recognisable. Enl. 550. 

lig. 9. Destruction of a fibre of fillerpaper by Mycogone puccinioides, besides 
the fibrillary structure, cross pores lave been formed in the fibvillac owing to the 
action of the cellulase. Enl. 550. 


(May 27, 1903). 
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